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Preface 


While scientists and engineers can already choose from a number of books on 
integral equations, this new book encompasses recent developments including 
some preliminary backgrounds of formulations of integral equations governing the 
physical situation of the problems. It also contains elegant analytical and numerical 
methods, and an important topic of the variational principles. This book is primarily 
intended for the senior undergraduate students and beginning graduate students 
of engineering and science courses. The students in mathematical and physical 
sciences will find many sections of divert relevance. The book contains eight 
chapters. The chapters in the book are pedagogically organized. This book is 
specially designed for those who wish to understand integral equations without 
having extensive mathematical background. Some knowledge of integral calculus, 
ordinary differential equations, partial differential equations, Laplace transforms, 
Fourier transforms, Hilbert transforms, analytic functions of complex variables and 
contour integrations are expected on the part of the reader. 

The book deals with linear integral equations, that is, equations involving an 
unknown function which appears under an integral sign. Such equations occur 
widely in diverse areas of applied mathematics and physics. They offer a powerful 
technique for solving a variety of practical problems. One obvious reason for using 
the integral equation rather than differential equations is that all of the conditions 
specifying the initial value problems or boundary value problems for a differential 
equation can often be condensed into a single integral equation. In the case of 
partial differential equations, the dimension of the problem is reduced in this process 
so that, for example, a boundary value problem for a partial differential equation in 
two independent variables transform into an integral equation involving an unknown 
function of only one variable. This reduction of what may represent a complicated 
mathematical model of a physical situation into a single equation is itself'a significant 
step, but there are other advantages to be gained by replacing differentiation with 
integration. Some of these advantages arise because integration is a smooth process, 
a feature which has significant implications when approximate solutions are sought. 
Whether one is looking for an exact solution to a given problem or having to settle 
for an approximation to it, an integral equation formulation can often provide a 
useful way forward. For this reason integral equations have attracted attention for 


most of the last century and their theory is well-developed. 

While I was a graduate student at the Imperial College’s mathematics department 
during 1966-1969, I was fascinated with the integral equations course given by 
Professor Rosenblatt. His deep knowledge about the subject impressed me and 
gave me a love for integral equations. One of the aims of the course given by 
Professor Rosenblatt was to bring together students from pure mathematics and 
applied mathematics, often regarded by the students as totally unconnected. This 
book contains some theoretical development for the pure mathematician but these 
theories are illustrated by practical examples so that an applied mathematician can 
easily understand and appreciate the book. 

This book is meant for the senior undergraduate and the first year postgraduate 
student. I assume that the reader is familiar with classical real analysis, basic linear 
algebra and the rudiments of ordinary differential equation theory. In addition, some 
acquaintance with functional analysis and Hilbert spaces is necessary, roughly at 
the level of a first year course in the subject, although I have found that a limited 
familiarity with these topics is easily considered as a bi-product of using them in the 
setting of integral equations. Because of the scope of the text and emphasis on 
practical issues, I hope that the book will prove useful to those working in application 
areas who find that they need to know about integral equations. 

I felt for many years that integral equations should be treated in the fashion of 
this book and I derived much benefit from reading many integral equation books 
available in the literature. Others influence in some cases by acting more in spirit, 
making me aware of the sort of results we might seek, papers by many prominent 
authors. Most of the material in the book has been known for many years, although 
not necessarily in the form in which I have presented it, but the later chapters do 
contain some results I believe to be new. 

Digital computers have greatly changed the philosophy of mathematics as applied 
to engineering. Many applied problems that cannot be solved explicitly by analytical 
methods can be easily solved by digital computers. However, in this book I have 
attempted the classical analytical procedure. There is too often a gap between the 
approaches of a pure and an applied mathematician to the same problem, to the 
extent that they may have little in common. I consider this book a middle road where 
I develop, the general structures associated with problems which arise in applications 
and also pay attention to the recovery of information of practical interest. I did not 
avoid substantial matters of calculations where these are necessary to adapt the 
general methods to cope with classes of integral equations which arise in the 
applications. I try to avoid the rigorous analysis from the pure mathematical view 
point, and I hope that the pure mathematician will also be satisfied with the dealing 
of the applied problems. 

The book contains eight chapters, each being divided into several sections. In 
this text, we were mainly concerned with linear integral equations, mostly of second- 
kind. Chapter 1 introduces the classifications of integral equations and necessary 
techniques to convert differential equations to integral equations or vice versa. 
Chapter 2 deals with the linear Volterra integral equations and the relevant solution 
techniques. Chapter 3 is concerned with the linear Fredholme integral equations 


and also solution techniques. Nonlinear integral equations are investigated in 
Chapter 4. Adomian decomposition method is used heavily to determine the solution 
in addition to other classical solution methods. Chapter 5 deals with singular integral 
equations along with the variational principles. The transform calculus plays an 
important role in this chapter. Chapter 6 introduces the integro-differential equations. 
The Volterra and Fredholm type integro-differential equations are successfully 
manifested in this chapter. Chapter 7 contains the orthogonal systems of functions. 
Green’s functions as the kernel of the integral equations are introduced using simple 
practical problems. Some practical problems are solved in this chapter. Chapter 8 
deals with the applied problems of advanced nature such as arising in ocean waves, 
seismic response, transverse oscillations and flows of heat. The book concludes 
with four appendices. 

In this computer age, classical mathematics may sometimes appear irrelevant. 
However, use of computer solutions without real understanding of the underlying 
mathematics may easily lead to gross errors. A solid understanding of the relevant 
mathematics is absolutely necessary. The central topic of this book is integral 
equations and the calculus of variations to physical problems. The solution 
techniques of integral equations by analytical procedures are highlighted with many 
practical examples. 

For many years the subject of functional equations has held a prominent place in 
the attention of mathematicians. In more recent years this attention has been directed 
to a particular kind of functional equation, an integral equation, wherein the unknown 
function occurs under the integral sign. The study of this kind of equation is 
sometimes referred to as the inversion of a definite integral. 

In the present book I have tried to present in readable and systematic manner the 
general theory of linear integral equations with some of its applications. The 
applications given are to differential equations, calculus of variations, and some 
problems which lead to differential equations with boundary conditions. The 
applications of mathematical physics herein given are to Neumann’s problem and 
certain vibration problems which lead to differential equations with boundary 
conditions. An attempt has been made to present the subject matter in such a way 
as to make the book suitable as a text on this subject in universities. 

The aim of the book is to present a clear and well-organized treatment of the 
concept behind the development of mathematics and solution techniques. The text 
material of this book is presented in a highly readable, mathematically solid format. 
Many practical problems are illustrated displaying a wide variety of solution 
techniques. 

There are more than 100 solved problems in this book and special attention is 
paid to the derivation of most of the results in detail, in order to reduce possible 
frustrations to those who are still acquiring the requisite skills. The book contains 
approximately 150 exercises. Many of these involve extension of the topics presented 
in the text. Hints are given in many of these exercises and answers to some selected 
exercises are provided in Appendix C. The prerequisites to understand the material 
contained in this book are advanced calculus, vector analysis and techniques of 
solving elementary differential equations. Any senior undergraduate student who 


has spent three years in university, will be able to follow the material contained in 
this book. At the end of most of the chapters there are many exercises of practical 
interest demanding varying levels of effort. 

While it has been a joy to write this book over a number of years, the fruits of this 
labor will hopefully be in learning of the enjoyment and benefits realized by the 
reader. Thus the author welcomes any suggestions for the improvement of the text. 


M. Rahman 
2007 
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1 Introduction 


1.1 Preliminary concept of the integral equation 


An integral equation is defined as an equation in which the unknown function u(x) 
to be determined appear under the integral sign. The subject of integral equations is 
one of the most useful mathematical tools in both pure and applied mathematics. It 
has enormous applications in many physical problems. Many initial and boundary 
value problems associated with ordinary differential equation (ODE) and partial 
differential equation (PDE) can be transformed into problems of solving some 
approximate integral equations (Refs. [2], [3] and [6]). 

The development of science has led to the formation of many physical laws, 
which, when restated in mathematical form, often appear as differential equations. 
Engineering problems can be mathematically described by differential equations, 
and thus differential equations play very important roles in the solution of prac- 
tical problems. For example, Newton’s law, stating that the rate of change of the 
momentum of a particle is equal to the force acting on it, can be translated into 
mathematical language as a differential equation. Similarly, problems arising in 
electric circuits, chemical kinetics, and transfer of heat in a medium can all be 
represented mathematically as differential equations. 

A typical form of an integral equation in u(x) is of the form 


B(x) 
u(x) = f(x) + af K(x, thu(t)dt (1.1) 


where K(x, t) is called the kernel of the integral equation (1.1), and a(x) and A(x) are 
the limits of integration. It can be easily observed that the unknown function u(x) 
appears under the integral sign. It is to be noted here that both the kernel K(x, f) 
and the function f(x) in equation (1.1) are given functions; and i is a constant 
parameter. The prime objective of this text is to determine the unknown function 
u(x) that will satisfy equation (1.1) using a number of solution techniques. We 
shall devote considerable efforts in exploring these methods to find solutions of the 
unknown function. 


2 INTEGRAL EQUATIONS AND THEIR APPLICATIONS 
1.2 Historical background of the integral equation 


In 1825 Abel, an Italian mathematician, first produced an integral equation in con- 
nection with the famous tautochrone problem (see Refs. [1], [4] and [5]). The 
problem is connected with the determination of a curve along which a heavy par- 
ticle, sliding without friction, descends to its lowest position, or more generally, 
such that the time of descent is a given function of its initial position. To be more 
specific, let us consider a smooth curve situated in a vertical plane. A heavy particle 
starts from rest at any position P (see Figure 1.1). 

Let us find, under the action of gravity, the time T of descent to the lowest 
position O. Choosing O as the origin of the coordinates, the x-axis vertically upward, 
and the y-axis horizontal. Let the coordinates of P be (x,y), of QO be (&, 7), and s 
the arc OO. 

At any instant, the particle will attain the potential energy and kinetic energy at 
Q such that the sum of which is constant, and mathematically it can be stated as 


K.E.+ P.E. = constant 
smv" + mgé = constant 
or 5° +g =C (1.2) 


where m is the mass of the particle, v(t) the speed of the particle at QO, g the 
acceleration due to gravity, and € the vertical coordinate of the particle at Q. Ini- 
tially, v(0)=0 at P, the vertical coordinate is x, and hence the constant C can be 
determined as C = gx. 

Thus, we have 


v= +,/2g(x — &) (1.3) 


x P(x, y) 


O y 


Figure 1.1: Schematic diagram of a smooth curve. 
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But v= ds = speed along the curve s. Therefore, 


ds 


ae +,/2g(x — €). 


Considering the negative value of “ and integrating from P to Q by separating the 
variables, we obtain 


fra- Des 


= ds 
dp /2g(x —&) 


The total time of descent is, then, 


na O ds 
if = Las 
(1.4) 


raf ds 
Jo V2e—8 


If the shape of the curve is given, then s can be expressed in terms of € and hence ds 
can be expressed in terms of &. Let ds = u(&)dé, the equation (1.4) takes the form 


_ ft _wéde 
0 V2g(x — €) 
Abel set himself the problem of finding the curve for which the time T of descent is 


a given function of x, say f(x). Our problem, then, is to find the unknown function 
u(x) from the equation 


T 


Pee ee OL 
0 y2g(x— &) 
x 
= [ K(x, €)u(é)dé. (1.5) 
This is a linear integral equation of the first kind for the determination of u(x). 
Here, K(x, &)= ree is the kernel of the integral equation. Abel solved this 
g(x 


problem already in 1825, and in essentially the same manner which we shall use; 
however, he did not realize the general importance of such types of functional 
equations. 


4 INTEGRAL EQUATIONS AND THEIR APPLICATIONS 
1.3 An illustration from mechanics 


The differential equation which governs the mass-spring system is given by (see 
Figure 1.2) 


du 


mg taf (0 <t < oo) 
with the initial conditions, u(0) = uo, and du =u, where k is the stiffness of the 
string, f(¢) the prescribed applied force, uo the initial displacement, and wp the 
initial value. This problem can be easily solved by using the Laplace transform. We 
transform this ODE problem into an equivalent integral equation as follows: 
Integrating the ODE with respect to ¢ from 0 to ¢ yields 


du t t 
mo ty +k f uiryde = f fey 
dt 0 0 


Integrating again gives 
t t t t 
mu(t) — mug — mugt + kf / u(t)dtdt = / / f(a)dtdt. (1.6) 
0 JO 0 JO 


We know that if (t)= fj fj u(x)dtdr, then Liy()}=L{ fo fo f(r)dtdt} = 
5L{u(t)}. Therefore, by using the convolution theorem, the Laplace inverse is 


obtained as y(t) = i (t — t)u(t)dt, which is known as the convolution integral. 
Hence using the convolution property, equation (1.6) can be written as 


u(t) = ug + uot + a (t — t)f(t)dt — ~ | (t — t)u(t)dt, (1.7) 


which is an integral equation. Unfortunately, this is not the solution of the original 
problem, because the presence of the unknown function u(t) under the integral 
sign. Rather, it is an example of an integral equation because of the presence of 
the unknown function within the integral. Beginning with the integral equation, it 
is possible to reverse our steps with the help of the Leibnitz rule, and recover the 
original system, so that they are equivalent. In the present illustration, the physics 
(namely, Newton’s second law ) gave us the differential equation of motion, and it 


u(t) 


m|—_—_~» {(t) 


k 


Figure 1.2: Mass spring system. 
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was only by manipulation, we obtained the integral equation. In the Abel’s problem, 
the physics gave us the integral equation directly. In any event, observe that we 
can solve the integral equation by application of the Laplace Transform. Integral 
equations of the convolution type can easily be solved by the Laplace transform . 


1.4 Classification of integral equations 


An integral equation can be classified as a linear or nonlinear integral equation as we 
have seen in the ordinary and partial differential equations. In the previous section, 
we have noticed that the differential equation can be equivalently represented by 
the integral equation. Therefore, there is a good relationship between these two 
equations. 

The most frequently used integral equations fall under two major classes, namely 
Volterra and Fredholm integral equations. Of course, we have to classify them as 
homogeneous or nonhomogeneous; and also linear or nonlinear. In some practical 
problems, we come across singular equations also. 

In this text, we shall distinguish four major types of integral equations — the 
two main classes and two related types of integral equations. In particular, the four 
types are given below: 


Volterra integral equations 
Fredholm integral equations 
Integro-differential equations 
Singular integral equations 


e 
e 
e 
e 
We shall outline these equations using basic definitions and properties of each type. 
1.4.1 Volterra integral equations 
The most standard form of Volterra linear integral equations is of the form 
x 
o(x)u(x) = f(x) + af K(x, t)u(t)dt (1.8) 
a 

where the limits of integration are function of x and the unknown function u(x) 


appears linearly under the integral sign. If the function ¢(x)= 1, then equation 
(1.8) simply becomes 


u(x) = f(x) +A / : K(x, tu(t)dt (1.9) 


and this equation is known as the Volterra integral equation of the second kind; 
whereas if @(x) = 0, then equation (1.8) becomes 


f(xy+a / j K(x, t)u(t)dt = 0 (1.10) 


which is known as the Volterra equation of the first kind. 
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1.4.2 Fredholm integral equations 


The most standard form of Fredholm linear integral equations is given by the form 


b 
b(x)u(x) = f(x) +a / K(x, tu(t)dt (1.11) 


where the limits of integration a and b are constants and the unknown function 
u(x) appears linearly under the integral sign. If the function d(x) = 1, then (1.11) 
becomes simply 


b 
u(x) = f(x) +A / K(x, t)u(t)dt (1.12) 


and this equation is called Fredholm integral equation of second kind; whereas if 
(x) = 0, then (1.11) yields 


b 
font f K(x, thu(t)dt = 0 (1.13) 


which is called Fredholm integral equation of the first kind. 


Remark 


It is important to note that integral equations arise in engineering, physics, chem- 
istry, and biological problems. Many initial and boundary value problems associated 
with the ordinary and partial differential equations can be cast into the integral 
equations of Volterra and Fredholm types, respectively. 

If the unknown function u(x) appearing under the integral sign is given in 
the functional form F(u(x)) such as the power of u(x) is no longer unity, e.g. 
F(u(x)) = u"(x),n £1, orsin u(x) etc., then the Volterra and Fredholm integral equa- 
tions are classified as nonlinear integral equations. As for examples, the following 
integral equations are nonlinear integral equations: 


u(x) = f(x) +A i ” Kee, t)u? (t) dt 
u(x) = f(x)+Aa [ K(x, t) sin (u(t) dt 
u(x) = f(x)+Aa ie K(x, t) In (u(t) dt 


Next, if we set f(x) = 0, in Volterra or Fredholm integral equations, then the result- 
ing equation is called a homogeneous integral equation, otherwise it is called 
nonhomogeneous integral equation. 
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1.4.3 Singular integral equations 
A singular integral equation is defined as an integral with the infinite limits or when 


the kernel of the integral becomes unbounded at a certain point in the interval. As 
for examples, 


oe) 
u(x) = f(x) +A i; u(t)dt 
—0oo 
mil 
f@= i gape 0<a<1 (1.14) 
are classified as the singular integral equations. 


1.4.4 Integro-differential equations 


In the early 1900, Vito Volterra studied the phenomenon of population growth, and 
new types of equations have been developed and termed as the integro-differential 
equations. In this type of equations, the unknown function u(x) appears as the 
combination of the ordinary derivative and under the integral sign. In the electrical 
engineering problem, the current /(t) flowing in a closed circuit can be obtained in 
the form of the following integro-differential equation, 


io ORT =f I(t)dt =f(t), 10) =I (1.15) 


where L is the inductance, R the resistance, C the capacitance, and f(t) the applied 
voltage. Similar examples can be cited as follows: 


u(x) = f(x) +a / ne pu(t)dt, u(0) = 0,u'(0) = 1, (1.16) 
0 
1 

u(x) =f(x) +a / (xt)u(t)dt, u(0) = 1. (1.17) 
0 


Equations (1.15) and (1.16) are of Volterra type integro-differential equations, 
whereas equation (1.17) Fredholm type integro-differential equations. These 
terminologies were concluded because of the presence of indefinite and definite 
integrals. 


1.5 Converting Volterra equation to ODE 


In this section, we shall present the technique that converts Volterra integral equa- 
tions of second kind to equivalent ordinary differential equations. This may be 
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achieved by using the Leibnitz rule of differentiating the integral ie F(x, t)dt 
with respect to x, we obtain 


D(x) b(x) F d 
a F(x, tdt =u ua D ate BO) aie. b(x)) 
dx a(x) a(x) ox dx 
di 
aOR a0), (1.18) 
dx 


where F'(x,t) and oF a, t) are continuous functions of x and ¢ in the domain 
a<x< 8 and to <t<t,; and the limits of integration a(x) and b(x) are defined 
functions having continuous derivatives for a <x < 8. For more information the 
reader should consult the standard calculus book including Rahman (2000). A 
simple illustration is presented below: 


“ ik sin(x — t)u(t)dt = ie cos(x — t)u(t)dt + (=) (sin(x — x)u(x)) 
- (=) (sin(x — 0)u(0)) 
dx 


= 1. cos(x — t)u(t)dt. 
0 


1.6 Converting IVP to Volterra equations 
We demonstrate in this section how an initial value problem (IVP) can be trans- 


formed to an equivalent Volterra integral equation. Let us consider the integral 
equation 


y(t) = [ Or (1.19) 


The Laplace transform of f(t) is defined as L{f(t)} = i e “'f (t)dt = F(s). Using 
this definition, equation (1.19) can be transformed to 


LOW) = LIF), 
In a similar manner, if y(t) = i he f (t)dtdt, then 
Lo) = SLY). 
This can be inverted by using the convolution theorem to yield 


y(t) = [ (of toe 
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If 


vio [fo [’poaide---ar 
a 


n-fold integrals 


then L{y(t)} = aL (t)}. Using the convolution theorem, we get the Laplace 


inverse as 
n—-1 
yin= f 2 pour 


Thus the n-fold integrals can be expressed as a single integral in the following 


manner: 
ak [- f f(Odtdt--- dt = [s Go aie VOD p(a\de. (1.20) 


n- a fold int neal: 


This is an essential and useful formula that has enormous applications in the 
integral equation problems. 


1.7 Converting BVP to Fredholm integral equations 


In the last section we have demonstrated how an IVP can be transformed to an 
equivalent Volterra integral equation. We present in this section how a boundary 
value problem (BVP) can be converted to an equivalent Fredholm integral equation. 
The method is similar to that discussed in the previous section with some exceptions 
that are related to the boundary conditions. It is to be noted here that the method 
of reducing a BVP to a Fredholm integral equation is complicated and rarely used. 
We demonstrate this method with an illustration. 


Example 1.1 


Let us consider the following second-order ordinary differential with the given 
boundary conditions. 


Vy") + PQ") + OMX) = f() (1.21) 


with the boundary conditions 


y=b: yb=B (1.22) 
where a@ and 6 are given constants. Let us make transformation 


y’ (x) = u(x) (1.23) 
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Integrating both sides of equation (1.23) from a to x yields 
x 
YV@)=V@+ i u(t)dt (1.24) 
a 


Note that y’(a) is not prescribed yet. Integrating both sides of equation (1.24) with 
respect to x from a to x and applying the given boundary condition at x = a, we find 


y(x) = y(a) + (x — a)y'(a) + i; i, u(t)dtdt 


=a+(x—a)y(a)+ a [ u(t)dtdt (1.25) 


and using the boundary condition at x = b yields 


b pb 
y(b) = B=at(b—-ay (at i; / u(t)dtdt, 


and the unknown constant y’(a) is determined as 


= 1 b pb 
jie =e - i} / u(t)dtdt. (1.26) 


b-a b- 


Hence the solution (1.25) can be rewritten as 


a 1 b pb 
y(x) = w + (x offs sal [aoa 


+ i . / * uld)dtdt (1.27) 


Therefore, equation (1.21) can be written in terms of u(x) as 


Wi) =f) — PR) po ze / wcoat| 
—Q(x) {« +(x —a)y'(a) + a [ u(oanar| (1.28) 


where u(x) = y"(x) and so (x) can be determined, in principle, from equation (1.27). 
This is a complicated procedure to determine the solution of a BVP by equivalent 
Fredholm integral equation. 
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A special case 


Ifa=0 and b= 1,1..0<x <1, then 
x x 
y(x) = a + xy'(0) + i / u(t)dtdt 
0 JO 


=a+xy(a)+ [ (x — t)u(t)dt 
0 


And hence the unknown constant y’(0) can be determined as 
1 
yO) = (B= a)~ f= ducer 


x 1 
= (B-—a)— i (1 — t)u(t)dt — i (1 — t)u(t)dt 
And thus we have 


u(x) = f(x) — P(e) yo is [ u(oar| 
~On) {« +390) + i mes nu(oa| 
0 


1 
u(x) = f(x) — (B — (PQ) + xO(x)) — aO(x) + [ K(x, tu(s)dt 


(1.29) 
where the kernel K(x, ft) is given by 
ae ae —x) O<tsx er 
(P@)+xO@)d-H x<t<l 


It can be easily verified that K (x, t) = K(t, x) confirming that the kernel is symmetric. 
The Fredholm integral equation is given by (1.29). 


Example 1.2 


Let us consider the following boundary value problem. 


y"@)=fe,y@), O<x<1 
yO=y, yA=y (1.31) 


Integrating equation (1.31) with respect to x from 0 to x two times yields 
x x 
vio) = wO+ay'O)+ ff Feroyatt 


= yo + xy’(0) + [ (x — tf (t,y(t))dt (1.32) 
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To determine the unknown constant y’(0), we use the condition at x=1, ive. 
y(1) =y1. Hence equation (1.32) becomes 


1 
O37 oX i (1 — Af (t.v(dt, 


and the value of y’(0) is obtained as 


1 
VOSS I (1 — nf e.y(dt. 


Thus, equation (1.32) can be written as 


1 
yoo) =y0 x01 = 90) = [KONO Osxs1 (133) 
0 
in which the kernel is given by 


KGD= vee OStsx (1.34) 


x1i-t) x<t<l. 


Once again we can reverse the process and deduce that the function y which satisfies 
the integral equation also satisfies the BVP. If we now specialize equation (1.31) 
to the simple linear BVP y’(x) = —Ay(x), 0 <x < 1 with the boundary conditions 
y(0)=yo, V(1)=y1, then equation (1.33) reduces to the second kind Fredholm 
integral equation 


1 
y(x) = F(x) +A i K(x, )ydt, O<x<1 


where F(x) =yo +x(71 — yo). It can be easily verified that K(x, t) = K(t,x) con- 
firming that the kernel is symmetric. 


Example 1.3 
As the third example, consider the following boundary value problem 


yixytya)=x, O<x< 2/2 
yO)=1, y(a/2)=2 (1.35) 


The analytical solution of the above problem is simply y(x)=cosx+ 
5 sin.x +.x. We want to reduce it into Fredholm integral equation. 
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Integrating the differential equation with respect to x from 0 to x twice and using 
the boundary conditions, we obtain 


3 x x 
y(x) = xy/(0) + ae / / y(t)dtdt 
6 0 JO 


3 


= xy/(0)+ a i} (x — t)y(t)dt 


Using the boundary condition at x= 4, the unknown constant y/(0) can be 
obtained as 


m2 Opt? 

y(0)=2-—+-— / (1/2 — t)y(t)dt. 
24 JO 

With this information the equation for y(x) can be put in the form of Fredholm 

integral equation 


m/2 
yoo) =f+ [KG nptode, 
where f(x) = 2x — ar + - and the kernel is given by 


4(7/2—t) O<t<x 


> (1.36) 
PA ea) RL Sl, 


K(x,t) = | 


which can be easily shown that the kernel is symmetric as before. 


1.8 Types of solution techniques 


There are a host of solution techniques that are available to solve the integral 
equations. Two important traditional methods are the method of successive approxi- 
mations and the method of successive substitutions. In addition, the series method 
and the direct computational method are also suitable for some problems. The 
recently developed methods, namely the Adomian decomposition method (ADM) 
and the modified decomposition method, are gaining popularity among scientists 
and engineers for solving highly nonlinear integral equations. Singular integral 
equations encountered by Abel can easily be solved by using the Laplace transform 
method. Volterra integral equations of convolution type can be solved using the 
Laplace transform method. Finally, for nonlinear problems, numerical techniques 
will be of extremely useful to solve the highly complicated problems. 

This textbook will contain two chapters dealing with the integral equations 
applied to classical problems and the modern advanced problems of physical 
interest. 
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1.9 Exercises 


1. Classify each of the following integral equations as Volterra or Fredholm integral 
equation, linear or nonlinear, and homogeneous or nonhomogeneous: 


1 
(a) u(x) =x+ / (x — t)?u(t)dt 
0 
(b) u(x) =e*4+ / : Pu’ (t)dt 
0 


m/2 
(c) u(x) =cosx+ / cos xu(t)dt 
0 


ep rood 
(d) uy = t+ | Ears 


2. Classify each of the following integro-differential equations as Volterra integro- 
differential equations or Fredholm integro-differential equations. Also deter- 
mine whether the equation is linear or nonlinear. 


(a) w(x)=1+ / : ea (t)dt, u(0)=1 
0 
2, x 

(b) u(x)=—- i (x —du?(t)dt, u(0) = 1,u’(0) = 0 

2 0 

m/2 
(c) u"(x)=sinx —x+ / xtul (t)dt 
0 
u(0) = 1,u'(0) = 0,u"(0) = —1 


3. Integrate both sides of each of the following differential equations once from 0 
to x, and use the given initial conditions to convert to a corresponding integral 
equations or integro-differential equations. 


(a) u(x)=u(x), u(0)=4 
(b) u"(x)=4u"(x),  u(0) = 2,u'(0) = 1 
(c) u(x) =2xu(x), u(0) = 0,u'(0) = 1. 


4. Verify that the given function is a solution of the corresponding integral 
equations or integro-differential equations: 


(a) ux)=x- ib (x — t)u(t)dt, u(x) = sinx 
0 
(b) / (x—1tPu(t)dt =x, u(x) =3 
0 
(c) / . V(x — tu(t)dt =x", u(x) = 3/2. 
0 
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5. Reduce each of the Volterra integral equations to an equivalent initial value 
problem: 


(a) u(x) =x—cosx+ i (x — t)u(t)dt 
0 

(b) u(x) =x44+x742 / : (x — t)°u(t)dt 
0 

(c) u(x) =x? + : [ (x — tu(t)dt. 


6. Derive an equivalent Volterra integral equation to each of the following initial 
value problems: 


(a) y’+5¥+6v=0, y0)=1,y'(0)=1 
(6) y’+y=sinx, y(0)=0,y'(0) =0 


(c) y"+4y' =x, y(0)=0,y'0) =0,y"(0) = 1 
diy dy. F 7 i 
() + Bare, WO) =27O=2y'O=Ly"O=1. 


7. Derive the equivalent Fredholm integral equation for each of the following 
boundary value problems: 


(a) y'+4y=sinx,0<x<1, 3(0)=0,y(1)=0 
(b) y"+2xy=1,0<x<1, y0)=0,y01)=0 
(c) yi +y=x,0<x<1, 3(0)=1,y(1)=0 

(d) yi+y=x,0<x<1, ypO=1y0)=0. 
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2 Volterra integral equations 


2.1 Introduction 


In the previous chapter, we have clearly defined the integral equations with some 
useful illustrations. This chapter deals with the Volterra integral equations and their 
solution techniques. The principal investigators of the theory of integral equations 
are Vito Volterra (1860-1940) and Ivar Fredholm (1866-1927), together with David 
Hilbert (1862-1943) and Erhard Schmidt (1876-1959). Volterra was the first to 
recognize the importance of the theory and study it systematically. 

In this chapter, we shall be concerned with the nonhomogeneous Volterra 
integral equation of the second kind of the form 


u(x) = f(x) +A if : K(x, tu(t)dt (2.1) 


where K(x, f) is the kernel of the integral equation, f(x) a continuous function 
of x, and A a parameter. Here, f(x) and K(x,f) are the given functions but u(x) 
is an unknown function that needs to be determined. The limits of integral for 
the Volterra integral equations are functions of x. The nonhomogeneous Volterra 
integral equation of the first kind is defined as 


/ : K(x, tu(tdt = f (x) (2.2) 
0 


We shall begin our study with this relatively simple, important class of integral 
equations in which many features of the general theory already appeared in the 
literatures. There are a host of solution techniques to deal with the Volterra integral 
equations. The Volterra integral equations of the second kind can be readily solved 
by using the Picard’s process of successive approximations. 


2.2 The method of successive approximations 


In this method, we replace the unknown function u(x) under the integral sign of 
the Volterra equation (2.1) by any selective real-valued continuous function uo(x), 
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called the zeroth approximation. This substitution will give the first approximation 
u(x) by 


u(x) = f(x) + af K(x, t)uo(t)dt (2.3) 


It is obvious that u;(x) is continuous if f(x), K(x,f), and uo(x) are continuous. 
The second approximation u(x) can be obtained similarly by replacing wo(x) in 
equation (2.3) by u(x) obtained above. And we find 


x 
u2(x) = f(x) + af K(x, tui (t)dt (2.4) 
0 
Continuing in this manner, we obtain an infinite sequence of functions 
u(x), U(X), U2(X),..-,Un(X),... 
that satisfies the recurrence relation 
x 
Un(x) = f(x) + af K(x, t)un—1()dt (2.5) 
0 


for n=1,2,3,... and uo(x) is equivalent to any selected real-valued function. The 
most commonly selected function for u(x) are 0, 1, and x. Thus, at the limit, the 
solution u(x) of the equation (2.1) is obtained as 


u(x) = lim un(x), (2.6) 


so that the resulting solution u(x) is independent of the choice of the zeroth approx- 
imation u(x). This process of approximation is extremely simple. However, if we 
follow the Picard’s successive approximation method, we need to set uo(x) =f (x), 
and determine w(x) and other successive approximation as follows: 


uy(x) = f(x) + af K(x, Of pdt 


ur(x) = f(x) +A a K(x, thu (t)dt 


Un—1(x) = f(x) + af K(x, t)un—2(t)dt 


une) = f(x) +A [ "Kuna (Oat (2.7) 
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The last equation is the recurrence relation. Consider 


ur(x) — u(x) = A [ : K(x OL f+ [ "Kt tf (t)dt]dt 
—iAr [ : K(x, Of (dt 
=)? [ "Kee, t) [ Kt, t)f (t)dtdt 
= Myra) (2.8) 
where 
W(x) = [ "K(x, t)dt i "Kt, tif (ddt (2.9) 
Thus, it can be easily observed from equation (2.8) that 


tine) = > A" Wn(x) (2.10) 


m=0 


if Yo(x) =f (x), and further that 
Wn(x) = [ K(x, D)Wm_-1 (dt, (2.11) 
0 


where m= 1,2,3,... and hence w(x) = fy K(x, Of (ddt. 
The repeated integrals in equation (2.9) may be considered as a double integral 
over the triangular region indicated in Figure 2.1; thus interchanging the order of 


Figure 2.1: Double integration over the triangular region (shaded area). 
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integration, we obtain 
W(x) = [toa [ K(x, t)K(t, t)dt 
= [ Ko(x, t)f (t)dt 
where K(x, T) = i K(x, t)K(t, t)dt. Similarly, we find in general 
W(x) = [Knee tif (t)dt, m=1,2,3,... (2.12) 


where the iterative kernels Kj(x, t)= K(x, t), Kn(x, t), K3(x,t),... are defined by 
the recurrence formula 


ae 
Kmtile,t) = i K(x, DKn(t,6)dt, m=1,2,3,... (2.13) 
t 


Thus, the solution for u,(x) can be written as 


Un(x) = f(x) + D> 2” Wn) (2.14) 


m=1 


It is also plausible that we should be led to the solution of equation (2.1) by means 
of the sum if it exists, of the infinite series defined by equation (2.10). Thus, we 
have using equation (2.12) 


Un(x) = f(x) + >> a” i Kn x, t)f (t)dt 
m=1 


= f(x) + [ {>> Pig Go o| f(a)dt; (2.15) 
m=1 


hence it is also plausible that the solution of equation (2.1) will be given by 
asn—> Co 


fim Un(x) = u(x) 


=fo)+ f [ oaeasts9} roms 
m=1 


= f(x)+ if He. TA) (t)dt (2.16) 
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where 
n 
HG) = oA" Ka) (2.17) 
m=1 


is known as the resolvent kernel. 


2.3 The method of Laplace transform 
Volterra integral equations of convolution type such as 
x 
u(x) = f(x) +A i K(x — t)u(t)dt (2.18) 
0 


where the kernel K(x — ft) is of convolution type, can very easily be solved using 
the Laplace transform method [1]. To begin the solution process, we first define the 
Laplace transform of u(x) 


L{u(x)} = Ec e “u(x)dx. (2.19) 
Using the Laplace transform of the convolution integral, we have 
L (f Ka- nu(oat| = L{K(x)}L{u(x)} (2.20) 
Thus, taking the Laplace transform of equation (2.18), we obtain 
L{u(x)} = Lif (x)} + AL{K(x)}L{u(x)} 


and the solution for £{u(x)} is given by 


Lf @)} 


Lu) = TS PK) 


and inverting this transform, we obtain 


u(x) = [ Wx — Of (Odt (2.21) 


where it is assumed that £7! | ate = (x). The expression (2.21) is the 


solution of the second kind Volterra integral equation of convolution type. 
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Example 2.1 


Solve the following Volterra integral equation of the second kind of the convolution 
type using (a) the Laplace transform method and (b) successive approximation 
method 


u(x) = f(x) +A i: e*'u(t)dt (2.22) 


Solution 


(a) Solution by Laplace transform method 
Taking the Laplace transform of equation (2.22) and we obtain 


L{u(x)} = Lif (a)} + ALE} L{ux)}, 


and solving for £{u(x)} yields 


Liu(x)} = (: + ss) Lif). 
s—-1l—-iA 


1 


The Laplace inverse of the above can be written immediately as 


u(x) = / “(ae — th + rcItVO-) F(t)dt 
0 
=f(x)+a / : et MG—D ep) dt (2.23) 
0 


where 5(x) is the Dirac delta function and we have used the integral property [7] to 
evaluate the integral. Because of the convolution type kernel, the result is amazingly 
simple. 


(b) Solution by successive approximation 
Let us assume that the zeroth approximation is 


uo(x) = 0 (2.24) 
Then the first approximation can be obtained as 


u(x) = f(x) (2.25) 


Using this information in equation (2.22), the second approximation is given by 


up(x) = f(x) +A [ “4 Wat (2.26) 
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Proceeding in this manner, the third approximation can be obtained as 
u3(x) = f(x) +4 i. e* ‘uy (t)dt 
=f(x)+ af et {ro + x [econ dt 
=f(x)+a [ : ef (t)dt + 12 [ ‘ [ ' o-t¢ (add 
=f(x)+r i} : ef (t)dt + 22 i; : (x — te "'f (dt 


In the double integration the order of integration is changed to obtain the final result. 
In a similar manner, the fourth approximation u4(x) can be at once written as 


u4(x) = f(x) +A ie ef (t)dt + 47 i (x — the’ ‘f(t)dt 


x 2 
423 i CAD trende, 
0 


2! 
Thus, continuing in this manner, we obtain as n > oo 
u(x) = lim u,(x) 
nN—->OOoO 
i 1 
=f(x)+aA {f et (1 + A(x —t)+ Ta Sper -) soar] 
0 . 
x 
=f(x)+a / eh) OF (t)dt 
0 
x 
=f(x)+a / el MOD F(t) dt (2.27) 
0 
which is the same as equation (2.23). Here, the resolvent kernel is H(x, t;A)= 


ell FAG. 


(c) Another method to determine the solution by the resolvent kernel 
The procedure to determine the resolvent kernel is the following: Given that 
x 
u(x) = f(x) + if eu(t)dt. 
0 


Here, the kernel is K(x, t) = e*~‘. The solution by the successive approximation is 


u(x) = f(x) +A a A(x, t A)f (t)dt 
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where the resolvent kernel is given by 


H(x,t;4) = > NR eB) 
n=0 


in which 
“4 
Knsitx, 6) = ‘i K(x, t)K,(t)dt, n=1,2,3,... 
t 


It is to be noted that Kj (x, t) = K(x, f). 
Thus, we obtain 


Kx(x,t)= | ete dt 
t 
& 
=e! | dt 
t 
=(x-—ne 


Similarly, proceeding in this manner, we obtain 


K3(x,t) = iB (e* *\(e™ (t — t))dt 


= Coty 
ie 
a 
Ka(x, t) = ee 3! 
Kn+il, t) = ee 


Hence the resolvent kernel is 


H(x,t;4) = 0 A"Kn4i(x,) 
n=0 
ae 3 Q(x = 9)" 


n! 
0 


= et+ae-0 


Once the resolvent kernel is known the solution is obvious. 
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Example 2.2 


Solve the following linear Volterra integral equation 


u(x) =x+ a (t — x)u(t)dt. (2.28) 
0 


Solution 


(a) Solution by Laplace transform method 
The Laplace transform of equation (2.28) yields 


Liulx)} = Lix} — Lix}L{u(x)} 
1 1 
a= a Alu) 


Ss 


which reduces to £L{u(x)} = 
required solution. 


is and its inverse solution is u(x) = sinx. This is 


(b) Solution by successive approximation 
Let us set wo(x) =x, then the first approximation is 


u(x,t) =x+ a (t — x)tdt 


— iP (Slee erst 


3! 


The second approximation can be calculated in the similar way that gives 
3 5. 2 e e 7 7 . 
u2(x) =x — 3 + 3. Proceeding in this way, we can obtain without much difficulty 


Un(x) =x s + a --» +(-1)" oy. The final solution is 
u(x) = fim, 
x2ntl 
= -Se 
"n+ Di + 1)! 
= sinx 


This is the same as before. 


2.4 The method of successive substitutions 


The Volterra integral equation of the second kind is rewritten here for ready 
reference, 


u(x) = f(x) + [ ; K(x, tu(t)dt (2.29) 
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In this method, we substitute successively for u(x) its value as given by equa- 
tion (2.29). We find that 


u(x) =foy+n [Ke t) {roa f K(t, ny f 
=f(x)+A i Ka, t)f (tdt + 27 [ K(&, t) i. K(t, t u(t dt, dt 


=f(x)+A / K(x, Of (t)dt + 47 [ K(x,t) [ K(t, ti f(t )dti dt 


+2" [Ken [ KG) 
0 0 


t-2 
af K(th 2th Df (tn 1)dty Les- dt\dt + Rn+1(x) 
0 


where 


X: t th—-1 
Rw / K(x, t) / K(t,t))>+- / K(tn—1, tn)U(tn)dty - +» dt, dt 
0 0 0 


is the remainder after m terms. It can be easily shown that (see Ref. [8]) that 
limy—oo Rn41 = 0. Accordingly, the general series for u(x) can be written as 


u(x) = f(x)+2 [ K(x, Of (dt 
= [ [ K(x, 1) K(t, tf (t))dtydt 


4253 i [ [ K(x, OK (tH) K (th, t2)f (t2)dtedt, dt 
0 JO JO 
ne (2.30) 


It is to be noted here that in this method the unknown function u(x) is substituted 
by the given function f(x) that makes the evaluation of the multiple integrals easily 
computable. 


Theorem 2.1 
If 


(a) ux)=f(x) +A [> K(x, tu(t)dt, a is a constant. 

(b) K(x, t) is real and continuous in the rectangle R, for whicha<x<b,a<t<b, 
|K(x,t)| <M in R, K(x,t) A0. 

(c) f(x) £9, is real and continuous inI :a<x <b. 

(d) 4, a constant. 
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then the equation (2.29) has one and only one continuous solution u(x) in I, and 
this solution is given by the absolutely and uniformly convergent series (2.30). 


The results of this theorem hold without change for the equation 
x 
u(x) = f(x) + i K(x, tu(jdt, forrA = 1. 
0 


Example 2.3 


Solve the following linear Volterra equation 
x 
u(x) = cosx —x -—2+ / (t — x)u(t)dt. (2.31) 
0 


Solution 


(a) The Laplace transform method 
Take the Laplace transform of equation (2.31), and we obtain 


L{u(x)} = L{cosx} — L{x} — 2L{1} + Lf i: : (t — x)u(t)dt} 
0 


Ja os 1 
~ J4y52  s2 


1 
= Lux) 


Simplification of the above equation yields 


2 1 2s 
(l+s?/? 1+s2 1+s? 


L{u(x)} = 


The Laplace inverse of oF needs the knowledge of partial fraction and the 
convolution integral. The result can be computed as 


ct = cos is sin 
——~—~ } = x — —sinx 
(1 +s?) 2 


and hence the solution is 


‘ x. 
u(x) = —cosx — sinx 5 Sin. 


This result can be verified easily by putting the solution in the integral 
equation (2.31). The problem in here is to calculate le. (t —x)(—cosx — sinx 
t/2 sin x)dt which is equal to x — 2 cosx — sinx —x/2sinx +2, and simply add to 
cos x — x — 2. This reduces to the desired result. 
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Example 2.4 
Solve the integral u(x) = 1+ 5 u(t)dt. 


Solution 


(a) By the Laplace transform method, we have L{u(x)} = 
simply u(x) = e* which is the required solution. 
(b) By the method of successive substitution, we obtain 


woe h heed Lhe 


a 
=l4x4¢h are 


ll 
a 


These two solutions are identical. Hence it is the solution. 


2.5 The Adomian decomposition method 


The Adomian decomposition method appears to work for linear and nonlinear dif- 
ferential equations, integral equations, integro-differential equations. The method 
was introduced by Adomian in early 1990 in his books [1] and [2] and other related 
research papers [3] and [4]. The method essentially is a power series method similar 
to the perturbation technique. We shall demonstrate the method by expressing u(x) 
in the form of a series: 


(ee) 


u(x) = Sun (x) (2.32) 


n=0 


with wo(x) as the term outside the integral sign. 
The integral equation is 


u(x) = f(x) +A ih K(x, t)u(t)dt (2.33) 


and hence 


uo(x) = f(x) (2.34) 
Substituting equation (2.32) into equation (2.33) yields 


So un(x) =f(x) +A [ K(x, 0) [>mofa (2.35) 


n=0 n=0 
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The components uo(x), u(x), u2(x),...Un(x)... of the unknown function u(x) 
can be completely determined in a recurrence manner if we set 


ug(x) = f(x) 
uj(x) [ (x, thuo(t)dt 


un(x) =X [ K(x, t)uy(t)dt 


Un(x) =A [ K(x, t)un—1(t)dt (2.36) 


and so on. This set of equations (2.36) can be written in compact recurrence 
scheme as 


uo(x) = f(x) 
x 

Un+1(X) = a K(x, t)un(Hdt, n>=0 (2.37) 

0 
It is worth noting here that it may not be possible to integrate the kernel for many 
components. In that case, we truncate the series at a certain point to approximate 
the function u(x). There is another point that needs to be addressed; that is the 
convergence of the solution of the infinite series. This problem was addressed by 


many previous workers in this area (see Refs. [5] and [6]). So, it will not be repeated 
here. We shall demonstrate the technique with some examples. 


Example 2.5 


Solve the Volterra integral equation u(x) =x + ty (t — x)u(t)dt by the decomposi- 
tion method. 


Solution 


Consider the solution in the series form u(x) = )°?> 9 un(x). Then substituting this 
series into the given equation, we have 


So un(x) = x + ip (t =x) Yo un(Odt. 
n=0 0 n=0 


Now decomposing the different terms in the following manner, we get a set of 
solutions 


ug(x) = x 


ao [ (¢ — x)uo( tat 
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i (t — x)tdt 
0 
3 


3! 


u2(x) = i (t — x)ui (dt 


3 


ss t 
[ (t— x)\(— 3, at 


Continuing in this way we obtain a series 


3 x 


WO ie age Gy eee 


which is the closed-form solution of the given integral equation. By the ratio test 
2n+1 3: z: 
where u,(x) = (“I's it can be easily shown that |x| < oo that means the 


series is convergent for all values of x in a finite domain. By taking the Laplace 
transform of the integral equation, it is easy to see that C{u(x)}= and so 
u(x) = sinx. 


1 
st+] 


Example 2.6 


Solve the integral equation u(x)=f(x) +A tp e*—'u(t)dt by the decomposition 
method. 


Solution 


Let us consider u(x) = )°°° 9 un(x) is the solution of the equation. Hence substitut- 
ing into the equation we have 


ioe) ae ioe) 
= Un(x) = f(x) + af a ~ u,(t)dt. 
n=0 0 n=0 

Hence equating the like terms we have 


uo(x) = f00) 
= : ef (t)d 
u(x) =A i (tat 


u2(x) = A : eu (t)dt 
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= an et {af e"renydn | a 


= 2 f fiadr f ee "dt 
0 fi 


= 2 i N(x di 

: ( nf) ty 
a? ‘ x—fhe' dt. 
: ( the’ “f (t)dt 


Note here that u(x) =A? fy fo ef (Ndtdt = 22 fo (x — Nerf (dt. 
Similarly, we have 


u3(x) = A fe eun(t)dt 


x —f 2: 
= al ae tr 
0 2! 
Thus, the decomposition series becomes 


ug(x) + uy (x) + a(x) + u3(x) + --- 


a(x — t)? 
2! 


=fey+a ffi tae-o+4 + bemy(nat 


= f(x)+A i: : Der F(t dt 


= f(x) +h i : et MOF adt. 


2.6 The series solution method 


We shall introduce a practical method to handle the Volterra integral equation 


u(x) = f(x) +A iE K(x, tHu(tdt. 


In the series solution method we shall follow a parallel approach known as 
the Frobenius series solution usually applied in solving the ordinary differential 
equation around an ordinary point (see Ref. [9]). The method is applicable provided 
that u(x) is an analytic function, i.e. u(x) has a Taylor’s expansion around x = 0. 
Accordingly, u(x) can be expressed by a series expansion given by 


u(x) = D> nx” (2.38) 
n=0 
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where the coefficients a and x are constants that are required to be determined. 
Substitution of equation (2.38) into the above Volterra equation yields 


ioe) s ioe) 
So anx"” = f(x) +4 i K(x,t) > ant" dt (2.39) 
n=0 0 n=0 

so that using a few terms of the expansion in both sides, we find 


ag + ax + anx” + 43x? +--+ + ayx" +--+ 


=f) +2 f K(x. aodt +> [ K(x, tay tdt 
0 0 
he, i} K(x, tagt?dt +--+. +A / K(x, t)ant"dt +++» (2.40) 
0 0 


In view of equation (2.40), the integral equation will be reduced to several tradi- 
tional integrals, with defined integrals having terms of the form t”, n > 0 only. We 
then write the Taylor’s expansions for f(x) and evaluate the first few integrals in 
equation (2.40). Having performed the integration, we equate the coefficients of like 
powers of x in both sides of equation (2.40). This will lead to a complete determi- 
nation of the unknown coefficients ao, a1, a2,...d,.... Consequently, substituting 
these coefficients a,,n>0, which are determined in equation (2.40), produces 
the solution in a series form. We will illustrate the series solution method by a 
simple example. 


Example 2.7 


Obtain the solution of the Volterra equation u(x) = 1+ 2sinx— fj ie u(t)dt using the 
series method. 


Solution 


We assume the solution in the series form u(x) = S772 anx”. Hence substituting 
the series into the equation and the Taylor’s series of sinx, we have 


oo oo x2n+l x © 
ho142 — 1)" —__—__ -— t"dt 
Don #2) (2n+ 1)! i. da 


n=0 


n+1 oo n+1 


pag ay * 
ai Gn +! 2G 


n=0 
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Comparing the coefficients of the same power of x gives the following set of values: 


ajg= 1 
a; =2-— a9 
a= 
_ 2 a2 
host a 
a3 
i. eT 


and so on. Thus, the values of the coefficients can be computed to be ap = 1, 
q=1,a= 5,43 = 4.4 = ie .... Hence the solution is given by 


x2 x4 x3 x 
w= (1-F4+5---)t- G+ 57 


= cosx + sinx 


By the Laplace transform method it can be easily verified that 


1 1 
L{u(x)} = is =p oe ie 52 Elum) 
and hence simplifying we get 
stl 
L = >=— 
tu} = 


the inverse of which simply is u(x) = cosx + sinx. These two solutions are iden- 
tical confirming that this is the required solution. 


2.7 Volterra equation of the first kind 


The relation between Volterra integral equations of the first and the second kind can 
be established in the following manner. The first kind Volterra equation is usually 
written as 


i ; K(x, tu(t)dt = f (x) (2.41) 
0 


If the derivatives ch =f" (x), aX = K,(x, t), and a = K;,(x, t) exist and are continu- 
ous, the equation can be reduced to one of the second kind in two ways. The first 
and the simple way is to differentiate both sides of equation (2.41) with respect 


to x and we obtain the equation by using the Leibnitz rule 


K(x, x)u(x) + [ k(x, (u(t)dt = f'(x) (2.42) 
0 
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If K(x, x) 40, then dividing throughout by this we obtain 


K(x, x)u(x) + x k(x, thu(t)dt = f’(x) (2.43) 
* K(x, 0) _ f®) 
u(x) + RG) u(t)dt = Ko@.x) (2.44) 


and the reduction is accomplished. Thus, we can use the method already given 
above. 

The second way to obtain the second kind Volterra integral equation from the 
first kind is by using integration by parts, if we set 


[ : u(t)dt = (x) 


c 
or equivalently, i u(é)dé = G(t) (2.45) 
0 
We obtain the equation by integration by parts, 


[ex 1 [ wens - i K,(x,1) ( [ ued) dt = f(x) 
t=0 


which reduces to 
KO. NOON — [Kix nod = fl) 
and finally we get 
Kexx)6(0) — Ke, 060)— [Kien nolnd =f) 2.46) 
iis obvious tit o@O)= Ocand dividine ourbyeK Ge wel 
a eat = fi fea oo 


= F(x) + [ : G(x, t)o(tdt (2.47) 


where F(x) = ch and G(x, t)= ey 
For this second process it is apparently not necessary for f(x) to be differentiable. 
However, the function u(x) must finally be calculated by differentiating the function 


(x) given by the formula 


_ f £0) ft) 
=| | + [ Hosts 1)| ap mt eee 
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where H(x,t : 1) is the resolvent kernel corresponding to eee To do this f(x) 
must be differentiable. 


Remark 


If K(x,x) vanishes at some point of the basic interval (0 <x <b), for instance at 
x = 0, then the equations (2.44) and (2.47) will have a peculiar character, essentially 
different from that of equation of the second kind. These equations are called by 
Picard the equation of the third kind. However, if K(x,x) vanishes identically, 
it is sometimes possible to obtain an equation of the second kind by previous 
transformations. 


A special case of Volterra integral equation 


In the second kind Volterra equation if the kernel K(x,f) is assumed to be 
K(x, H= ea such that the equation takes the form 


* A(x) 


u(x) = f(x) +A [ An et (2.49) 


and upon dividing throughout by A(x) yields 


u(x)| _ [f@) * [ u(t) 
astral at eal aa 
Now define Fal = u}(x) and ae = f(x) and equation (2.50) can be written as 
uy(x) = fi(x) + | u,(t)dt (2.51) 
0 


Assuming that u2(x) = ie ui(t)dt, equation (2.51) can be reduced to an ordinary 
differential equation 


Oe han = file) (2.52) 
X 


the general solution of which can be obtained as 


un(x) = i : OOF (dt + C (2.53) 
0 


Using the initial condition u2(0) = 0 at x = 0, the equation (2.53) reduces to 


u2(x) = / : eh &—OF (t)dt. 
0 
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But u(x) = da and so the above equation can be reduced to an integral equation 
in terms of uw; by differentiating according to the Leibnitz rule to yield 


u(x) =A [ : OOF (t)dt + fi(x) (2.54) 


Hence the solution to the original problem can be obtained multiplying throughout 
by AQ) 


u(x) = f(x) +A [ / oF (dt (2.55) 


Obviously, this formula can also be obtained by the previous method of successive 
approximation. 


2.8 Integral equations of the Faltung type 


In this section, we shall be concerned with another type of Volterra integral equation 
of the second kind. If the kernel K(x, t)= K(x — t) then the second kind and the 
first kind will take the following forms, respectively, 


u(x) = f(x) +A fe K(x — t)u(t)dt (2.56) 
0 
f= a K(x — t)u(t)dt (2.57) 
0 


Equations (2.56) and (2.57) are very important special classes of Volterra integral 
equations, which Volterra called the equations of the closed cycle because the 
operator 


Vi {u(x)} = i K(x, Hu(tdt 


carries any periodic function u(t) with arbitrary period 7 into another periodic 
function with the same period 7, if and only if K(x, t) = K(x — ¢). Today, they are 
usually called equations of the Faltung type because the operation 


UuxV= if u(x — t)v(t)dt 
0 
= A u(t)v(x — t)dt (2.58) 
0 


is generally called Faltung (convolution) of the two functions u and v. In fact, setting 
x —t=tT such that dt = —dt, we obtain 


usv= f u(t)v(x — t)dtT =VxU 
0 
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Finally, we notice that it is often convenient to set wu = ux?; u*u** = ux and so 


on. Using the Faltung sign, the integral equations (2.56) and (2.57) can be written, 
respectively, as 


u(x) = f(x) + AK (x) * u(x) (2.59) 
f(x) = K(Q@) * u(x) (2.60) 


The main device in dealing with such equations is the Laplace transformation 


L{u(x)} = ie e *u(x)dx (2.61) 


because, under some restrictions, this operator transforms the convolution into an 
ordinary product 


L{K(x) * u(x)} = LIK (x)}L{u(x)}. (2.62) 


In this way, the integral equation can be transformed into an algebraic equation, and 
then solving C{u(x)}, and inverting the transform we obtain the desired solution. 


Example 2.8 


Solve the convolution type Volterra integral equation 


u(x) =x ik (t — x)u(t)dt. 


Solution 


By taking the Laplace transform of the given equation, we have 
L{u(x)} = L{x} — Lix}L{u(x)} 


which reduces to 


1 
L = : 
{u(x)} 264 
The inverse is given by 
u(x) = sinx 


which is the required solution. 


Example 2.9 
Solve the following Abel’s problem of the Faltung type 


JUX x 1 
—— t)dt. 
: i uN) 
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Solution 


Taking the Laplace transform of the given equation yields 


c{>} = f° sssuoa], 


which simply reduces to 


Jn 1 
Therefore, the inverse transform simply gives 
u(x) = /x. 


It is to be noted here that the recurrence relation of Gamma function is 
D+ 1)=xT (x) and P(5)= Vz. 


Example 2.10 
Solve the Abel’s problem 


sae 
f@= [ aa 


Solution 
Taking the Laplace transform of the given equation yields 
1 


LY (x)} =L 
ro) {= 


ctw) F 


This transformed equation reduces to 


L{u(x)} = Seven 


Inversion of this problem is performed as follows: 


l ct {| 

Ja Js 

2! pet see 
Vm dx Js 
1d [* f@dt 

~ dx Jo Jx—t 


which is the desired solution of the Abel equation. 


u(x) = 
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Remark 


It is clear that the Leibnitz rule is not applicable to the above solution because the 
integrand is discontinuous at the interval of integration. To determine the solution 
in another form, we first integrate because the integrand is the known function. Put 
x —t=T’, and with this substitution, it is obvious that 


[te =2 [re ete 


a 


Thus, we obtain 


Thus, using this information, the solution for u(x) can be written as 


_ £0) * fO 
u(x) = ae +f a 


Example 2.11 


Find the solution of the integral equation of Faltung type 


x 
u(x) = 2x7 + i sin 4tu(x — f)dt. 
0 


Solution 
Taking the Laplace transform of both sides, 

L{u(x)} = 2L{sin 4¢}L{u(x)}, 
after reduction, we obtain 


A(s? + 16) 


The inverse Laplace transform is obtained by partial fraction 


= pi [4c +19) 
a eo! 


selling ME es 
7 9s 33 9(s2 + 12) 


1 &? 1 
=-5 +> +5 c082V3x) 


which is the desired solution. 
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2.9 Volterra integral equation and linear differential equations 


There is a fundamental relationship between Volterra integral equations and ordi- 
nary differential equations. In fact, the solution of any differential equation of 
the type 


n q'-! 


d 
eS a 


a Ye bay(oy = FQ) (2.63) 


dxt'-1 
with continuous coefficients, together with the initial conditions 
yO) = co, (0) = c1, (0) = €2,..., YO) = Cn 1 (2.64) 


can be reduced to the solution of a certain Volterra integral equation of the 
second kind 


x 
u(x) + / K(x, tHhu(t)dt = f (x) (2.65) 
0 
In order to achieve this, let us make the transformation 
dq” 
7 = u(x) (2.66) 


Hence integrating with respect to x from 0 to x 


qty x 
eel =f u(t)dt + Cp—1 


Thus, the successive integrals are 


aay xX fx 
cre = i; [ u(t)dtdt + Cy—1x + Cy—2 


q?3 xX fx x x2 
us i, / / u(t)dtdtdt + cy 7) + Cp—2X + Cn—3 
0 70 JO : 


Proceeding in this manner we obtain 


V(x) = [ : [ : [ cf Mode 


n-fold integration 
xn-l x2 
TOE Geary + Cn-27-— | HF + CX + CO 
— 1)! n— 


-[ (x ty" 1 ae xl Ef xn-2 re é: i 
Sh Gare Gan Ga iar 
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Returning to the differential equation (2.63), we see that it can be written as 


x _ 4/2 n—1 
ua f {ant + a(x 1) + a0) E—™ 4.2.4 + ays) =} u(t)dt 
0 2! 1)! 
= F(x) — Cp—1a\(X) — (Cn—1 + Cn—2)a2(x) — 
n—1 
—(Cn-1 (i—D)! +--+ + ex + co)an(x) 
and this reduces to 
u(x) + i K(x, tHhu(t)dt = f (x) 
0 
where 
K( ar it 
x,t) = y a0) i (2.68) 
and 
f(&) = FX) = en—141() — (Cn-1 + Cn—2)a2(X) — 
n—1 
~ (cr-1 sane a) ay(2) (2.69) 


Conversely, the solution, 1.e. equation (2.65) with K andf given by equations (2.68) 
and (2.69) and substituting values for u(x) in the last equation of equation (2.67), we 
obtain the (unique) solution of equation (2.63) which satisfies the initial conditions 
(equation (2.64)). If the leading coefficient in equation (2.63) is not unity but a(x), 
equation (2.65) becomes 


x 
ag(x)u(x) + / K(x, thu(t)dt = f (x) (2.70) 
0 
where K and/f are still given by equations (2.68) and (2.69), respectively. 


Remark 


Ifao(x) € 0 in the interval considered, nothing is changed; however, if ag(x) vanishes 
at some point, we see that an equation of the type (2.70) is equivalent to a singular 
differential equation, at least, when K(x, ¢) is a polynomial in ¢. 


Example 2.12 
Reduce the initial value problem 
y"(x) + 4y(x) = sinx; at x = 0,v(0) = 0, y'(0) = 0 


to Volterra integral equation of the second kind and then find its solution, 
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Solution 


Volterra equation can be obtained in the following manner: 
Let us consider 


y" (x) = ux) 


y (x) = [ u(t)dt 
= x x 2 

V(x) = [ [ u(t)dt 
= i : (x — t)u(t)dt 

0 
Then the given ODE becomes 
u(x) + af (x — t)u(t)dt = sinx 

0 


which is the Volterra integral equation. The solution can be obtained using the 
Laplace transform method and we obtain 


Liu(x)} + 4L{xpL{ux)} = 


st+1 


which reduces to 


sz 


LUN eee 


By partial fraction, the inverse is obtained as 
(x) 1, a3 Din , 
u(x) = —= sinx + = sin 2x. 
3 3 
Therefore, the solution for y results in 


y@) = [ (x — u(tat 


[i t) Seine siaOy dt 
= x sin sin 
0 3 3 

1 


1 
3 {sinx = sin2x] 


Note that this solution agrees with that obtained from the differential equation. 
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2.10 Exercises 


1. Solve the following Volterra integral equations by using decomposition method 
or modified decomposition method: 


(a) ux)=14+x- a is u(t)dt 
0 
(6) ux)=14+x+ iE (x — t)u(t)dt 
0 
2 x 
(c) u@)=14 5 = [ (x — tu(t)dt 
(d) u(x) = sec” x + (1 — e®*)x +x] e™u(t)dt, x < 1/2 
0 
(e) u(x) =x —x° +5 / : tu(t)dt. 


0 


2. Solve the following Volterra integral equations by using series solution method: 


(a) u(x) = 2x 4+ 2x7 —x? + i . u(t)dt 
(b) u(x) =—-1- [ ; u(t)dt 
(c) ux)=1-x- - (x — t)u(t)dt 
(d) u(x) = xcosx+ ie tu(t)dt. 
3. Solve the following Volterra integral equations of the first kind: 

(a) xe*= ik e’ *u(t)dt 

(b) 5x°4+x7= if : (5 + 3x — 31)u(t)dt 

(c) 2coshx — sinhx —(2—x)= iB (2—x+ du(tdt 


(d) tanx —In(cosx) = i (l+x-—t)u(t)dt, x < 2/2. 
0 


4. Solve the linear integral equation u(x) = 1+ te (t —x)u(t)dt. 
5. Solve the linear integral equation u(x) =9 + 6x + UR (6x — 6f + 5)u(t)dt. 
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10. 


11. 


. Solve the linear integral equation u(x) = cosx —x —2+ de (t — x)u(f)dt. 


. Using the method of successive approximations find five successive approxima- 


tions in the solution of exercises 1, 2, 3 after choosing uo(x) = 0. 


. Show that 


x 
u(x) =a+bx+ / {c+ d(x — t)}u(t)dt 
0 
where a, b,c, d are arbitrary constants, has for solution 
u(x) = ae + Be, 


where a, 8, A, v depend upon a, b,c, d. 


. Solve the linear integral equation u(x) = 3g a ag - 5 + 5 Ie tu(t)dt. 
The mathematical model of an electric circuit that contains the elements L, R, 


and C with an applied e.m.f. Zo sin w¢ is given by the differential equation 


#O dQ OQ 
L R 
dt? + dt + C 


= Egsinat, 

where Q is the charge and / = 40 is the current flowing through the circuit. Given 
that L=0.5, R=6, C=0.02, Ey = 24 and w= 10 with the initial conditions 
Q(0) =0 and /(0) = 0 at t= 0, find the charge Q(t) for t= 0 to 10s with a step 
size h= 1s. Compare the numerical result with that of the analytical solution. 
(Hint: Express the given equation as a pair of first-order equations and then use 
the fourth-order Runge—Kutta method.) 


The motion of a compound spring system is given by the solution of the pair of 
simultaneous equations 


d*y 

a 2) 
d*yy 

m2 = ky(y1 — 2) 


where y; and y2 are the displacements of the two masses from their equilibrium 
positions. The initial conditions are 


yO=a, YO=f8, wO=y, y(0)=6. 


Express as a set of first-order equations and then determine the numerical solu- 
tions using the fourth-order Runge—Kutta method. 

(Hint: Use some suitable values of the parameters to calculate the 
displacements.) 
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12. For a resonant spring system with a periodic forcing function, the differential 
equation is 


dt? 
Determine the displacement at t= 0.1 through ¢ = 0.8 with A = 0.1 by using the 
Runge-Kutta method. Compare to the analytical solution at sin 3t. 


+9y=4cos3t, (0) =y(0)=0. 


13. In Exercise 1, if the applied voltage is 15 volts and the circuit elements are 
R=S5ohms, C= 1000 microfarads, h=50 millihenries, determine how the 
current varies with time between 0 and 0.2s with At=0.005 s. Compare this 
computation with the analytical solution. 


14. In the theory of beams it is shown that the radius of curvature at any point is 
proportional to the bending moment 


/ 


yy. 


o> T+ PRP 


= M(x) 

where y is the deflection from the neutral axis. For the cantilever beam for 
which y(0)=y’(0)=0, express the equation as a pair of simultaneous first- 
order equations. Then with suitable numerical values of E, 7, and M, determine 
the numerical solution for the deflection of the beam extending from x = 0 to 
x=5 feet. 
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3 Fredholm integral equations 


3.1 Introduction 


In this chapter, we shall be concerned with the Fredholm integral equations. We 
have already discussed in previous chapters the evolution of integral equations that 
have enormous applications in the physical problems. Many initial and boundary 
value problems can be transformed into integral equations. Problems in the math- 
ematical physics are usually governed by the integral equations. There are quite a 
few categories of the integral equations. Singular integral equations are very use- 
ful in many physical problems such as elasticity, fluid mechanics, electromagnetic 
theory, and so on. 

In 1825 Abel first encountered a singular integral equation in connection with 
the famous tautochrone problem, namely the determination of the shape of the curve 
with given end points along which a particle slides under the action of gravity in a 
given interval of time. An equation of an unknown function u(x), ofa single variable 
x in the domain a < x < bis said to be an integral equation for u(x), if u(x) appears 
under the integral sign and the integral exists in some sense. For examples, 


b 
u(x) = f(x) + af Ki, tu(jdt, a<x<b (3.1) 
b 
f@= it K(x, tu(dt, a<x<b (3.2) 
b 
u(x) = f(x) +A / K(x, ){u()}'dt, a<x<b (3.3) 


are all Fredholm integral equations. Equation (3.1) is defined as the nonhomo- 
geneous Fredholm linear integral equation of the second kind; equation (3.2) is 
the Fredholm linear integral equation of the first kind; and equation (3.3) is the 
Fredholm nonlinear integral equation of the second kind. In all these examples, 
K(x, t) and f(x) are known functions. K(x, ¢) is called the kernel of the integral 
equation defined in the rectangle R, for which a<x <b anda<t<b and f(x) is 
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called the forcing term defined in a<x <b. If f(x) =0, then the equations are 
homogeneous. The functions u, f, K may be complex-valued functions. The linear 
and nonlinear integral equations are defined when the unknown function appears 
linearly or nonlinearly under the integral sign. The parameter A is a known quantity. 


3.2 Various types of Fredholm integral equations 


Associated with the integral equation (3.1), the following meaning of various forms 
are used: 


e Ifthe kernel K(x, ¢) is such that 


b pb 
i iy |K(x, 1)|"dxdt < 00 


has a finite value, then we call the kernel a regular kernel and the corresponding 
integral is called a regular integral equation. 
e Ifthe kernel K(x, f) is of the form 


H(x,t) 


|x — t|* 


K(x,t) = 


where H (x, t) is bounded in R, a<x<banda<t<bwith A(x, t) £0, and a is 
a constant such that 0 <a < 1, then the integral equation is said to be a weakly 
singular integral equation. 

e Ifthe kernel K(x, ¢) is of the form 


K(x, t) = we) 


where H(x,t) is a differentiable function of (x,t) with H(x,t) 40, then the 
integral equation is said to be a singular equation with Cauchy kernel where 
the integral fe Hest) u(t)dt is understood in the sense of Cauchy Principal Value 


(CPV) and the notation P.V. ri is usually used to denote this. Thus 


b x-€ b 
ae | MOY 5 tiga {/ u(t) a+ [ u(t) ‘| 
a x—-t e>0 4 x-—t text 


e Ifthe kernel K(x, ¢) is of the form 


A(x, t) 
( — 0 


K(x, = 
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where H(x,f) is a differentiable function of (x, ¢) with H(x,t)40, then the 
integral equation is said to be a hyper-singular integral equation when the integral 


> (x,t) 
(x — 1)? 


u(t)dt 


is to be understood as a hyper-singular integral and the notation f. is usually 
used to denote this. Thus, 


u(t) 
a (X— me 


xX—E b 
~ lim i u(t) a+ [ u(t) s etormno 


e>0 (x — t)? xe (x — ft)? 2 


e Ifthe limits of the integral, a and b are constants, then it is a Fredholm integral 
equation. Otherwise, if a or b is a variable x, then the integral equation is called 
Volterra integral equation. 


In the following section we shall discuss the various methods of solutions of the 
Fredholm integral equation. 


3.3 The method of successive approximations: Neumann’s 
series 


The successive approximation method, which was successfully applied to Volterra 
integral equations of the second kind, can be applied even more easily to the basic 
Fredholm integral equations of the second kind: 


b 
u(x) = f(x) +A / K(x, tu(t)dt (3.4) 


We set u(x) =f (x). Note that the zeroth approximation can be any selected real- 
valued function uo(x), a <x <b. Accordingly, the first approximation u(x) of the 
solution of u(x) is defined by 


b 
u(x) =f) + if K(x, t)uo(t)dt (3.5) 


The second approximation u(x) of the solution u(x) can be obtained by replac- 
ing u(x) in equation (3.5) by the previously obtained w(x); hence we find 


b 
u(x) = f(x) +A / K(x, uy (t)dt. (3.6) 
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This process can be continued in the same manner to obtain the nth approxima- 
tion. In other words, the various approximations can be put in a recursive scheme 
given by 


uo(x) = any selective real valued function 


b 
Un(x) = f(x) + if K(x, t)un-idt, n>. (3.7) 


Even though we can select any real-valued function for the zeroth approximation 
ug(x), the most commonly selected functions for uo(x) are ug(x)=0, 1, or x. We 
have noticed that with the selection of uo(x) = 0, the first approximation u(x) = 
Ff (x). The final solution u(x) is obtained by 


u(x) = tim n(x) (3.8) 


so that the resulting solution u(x) is independent of the choice of uo(x). This is 
known as Picard’s method. 
The Neumann series is obtained if we set wo(x) =f (x) such that 


b 
u(x) = f(x) + if K(x, t)huo(t)dt 


b 
=f(x)+A ‘ K(x, Of (dt 
= f(x) + AW @) (3.9) 


where 


b 
Wi(x) = / K(x, tf (dt (3.10) 


The second approximation w(x) can be obtained as 


b 
ur(x) = f(x) + if K(x, t)ui(t)dt 


b 
= f(r / K(x.) (f(0) + Wu) dt 
= f (x) + AWi(x) + A? a(x) (3.11) 


where 


b 
“ee i K(x, tvn(tdt G.12) 
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Proceeding in this manner, the final solution u(x) can be obtained 


u(x) = f(x) + Awi (x) + A? Woe) Fo FA" Wale) Fo 


=f@)+ DA" Ya), (3.13) 
n=1 
where 
b 
ints = f K(x, t)Wn-1dt n>1 (3.14) 


Series (3.13) is usually known as Neumann series. This infinite series can be 
shown to be absolutely and uniformly convergent but in this text we do not want to 
pursue this matter; rather the interested reader is referred to the standard textbook 
available in the literature. 


Remark 


It can be later seen that the Neumann series is identical with the Adomian decom- 
position method for the linear Fredholm integral equation. And the successive 
approximation is identical with the Picard’s method. For ready reference we cite 
below: 

Picard’s method: 


u(x) = lim up(x) (3.15) 
noo 
Neumann’s series method: 
= : k 
u(x) =f) + lim, a Welx). (3.16) 


Example 3.1 


Solve the Fredholm integral equation 


1 
u(x) = 1+ | xu(t)dt 
0 


by using the successive approximation method. 
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Solution 


Let us consider the zeroth approximation is uo(x)= 1, and then the first approxi- 
mation can be computed as 


1 
u(x) = i+ f xug(t)dt 
0 


1 
=1+f xdt 
0 


=1+x 


Proceeding in this manner, we find 
1 
u2(x) = i+ f xuy(t)dt 
0 
1 
= i+ f x(1 + fdt 
0 


1 
=1 I+- 
+x(1+5) 


Similarly, the third approximation is 


! t 
wna) = Lx f (1+ f)a 
0 2 
+ 


1+x{1 ae 
= x _ ae 
2 4 
Thus, we get 
1 1 1 1 
Un(x) = 1+x PP Pay igs Pe Pea 
and hence 


u(x) 


ll 
3 
= 
= 
tat 
Ney 


T 
+ 
{3 
cay 
Ba 
=a 


This is the desired solution. 
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Example 3.2 


Use the successive approximation to solve the following Fredholm integral equation 


m/2 
u(x) = sinx + / sin x cos tu(t)dt. 
0 


Solution 


Let us set wo(x) = 1. Then the first approximation is 


m/2 
u(x) = sinx + sinx [ cos t dt 
0 
= 2sinx 


The second approximation is 


m/2 
u2(x) = sinx + sinx [ 2 sin t cos tdt 
0 
= 2sinx 


Proceeding in this way, it can be easily recognized that the sequence of solutions 
can be written without formal computation as 


u3(x) = 2 sinx, u4(x) = 2sinx...,u,(x) = 2 sinx. 
Hence the final solution is 
u(x) = lim u,(x) = 2sinx. 
nN—- Oo 


This is the desired solution. We shall see later that this solution can be obtained 
very easily by the direct computational method. 


3.4 The method of successive substitutions 


This method is almost analogous to the successive approximation method except 
that it concerns with the solution of the integral equation in a series form through 
evaluating single and multiple integrals. The solution by the numerical procedure 
in this method is huge compared to other techniques. 

We assume that 


b 
u(x) = f(x) +A / K(x, tu(t)dt (3.17) 
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In equation (3.17), as usual K(x, t) 4 0, is real and continuous in the rectangle 
R, for which a<x <banda<t<b; f(x) 40 is real and continuous in the interval 
I, for which a <x < b; and 4, a constant parameter. 

Substituting in the second member of equation (3.17), in place of u(t), its value 
as given by the equation itself, yields 


b b b 
u(x) = f(x) +A / K(x, Of (t)dt + a7 i K(x, t) / K(t,t)u(t)dtidt (3.18) 
Here, again we substitute for u(t, ) its value as given in equation (3.17). Thus, we get 
b 
us) =f a f Kesnyftode 
b b 
ae i, K(x, t) / K(t, tf (t))dtydt 
b b b 
ae i K(x, nf K(t, nf K (ty, t2)u(tz)dtpdt, dt (3.19) 
Proceeding in this manner we obtain 
b 
u(x) = f(x) +A / K(x, tf (dt 
b b 
aE te / K(x, t) 1 K(t, ty) (t))dtydt 


b b b 
+13 i K(x, nf K(t, nf K(t,, ty)f (ta)dtodt dt 
a a a 
ae eee (3.20) 
We note that the series solution given in equation (3.20) converges uniformly in 
the interval [a, b] if AM(b — a) < 1 where |K(x, t)| < M. The proof is very simple 
and can be found in Lovitt [7]. From equation (3.20), it is absolutely clear that 
in this method unknown function u(x) is replaced by the given function f(x) that 


makes the evaluation of the multiple integrals simple and possible. The technique 
will be illustrated below with an example. 


Example 3.3 


Using the successive substitutions solve the Fredholm integral equation 


1 m/2 
u(x) = cosx + 5 / sin xu(t)dt. 
0 
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Solution 


Here, A= 7 f (x)= cosx, and K(x,t)= sinx and substituting these values in 
equation (3.20), yields 


1 n/2 1 m/2 m/2 
u(x) = cosx + = / sin x cos tdt + — i sinx [ sin t cos t dt, dt 
2 Jo 4 Jo 0 


1 n/2 n/2 u/2 
+— / sinx [ sin rf sin t} cos f9dtpdt\dt + --- 
8 Jo 0 0 


de 1, 1, 
= cosx + =sinx+—sinx+ —sinx+-:-:- 
x 5 x ri x 8 x 


= cosx + sinx 


This result can be easily verified by the direct computational method to be considered 
in the later section. 


3.5 The Adomian decomposition method 


The decomposition method was recently introduced by Adomian [1] in a book 
written by him. The method has much similarity with the Neumann series as has 
been discussed in the previous section. The decomposition method has been proved 
to be reliable and efficient for a wide class of differential and integral equations of 
linear and nonlinear models. Like Neumann series method, the method provides 
the solution in a series form and the method can be applied to ordinary and partial 
differential equations and recently its use to the integral equations was found in 
the literature (see Ref. [9]). The concept of uniform convergence of the infinite 
series was addressed by Adomian ([2], [3]) and Adomian and Rach [4] for linear 
problems and extended to nonlinear problems by Cherruault et al [5] and Cherruault 
and Adomian [6]. In this book, we do not want to repeat the convergence problems. 

In the decomposition method, we usually express the solution of the linear 
integral equation 


b 
u(x) = f(x) + if K(x, tu(t)dt (3.21) 


in a series form like regular perturbation series (see Van Dyke [8]) defined by 


CO 


u(x) = D> un(x) (3.22) 


n=0 
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Substituting the decomposition equation (3.22) into both sides of equation (3.21) 
gives 


ee) b oo 
S > unlx) =f (x) +A / K(x,t) ps wo dt (3.23) 


n=0 n=0 


The components uo(x), u(x), u2(x), u3(x)... of the unknown function u(x) are 
completely determined in a recurrence manner if we set 


ug(x) = f(x) 
b 
uy(x) =A i K(x, t)uo(t)dt 


b 
u2(x) = af K(x, tu, (dt 


b 
u3(x) = a K(x, t)u2(t)dt 


b 
Un(x) = af K(x, t)un_-1(0)dt, (3.24) 


and so on. The main idea here like perturbation technique is to determine the 
zeroth decomposition u(x) by the known function f(x). Once wo(x) is known, then 
successively determine w(x), u2(x), u3(x),..., and so on. 

A compact recurrence scheme is then given by 


uo(x) = f(x) (3.25) 


b 
Un+1(x) = if K(x, Hundt, n>1 (3.26) 


In view of equations (3.25) and (3.26), the components wo(x), ui(x), u2(x), 
u3(x)... follow immediately. Once these components are determined, the solution 
u(x) can be obtained using the series (3.22). It may be noted that for some problems, 
the series gives the closed-form solution; however, for other problems, we have to 
determine a few terms in the series such as u(x) = 2 Un(x) by truncating the 
series at certain term. Because of the uniformly convergence property of the infinite 
series a few terms will attain the maximum accuracy. 
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Remark 


Sometimes it may be useful to decompose the f(x) term into f(x) =/fi(x) +fa(x) 
such that 


uo(x) = fil) 
b 
u(x) = fo(x) + if K(x, t)uo(t)dt 


b 
u2(x) = af K(x, tui (t)dt, 


and so on. This decomposition is called modified decomposition method. We 
illustrate them by examples. 


Example 3.4 


Solve the Fredholm integral equation 
1 
u(x) =e" — 1 +f tu(t)dt 
0 


by the decomposition method. 


Solution 


The decomposition method is used here. We have 


ug(x) = e — 1 


1 1 
ui(x) = / tug(t)dt = i: t(e’ — 1)dt = 
0 0 2 


1 1+ 1 

— tu,(t)dt = -—dt = — 
ints) =f mind = fo Sar = 5 
1 

8 


1 er 
u3(x) = i, tuz(t)dt = / —dt = 
0 o 4 


and so on. Hence the solution can be written at once 


Ty oP pl 
=e-1 ee, 
u(x) = e ig gat 
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By the modified decomposition method, we set that uo(x) = e* and 
1 1 
u(x) = -1+ / tug(t)dt = —1 + / te'dt = 0 
0 0 


1 
u2(x) i tuy(t)dt 
Upn(x) = 0 


The solution is u(x) = e*. By direct computation, we obtain u(x) = e* —1+a, 
where a= hie tu(t)dt. Using the value of u(x) under the integral sign yields, 


a= iff te’ —1+a)dt= 5(1 +a). Hence the value of a= 1. Thus, the solution 
is u(x) = e* which is identical with the decomposition method. 


3.6 The direct computational method 


There exists an efficient method to solve certain type of Fredholm integral equations 
and this method is usually known as the direct computational method. In this 
method, the kernel K(x, ¢) must be separable in the product form such that it can 
be expressed as 


K(x, t) = g(x)h(t) (3.27) 


Accordingly, the Fredholm equation can be expressed as 
b 
u(x) = f(x) + af K(x, t)u(t)dt 
a 


b 
= f(x) + Ag(x) i h(t)u(t)dt (3.28) 


The integral equation (3.28) is a definite integral and we set 


b 
a= / A(t)u(t)dt (3.29) 


where a@ is an unknown constant that needs to be determined. It follows that equa- 
tion (3.28) can be written as 


u(x) = f (x) + Aag(x) (3.30) 
It is thus obvious that the solution u(x) is completely determined provided a is 
known from equation (3.29). 
Remark 


It is to be noted here that the direct computational method determines the exact 
solution in a closed form, rather than a series form provided the constant w has 
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been determined. The evaluation is completely dependent upon the structure of the 
kernel K(x, ¢), and sometimes it may happen that the value of a may contain more 
than one. The computational difficulties may arise in determining the constant o if 
the resulting algebraic equation is of third order or higher. This kind of difficulty 
may arise in the nonlinear integral equation. 


Example 3.5 
Solve the linear Fredholm integral equation 
re oe ee i, 
a ies ie t)dt. 
u(x) = e€ ee ae 


Solution 


Let us set a= fe u(t)dt. Then we have 


1 


Replacing the value of u(x) in the above integral yields 


and this reduces to 5 = § — 7 Therefore, the solution is u(x) = e*. This solution 
can be verified easily. 


3.7 Homogeneous Fredholm equations 


This section deals with the study of the homogeneous Fredholm integral equation 
with separable kernel given by 


b 
u(x) = af K(x, thu(t)dt (3.31) 
0 
This equation is obtained from the second kind Fredholm equation 
b 
u(x) = f(x) + if K(x, thu(t)dt, 
a 


setting f(x) =0. 
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It is easily seen that u(x) = 0 is a solution which is known as the trivial solution. 
We look forward to a nontrivial solution of equation (3.31). Generally speaking, the 
homogeneous Fredholm integral equation with separable kernel may have nontrivial 
solutions. We shall use the direct computational method to obtain the solution in 


this case. 
Without loss of generality, we assume that 


K(x,t) = 2(x)hi(t) (3.32) 


so that equation (3.31) becomes 


u(x) = Ag(x) i ” Mulyat (3.33) 
Let us set 
a= / ” ault)at (3.34) 
such that equation (3.33) becomes 
u(x) = Aag(x) (3.35) 


We note that « = 0 gives the trivial solution u(x) = 0, which is not our aim in this 
study. However, to determine the nontrivial solution of equation (3.31), we need to 
determine the value of the parameter 4 by considering a 4 0. This can be achieved 
by substituting equation (3.35) into equation (3.34) to obtain 


b 
a= ia | A(t)g(t)dt (3.36) 
a 
or equivalently, 


b 
hese / h(t)g(t)dt (3.37) 


which gives a numerical value for 4 4 0 by evaluating the definite integral in equa- 
tion (3.37). However, determining A, the nontrivial solution given by equation (3.35) 
is obtained. 


Remark 


The particular nonzero values of 4 that result from solving the algebraic system 
of equations are called the eigenvalues of the kernel. And corresponding to each 
eigenvalue we shall have solutions that are called eigen solutions or eigenfunctions. 
These solutions are nonzero solutions within a finite interval (a, b). 
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Example 3.6 


Find the nontrivial solutions of the following Fredholm integral equation 


n/2 
u(x) = i | cos x sin tu(t)dt. 
0 


Solution 


The equation is rewritten as 
m/2 
u(x) = A.cosx / sin tu(t)dt 
0 


Let us set 


m/2 
a= / sin tu(t)dt. 
0 


Then 
u(x) = Aa cos x. 


Hence the value of A can be obtained putting the expression of u(x) into the 
a integral which reduces to give fora #0, A= 1. Thus, with this value of A the 
solution is obtained as u(x) =acosx known as the eigen function where a@ is an 
arbitrary constant. 


Example 3.7 


Find the nontrivial solution of the following homogeneous Fredholm integral 
equation 


1/4 
u(x) =A } sec” xu(t)dt. 
0 


Solution 


If we set a = u(t)dt in the given equation, we have u(x) = Aa sec? x and there- 
fore, a= Aa ie 4 sec? dt = da. Ifa 4 0, then A = 1, and hence, the solution of the 
homogeneous Fredholm equation is simply u(x) =a sec? x and @ is an arbitrary 
constant. 


1/4 
0 


Example 3.8 


Find the nontrivial solution of the Fredholm homogeneous integral equation 


u(x) = 5 if cos (x — t)u(t)dt. 
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Solution 


Given that 


u(x) =i [ cos (x — t)u(t)dt 


2 a . : 
—x / {cosx cost + sinx sin ¢f}u(t)dt 
uw JO 
2 2 ; 
= —Aacosx + —AB sinx 
4 a 


where w= J, costu(t)dt and B= {> sin tu(t)dt. Hence using the value of u(x) 
under the integral signs of a and 6, we obtain a simultaneous algebraic equation 
given by 


a= — {f cos(acost + Bsin a} 
a 0 


p= — { [ sinstacosr + psinnyr| 
mw (Jo 


After performing the integrations and reduction, the values of a and 6 are found 
to be a=da and B=A8. If ~#0 and 640, then A= 1. Therefore, the desired 
solution is 


2 
u(x) = mG cosx + Bsinx), 


where a and £ are arbitrary constants. 


3.8 Exercises 
Solve the following linear Fredholm integral equations: 


1. u(x)= S + 5 (R xtu(t)dt. 

. u(x) = sec? x +A Js u(t)dt. 

. u(x) = sec? xtanx —A iB u(t)dt. 
. U(x)= cosx+A fy xtu(t)dt. 
ulxy=e $A fo 2e%elu(dydt. 


nA BW NY 


Solve the following homogeneous integral equations: 


6. u(x)= fy u(t)dt. 
7. u(x) = fy (—Du(pdt. 


FREDHOLM INTEGRAL EQUATIONS 63 


8. u(x)= 5 fo sinxu(t)dt. 
9. u(x) = io Ju? xtu(tat. 


10. ux) = sy fy 2e%e'u(t)at. 
Solve the following integral equations: 


I. ux)=x+tr fo l+x+4+du(tdt. 

12. u(x)=x+h fo (@—Auld)at. 

13. u(x)=x+r fo (@—1Pu(tdt. 

14. u(x)=x+A fo (+ sinx sin t)u(t)dt. 


Solve the following Fredholm equations by the decomposition method: 


15. u(x) =x-+ sinx —x fae u(t)dt. 
16. u(x) =1+ sec?x— fo" u(hdt. 
17. u(x) = pha + 2x sinh (7/4) — x fe u(t. 


Find the nontrivial solutions for the following homogeneous Fredholm integral 
equations by using the eigenvalues and eigenfunctions concepts: 


18. u(x) =A fo xelu(d)dt. 


19. u(x) =A fo. 2tu(t)dt. 


20. u(x) =A ie sec x tan tu(t)dt. 


21. u(x)=A eee sec x tan tu(t)dt. 


22. u(x) =A fy sin! xu(t)dt. 
23. u(x) =A Jo"? cosx sin tu(t)dt. 
24. u(x) = 2A Jy sin (x — tu(s)dt. 
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4 Nonlinear integral equations 


4.1 Introduction 


In the previous chapters, we have devoted considerable time and effort in study- 
ing the solution techniques of different kinds of linear integral equations. In this 
chapter, we shall investigate the solution techniques for the nonlinear integral 
equations. We have already mentioned that nonlinear integral equations yield a 
considerable amount of difficulties. However, due to recent development of novel 
techniques it is now possible to find solutions of some types of nonlinear integral 
equations if not all. In general, the solution of the nonlinear integral equation is 
not unique. However, the existence of a unique solution of nonlinear integral equa- 
tions with specific conditions is possible. As we know there is a close relationship 
between the differential equation and the integral equation. We shall see in the 
next section some classical development of these two systems and the methods of 
solutions. 

We first define a nonlinear integral equation in general, and then cite some 
particular types of nonlinear integral equations. In general, a nonlinear integral 
equation is defined as given in the following equation: 


u(x) =f(x) +A [ "K(x, ‘)F (u(t))dt (4.1) 


and 


b 
u(x) = f(x) + / K(x, OF (u())dt (4.2) 


Equations (4.1) and (4.2) are called nonlinear Volterra integral equations and 
nonlinear Fredholm integral equations, respectively. The function F(u(x)) is non- 
linear except F =a constant or F(u(x))=wu(x) in which case F is linear. If 
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F(u(x))=u"(x), for n> 2, then the F function is nonlinear. To clarify this point 
we cite a few examples below: 


u(x) =x+Aa i, : (x — t)u’(t)dt (4.3) 
0 


1 
u(x) =x+a i cos xu (t)dt (4.4) 
0 


Equations (4.3) and (4.4) are nonlinear Volterra and Fredholm integral equations, 
respectively. 


4.2 The method of successive approximations 


We have observed that solutions in finite closed form only apply to certain special 
types of differential equations. This is true for the integral equations also. If an 
equation does not belong to one of these categories, in which case analytical solu- 
tions are not possible to obtain, we need to use approximate methods. The phase 
plane method, with graphical depiction of Chapter 4 of Applied Numerical Analysis 
by Rahman [8], gives a good general idea of the nature of the solution, but it cannot 
be relied upon for numerical values. 

In this chapter, we shall consider three approximate methods: the first one is the 
Picard’s method to obtain successive algebraic approximations. (E. T. Picard, Pro- 
fessor at the University of Paris, one of the most distinguished mathematicians 
of his time. He is well known for his researches on the Theory of Functions, 
and his Traite d’ analysis is a standard textbook). By putting numbers in these, 
we generally get excellent numerical results. Unfortunately, the method can only 
be applied to a limited class of equations, in which the successive integrations be 
easily performed. 

The second method is the Adomian decomposition method. Adomian [1] 
recently developed the so-called Adomian decomposition or simply the decomposi- 
tion method. The method was well introduced and well presented by Adomian in his 
recent books (Refs. [2], [3] and [4]). The method proved to be reliable and effective 
for a wider class of linear and nonlinear equations. This method provides the solu- 
tion in a series form. The method was applied to ordinary and partial differential 
equations, and was rarely used for integral equations. The concept of convergence of 
the solution obtained by this method was addressed by Adomian in two books [1,3] 
and extensively by Cherruault et al (Ref. [5]) and Cherruault and Adomian [6] for 
nonlinear problems. With much confidence, however, the decomposition method 
can be successfully applied towards linear and nonlinear integral equations. 

The third method, which is extreme numerical and of much more general appli- 
cations, is due to Runge. (C. Runge, Professor at the University of Gottingen, 
was an authority on graphical method.) With proper precautions it gives good 
results in most cases, although occasionally it may involve a very large amount of 
arithmetical calculation. We shall treat several examples by these methods to enable 
their merits to be compared. 
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4.3 Picard’s method of successive approximations 
Consider the initial value problem given by the first-order nonlinear differential 


equation du =f (x, u(x)) with the initial condition u(a) = b at x = a. This initial value 
problem can be transformed to the nonlinear integral equation and is written as 


u(x) = b+ Lie u(x))dx. 


For a first approximation, we replace the u(x) inf (x, u(x)) by b, for a second approx- 
imation, we replace it by the first approximation, for the third by the second, and 
so on. We demonstrate this method by examples. 


Example 4.1 


Consider the first-order nonlinear differential equation #4 =x-+u7, where u(0) =0 
when x = 0. Determine the approximate analytical solution by Picard’ s method. 


Solution 


The given differential equation can be written in integral equation form as 


u(x) = i: (x + u?(x))dx. 


Zeroth approximation is u(x) = 0. 
First approximation: Put u(x) = 0 in x + u’(x), yielding 


i 1 
u(x) = I xdx = —x?. 
0 2 
Second approximation: Put u(x) = 4 inx +v’, yielding 


@) [( 3) ee 
Ux) = x i ‘oe mee 
; 4 2 20 


Third approximation: Put uw = ze +3 a inx+u°, giving 


| 
ee 
a 
a 
Paina 
+ 
Ns 
ol oN 
4 
aN 
oS — 
iS oS 
eae 
= 
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Proceeding in this manner, Fourth approximation can be written after a rigorous 
algebraic manipulation as 
Fourth approximation: 


(x) x? i x rs x8 se 7x11 Se 3x14 fs 87x17 
u(x) = 
2 20 160 8800 49280 23936000 


29 x23 


aS 7040000 me 445280000’ 


and so on. This is the solution of the problem in series form, and it seems from its 
appearance the series is convergent. 
Example 4.2 


Find the solution of the coupled first-order nonlinear differential equations by 
converting them to nonlinear integral equations 


du 


ag =P Oty) 


” 
subject to the initial conditions u(0) = 1, and v(0) = 5 when x = 0. 


Solution 


The coupled differential equations can be written in the form of coupled integral 
equations as follows: 


u(x) = 1+ f vdx 
0 


v(x) = 5+ [Puts 


Performing the integrations as demonstrated in the above example, we obtain 
First approximation: 


@Qare 
Ux) = 5) 
1 3x4 
Ort 
Second approximation: 
(ie x " 3x9 
so a) 


pies a aoe 
ee Figs 6A 
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Third approximation: 


x 3x x6 x 
u(x) = hepa ask 5 are a 


bee ae Oe a 
eB. Hide eae AGO. 56F 


and so on. Thus, the solution is given by the above expressions up to third order. 


Example 4.3 

Find the solution of the nonlinear second-order ordinary differential equation 
u(x)ul"(x) = (ula)? 

with the initial conditions u(0)= 1 and u'(0)=1 at x =0 by converting it to the 

integral equation. 

Solution 


The given equation can be transformed into a couple of first-order differential 
equations 
y2 
u(x) = v(x); Vx) = — 
u 


with the initial conditions: u(0)= 1 and v(0) = 1 at x =0. The integral equations 
are the following: 


u(x) = 1+ iE Vv(x)dx 
0 


x y2 
V(x) = 1+ f —dx 
0 Uu 


By Picard’s successive approximation method we obtain 
First approximation: 


uy = 1+ f dx =1+x 
0 


wyatt | dx =1+x 
0 


Second approximation: 


x, 2 
ua) = 1+ f (l+x)de = 1x5 
0 4 


x2 


v(x) = +f (+xjdx =14+x+ 
0 
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Third approximation: 


x x2 x2 x3 
uy = 1+ f (14045 G)dalext oe 
0 


4 x2 x2 x3 
wyatt f (14x45 5) a= Laney ta 
0 


So continuing in this way indefinitely we see that 


x2 x3 x4 


ua)=ltx+ 5+ Sto te 
= e 
which is the desired solution of the given nonlinear initial value problem. 


Remark 


It is worth mentioning here that it can be easily seen that the general solution of 
this second-order nonlinear ODE has the solution u(x) = e”* where —oo < m < 00. 
For any real number of m, e”* is a solution which means that it has infinitely many 
solutions of exponential type. Therefore, the solution is not unique. On the other 
hand, if we consider two particular solutions, namely e~* and e** for m=—1 and 
m= 2, although they individually satisfy the differential equation, but the general 
solution formed by the linear combination u(x) = cje~* + cre" where c; and c2 are 
arbitrary constants will never satisfy the differential equation. This phenomena is 
observed in the nonlinear problem. However, it is not the case when the problem is 
linear. This can be easily verified by considering the linear second-order ODE given 
by w’ — u! — 2u=0 that has two particular solutions e~* and e~* as cited above and 
the linear combination is a solution also. (see Ref. [7]). 


4.4 Existence theorem of Picard’s method 


In the previous section, we have studied the successive approximations of Picard’s 
method. Mathematicians always hope that they would discover a method for 
expressing the solution of any differential equations in terms of a finite number 
of known functions, or their integrals. When it is realized that this is not possible, 
the question arises as to whether a differential equation in general has a solution at 
all, and, if it has, of what kind. 

There are two distinct methods of discussing this question, but here we will 
discuss only one. The first method due to Picard has already been illustrated by 
examples in the previous section. We obtain successive approximations, which 
apparently tend to a limit. We shall now prove that these approximations really do 
tend to a limit and that this limit gives the solution. Thus, we prove the existence of 
a solution of a differential equation of a fairly general type. A theorem of this kind 
is called an Existence theorem. Picard’s method is not difficult, so we will proceed 
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with it at once before saying anything about the second method. Our aim is now to 
prove that the assumptions made in obtaining these solutions were correct, and to 
state exactly the conditions that are sufficient to ensure correctness in equations. 


Picard’s method of successive approximations 


If au =f (x, u) and u=b and x =a, the successive approximations for the values of 
u as a function of x are 


uy = b+ [flo,byas 
u2 = b+ f fosuyar 


u3 = b+ | I(x, uz)dx 


=h+ [ fesunas 


= 
= 
+ 

| 


and so on. We have already explained the applications of this method in the 
examples of the previous section. We reproduce the solution of the example where 
f(x,u)=x4+u": with b=a=0, and find, 


x2 
jpn oe 
bes 
x2 x3 
ue 5G 
x2 x x8 xl 
i= 9H Ve. 4400 
x2 x x8 7x11 3x14 
“=> +507 1607 8800 7 40280 
87x17 29 x23 
+ 


23936000 a 7040000 ¥ 445280000° 


These functions appear to be tending to a limit, at any rate for sufficiently small 
values of x. It is the purpose of the present article to prove that this is the case, not 
merely in this particular example, but whenever f(x, w) obeys certain conditions to 
be specified. These conditions are that, after suitable choice of the positive number 
hand k, we can assert that, for all values of x between a—h and a-+A, and for all val- 
ues of u between b —k and b+, we can find positive numbers M and A so that (i) 
If (x, u)| <M, and (ii) |f(x, uw) — f(x, w’)| < Alu — u'|, wu and u’ being any two values 
of u in the range considered. In our example f(x, “) =x + u’, condition (i) is obvi- 
ously satisfied, taking for M any positive number greater than |a| ++ (|b| +4). 
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Also, |(x + u?) — (x +u?)| =|u? — wu? | = |u + u’||[u—u'| < 2([b]| + )|u—u'|. So, 
condition (ii) is also satisfied, taking A = 2(|b| + *). 

Now returning to the general case, we consider the difference between the 
successive approximations. We know that u,; —b= ths I(x, b)dx, by definition; 
but |f(x,5)| <M by condition (i), so |uj—b| <| fo f(x, b)dx| <| f° Mdx| < 
M |x —a| < Mh. 

Also in a similar manner, it is easy to show that 


x 
uz — uy = i, {f(x,u1) —f (x, b)} dx 
a 
but we have 
f(x, u1) —f (x, b)| < Alu, — b| < AM|x — al by conditions (i) and (ii). 
And so we obtain 
x 
Juz — uy| < if AM (x — a)dx| 
a 
1 2 
< ZAM —a) 
1 2 
< ~AMh 
2 
Proceeding in this way, we can write 
1 n—ljn 
[Uy — Un—1| < —MA” th". 
n! 
Thus, the infinite series 
1 2. 1 n—ljn 
b+ Mh+ yah fees —MA hn" +.-- 
Nn. 
M 1 1 
=b+— {Ah+ ~(AhyY +--- + —(Ah)" +--+ 
A 2 n! 
M 
=b+—[e4*-1 
te [ ] 


is convergent for all values of h, A, and M. 
Therefore, the infinite series 


b+ (uy — b) = (uz — 1) + (U3 — U2) +++ + Un — Un-1) + 


each term of which is equal or less in absolute value than the corresponding term 
of the preceding, is still more convergent. 
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That is to say the sequence 


uy = b+ (uy, —b) 
uz = b+ (uy, — b)+ (uz — 4), 
and so on, tends to a definite limit, say U(x) which is what we wanted to prove. 
We must now prove that U(x) satisfies the differential equation. At first 


sight, this seems obvious, but it is not so really, for we must not assume without 
proof that 


x x 
lim Sf (%, Un—1)dx = / S(, lim uy—1)dx. 
n—>oo a a n—>oo 


The student who understands the idea of uniform convergence will notice that the 
inequalities associated with this proof that we have used to prove the convergence 
of our series really proves its uniform convergence also. If, f(x, u) is continuous, 
U,,Uz,... etc., are continuous also, and U is uniformly convergent series of con- 
tinuous functions; that is, U is itself continuous, and U — u,_; tends uniformly to 
Zero as n increases. 

Hence, condition (11), f(x, U) — f(x, u»—1) tends uniformly to zero. From this 
we deduce that 


x 
[6.0 feuds 
a 
tends to zero. Thus, the limits of the relation 
Py 
Un = b +f I (X, Un—1)dx 
a 
is 
+ 
U= b+ | I (x, U)dx; 
a 
therefore, 


dU 
ie: =f, U), 


and U = b when x =a. This completes the proof. 
4.5 The Adomian decomposition method 
The decomposition method is similar to the Picard’s successive approximation 


method. In the decomposition method, we usually express the solution u(x) of the 
integral equation 


u(x) = b+ [f. u)dx (4.5) 
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in a series form defined by 
CO 


u(x) =) F un(e) (4.6) 


n=0 
Substituting the decomposition equation (4.6) into both sides of equation (4.5) 


yields 
So un(x) =b+ Ie: (. Ym) dx 
n=0 ¢ n=0 


The components u(x), u1 (x), u2(x), . . . of the unknown function u(x) are completely 
determined in a recurrence manner if we set 


ug(x) = b 


u(x) = [ f. ug )ax 
u2(x) = [ fosunas 


wna) =f Foun), 


and so on. The above decomposition scheme for determination of the components 
ug(x), Uj (x), u2(x),... of the solution u(x) of equation (4.5) can be written in a 
recurrence form by 


ug(x) = b 
unsits) = J flsundds 


Once these components are known, the solution u(x) of equation (4.1) is readily 
determined in series form using the decomposition equation (4.2). It is important to 
note that the series obtained for w(x) frequently provides the exact solution in closed 
form. However, for certain problems, where equation (4.2) cannot be evaluated, a 
truncated series yd u,(x) is usually used to approximate the solution u(x) if 
numerical solution is desired. This is exactly what we have described in Picard’s 
method. However, with this type of decomposition, we have found some drawbacks. 
Hence we propose in the following a simple decomposition method not exactly like 
the Picard method. 

In this new decomposition process, we expand the solution function in a 
straightforward infinite series 


U(X) = Ug(x) + U(X) + U2(X) + +++ + Un(x) + °° 
= So un(x) (4.7) 
n=0 


assuming that the series converges to a finite limit as n > oo. 
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Next we expand the function f(x, w) which contains the solution function u(x) 
by Taylor’s expansion about uo(x) keeping x as it is such that 


(u— ug)” 


FG, u) =f, uo) + (u — Uo Yule, Ho) + 5, faaul*, Uo) 


= 4 
ee eal uo) t.-- (4.8) 


.343 
= eA fais uo) + 


We know that Taylor’s expansion is absolutely and uniformly convergent in a 
given domain. Now using equation (4.7) into equation (4.8), yields 


Ff (x,u) =f &,u0) + Yo unl) ful, Uo) 


n=1 


Be 2 
1 
+ 5 {> wco| Suu(X, Uo) 


n=1 


ae 3 
1 
+ rT {> wco| Suu (x, Uo) 


lee) 4 
1 
+ al {> wco| FuuuulX; uo) +... (4.9) 
n=1 


which can subsequently be written as 


f (x, u) = Ag(x) + A(x) + Aa(x) + .A3(x) +++ + An(x) +o 
= > An(x) (4.10) 
n=0 


We define the different terms in 4,,(x, u) as follows: 
Ao = f (x, uo) 
Ay = uy fu(x, U0) 
Ay = up fulX,Uo) + 305 ful, Uo) 
Ax = u3 fu(x, uo) + 4(2u U2 Yuu, Uo) + ZUt Srand(X, U0) 
Ag = ug ful, Uo) + 5 (2uju3 + U5 fuulX, uo) 
+ ¢(Buj ur) fuul% U0) + 3404 faualX, U0): (4.11) 


Substituting equation (4.10) and equation (4.6) into the integral equation 


u(x) = b+ [f. u)dx (4.12) 


76 INTEGRAL EQUATIONS AND THEIR APPLICATIONS 


we obtain 
un(x) = b+ [ we 
n=0 a n=0 
or simply 
uo(x) + w(x) + u(x) + = b+ [ [Ao(x) + Aix) + A(x) + +++ Jd. 


The components uo(x), u(x), u2(x), ... are completely determined by using the 
recurrence scheme 


ug(x) = b 


ma) = f Ao(xyde = f Ao(t)dt 
n(x) = f Ayla = f° Anat 
wna) = f Antayde = f Ap(t)dt 


u4(x) = [Aone = [ asoar 


Uns1(¢) = : "ade = if Aides =, (4.13) 


Consequently, the solution of equation (4.11) in a series form is immediately 
determined by using equation (4.6). As indicated earlier the series may yield the 
exact solution in a closed form, or a truncated series ae Un(x) may be used if a 
numerical approximation is desired. In the following example, we will illustrate the 
decomposition method as established earlier by Picard’s successive approximation 
method. 


Example 4.4 


Solve the integral equation 


x 2, x 
u(x) = i (x + u)dx = S + u?(t)dt 


by the decomposition method. 
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Solution 


With the decomposition method, we can write the equation in series form 


oo ig x 0 
u(x) = 2, tne) = at ; 2 An( at 


in which we can decompose our solution set as 


2 


uo(x) = > 


my =f Ao(t)dt 


u2(x) = [ Auoar 


Un(x) = i} ” An_a(Oat (4.14) 


We know f(u)=w’, and so f’(u)=2u and f”(u)=2. All the higher-order 
derivatives will be zero. Thus, we obtain 


4 
fluo) = 4 = F 
Sf '(uo) = 2up = x? 
f"(uo) = 2 


Thus, with these information, we obtain 


4 
x 
Ag(x) = > 


Ai(x) = ux? 
Ag(x) = ux” + 4 
A3(x) = u3Xx" + 2uyu. 
Hence the different components of the series can be obtained as 


2 
x 
ug(x) = > 
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x x 44 x5 
— Ao(t)dt = —dt = — 
m(ay= f do(oae= f° Sar => 


ints) = [ Ande = [ (oat = [ uy(t)t? dt 


x Pp 8 
[rei 
ae 160 


u3(x) = [ Ap(t)dt = [ {u(t}? + ut(a)} dt 


= is 18 ) ; z10 - 7x1 
= — )t+—}fdt= 
0 160 400 8800 


Thus, the solution up to the third order is given by 


u(x) = uo(x) + uy (x) + u2(x) + u3(x) + --- 


x x8 7x11 


59°" 160 8800. 


Example 4.5 


(4.15) 


Obtain a solution of the following initial value problem by the Picard method and 


verify your result by the method of decomposition: 


du _ 7 
ee =X u 
with (0) =0. 


Solution 


(a) Picard’s method: 


Given that “4 =x-+u, and integrating with respect to x and using the initial 
dx g g P' g 


condition we obtain 
u(x) = / (x + u)dx. 
0 


The first approximation is 


2 


= x 
uj(x) = xdx = >" 


The second approximation 1s 


x x x2 x2 3 
ints) = | (+a = f (x+ a= rT Pia 
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Proceeding in this manner, the nth approximation can be written at once 


x2 x3 yntl 


ss came 


and so on. Thus, the desired solution is 


x2 x3 yntl 
UO) aig Eg tee at 
=e —(1+%). (4.16) 


(b) The decomposition method 
The given integral equation can be written as 


x 2: x 
u(x) = / (x + u)dx = a +f u(t)dt. 
0 2 Jo 
Let u(x) be decomposed into a series as 
oe) 
u(x) = ug(x) + uy (x) + ua(x) +++ uy) +---= S Un(Xx). 
n=0 


Substituting this series into the above integral equation, 


one 2 x © 
> Un(x) = = + i XS Uun(t)dt. 
n 9 n=0 


=0 


Now equating term by term, yields 


nN 


Ee x 2 x3 
= ds = — — es 
uy(x) [ ug(t)dt i 5 dt 31 


x x p x 
u2(x) = ; uj(t)dt = / —dt = — 


£& 


& 


2 3 n 
x x 
uxx)=—t+—4+---+—4+---=e-(14+ x). (4.17) 
2! 3! n! 
Hence we get the identical results from these two methods. The analytical solution 
of this initial value problem is u(x) = e* — (1 +x). 
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Example 4.6 


Find the solution of the initial value problem by (a) Picard’s method, (b) the 
decomposition method, du =xu, u(0)=1. 


Solution 


(a) Picard’s method 
The initial value problem can be put in the integral equation form 


u(x) = 1+ ie tu(t)dt. 
0 


The first approximation is 
x x2 
uj(x) = 1 +f t(l)dt = 1+ ck 
0 


The second approximation is 


x 2 S2 oe 2 
=1 tjl+ —)dt=1+—+ —[{—]). 
u2(x) +f (1+5) +5+3(5) 


Proceeding in this manner, we can derive the nth approximation as 
The nth approximation is 


se ey ee ; yey 
a +545 (5) + +5 (F) 
Thus, when n > co 
u(x) = lim up(x) = er 2, (4.18) 
nN— CoO 


(b) The decomposition method 
We decompose the solution in a series as u(x) = S~7°9 un(x). Substituting this 
series into the integral equation, we obtain 


Y un(x) = 1+ a [a0] dt. 
n=0 0 n=0 
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Equating the different order of terms of this series, we construct a set of integral 
equations 


ug(x) = 1 


u(x) = if tug(t)dt = i t(1)dt = 


x2 


ey 


Thus, the solution is 


lo) 2 2\ 2 
ua) = one) = 1454 5(5) es a (4.19) 


2! 
n=0 


Solutions, i.e. equations (4.18) and (4.19) are identical and agree with the 
analytical solution u(x) =e" /2. 


Remark 


It is worth noting that the decomposition method encounters computational diffi- 
culties if the nonhomogeneous term f(x) is not a polynomial in terms of x. When 
the f(x) is not polynomial we use the modified decomposition method to mini- 
mize the calculations. In the following example, we shall illustrate the modified 
decomposition method for handling the Volterra type integral equation. 


Example 4.7 


Obtain the solution of the following nonlinear nonhomogeneous integral equation 
of Volterra type, 


x x 
u(x) =x+—— / tu? (t)dt. 
5 Jo 


Solution 


By inspection, it can be observed that u(x) =x is a solution of this integral equa- 
tion. Because fe t(t?)dt = ee and hence u(x) =x + Ss = ae =x: 

By the modified decomposition method, this is easily accomplished. In this 
method, the solution is expressed in a series which is given by u(x) = S~°° 9 un(x), 
and f(u) =u? such that f’(u) = 3u?,,f” (u) = 6u, and f””"(w) = 6, and all the higher- 
order derivatives greater than the third order are zero. 


82 INTEGRAL EQUATIONS AND THEIR APPLICATIONS 


By Taylor’s expansion about u = uo, f(u) can be expressed as 


f(u) = f (uo) + (uy + un +3 +--+ +) f"(uo) 


1 
+ Thu + uy +u3 +--+ Pf"(uo) 


1 
+ 3) +u2+u3+-:- pt” (uo) 


where we define the decomposition coefficients as 


Ao = f (uo) =u 
A = wif’ (uo) = 3upn 


1 
Ay = upf"(uo) + suit” (wo) = un(3ug) + uj (3u0) 


1 
A3 = uxf"(uo) + uy f”" (uo) + qui” (uo) 


= 03(3up) + w1u2(6uo) + wu; 


Let us consider uo(x)=x. Then the subsequent terms of the series can be 
obtained as follows: 


ug(x) = x 
x x 
u(x) = — -[ tAg(t)dt 
5 0 
5 x 2 5 
=5- f @a=-F=0 
5 0 5 5 


u(x) = -| taA\(t)dt =0 because u(x) = 0. 
0 


Similarly, up(x) = 0, for n > 2. And hence the solution is u(x) =x. 


. a 5 
But with the usual procedure, if we set the zeroth component uo(x)=x+%, 
then the first component is 


x x 5 
u(x) = -| tAg(t)dt = -{ (e+ 5) dt 


x x? 3x13 x17 


SoA: 325" - DADS 
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The second component is given by 


x 
= i tA; (t)dt 
0 
x PA (ge . 39° 328 x17 
3t | t dt. 
I («+ 5) (S++ +a) 
It can be easily observed that cancelling the noise term = and == between 


u(x) and wu; (x), and justifying that the remaining term of u0(x) satisfies the equation, 
leads to the exact solution u(x) =x. 


u2(x) 


Example 4.8 


Use the decomposition method or the modified decomposition method to solve the 
following nonlinear Volterra integral equation by finding the exact solution or a few 
terms of the series solution, u(x) = sinx + g sin(2x)— 444 fy w(ndt. 


Solution 


By inspection it can be easily seen that u(x) = sinx is an exact solution. Let us 
confirm the result by the modified decomposition method. For this reason we split 
f(x) = sinx+ sin (2x) — } between the two components uo(x) and w(x), and here 
we set u(x) = sin x. Consequently, the first decomposition component is defined by 


1 1p 
u(x) = sin 2x) — ; +5 i Ao(tdt. 


Here, A(x) =u) = sin? x. Thus, we obtain 


uy (x) 


1 1 * 
8 sin (2x) — ; + 5 i; sin? tdt 


1, dx) ae x I in (2x) 0 
ee —_—— —- — —sin — 
Pea 4 mi Be x 


This defines the other components by u;z(x)=0, for k>1. The exact solution 
u(x) = sinx follows immediately. 


Example 4.9 


Use the decomposition method or the modified decomposition method to solve the 
following nonlinear Volterra integral equation by finding the exact solution or a few 
terms of the series solution 


dt 
1+ u(t) 


Q2e the s+ 
x) = tanx sin 2X 
i 4 an 
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Solution 


By inspection it can be easily seen that u(x) = tanx is an exact solution. Let us 
show this result by the modified decomposition method. To accomplish this we 
split f(x) = tanx — i sin 2x — 5 between the two components uo(x) and w(x), and 
we set uo(x) = tan x. Consequently, the first component is defined by 


1, x x 
u(x) = =% sin 2x — 5 + : Ag(t)dt 


1, x ce 1 
——sin2x —=+ ———dt 
4 2 Jo 14+ tan? t 


] iG 
a sin 2x — 5 +f cos” tdt 


in? Fs Ngati 
in in a 
Gere oF gee es 
2.6) 


This defines that the other components by u;,(x)=0, for 4 > 1. Hence the exact 
solution u(x) = tan x follows immediately. 


In the following example we shall deal with Fredholm type nonlinear integral 
equation by using the direct computational method. 


Example 4.10 


Use the direct computational method to solve the given nonlinear Fredholm integral 
equation and verify with the method of decomposition 


1 
u(x) = ix+ ; / xtu’(t)dt. (4.20) 
0 


Solution 


(a) Direct computational method 
Setting 


1 
a= if tu’ (t)dt (4.21) 
0 
where a is a constant, the given integral equation can be written as 


u(x) = gx + 5xa. (4.22) 


Buta= fj t(p+$) Pdr=a(§+$)- 
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Now solving this quadratic equation in a, we obtaina = +, ®. Accordingly, 
g q q a4 gly. 


we get two real solutions of the given integral equation 


7x x 
Wa) = 
and 
Tx x49 
=—+-—=7%. 
CONS Moa > 


(b) The decomposition method 
In this method the Adomian polynomials for the nonlinear term (wu) =u’ are 
expressed as 
Ap(x) = 19 
A(x) = 2uguy 
Ap(x) = 2ugu2 + uy 
A3(x) = 2ugu3 + 2u,u2 


where the different components are calculated from f(uw)=u’, f’(u)=2u, 
f"(u) =2, f’”’(u) = 0. Under the recursive algorithm, we have 


(x) l 
UQ( xX) = =X 
9 8 
=i fou paper 
w(x) = 5 : o(t) = 3p* 
x f! 343 
== | tA\(dt = —— 
Ha?) =f Oat = Feeq* 


and so on. The solution in the series form is given by 


49 343 


Wee Sia” geaga 
XxX. 


2 


This is an example where the exact solution is not obtainable; hence we use a few 
terms of the series to approximate the solution. We remark that the two solutions 
u(x) =x and u(x) = 7x were obtained in (a) by the direct computational method. 
Thus, the given integral equation does not have a unique solution. 


Remark 


It is useful to note that the direct computational method produces multiple solutions 
for nonlinear integral equation. By using Adomian decomposition method, multi- 
ple solutions of nonlinear integral equation, if exist, cannot be determined which 
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appears to be the drawback of this method. However, the decomposition method is 
easier to use. 


Example 4.11 


By using the decomposition method, find the solution of the initial value problem 
u(x) + 2u'(x) + 2 sin u=0 subject to the initial conditions u(0) = 1, u'(0) = 0. This 
is a practical problem governed by the oscillation of a pendulum. 


Solution 


The given initial value problem can be put into Volterra integral equation 
x x 
u(x) = 1+ 2x — 2 | u(t)dt — 2 | (x — t) sin u(t)dt. 
0 0 


Let us consider the solution ina series form as u(x) = °° 9 un(x), andf(u) = sin wu. 
Expanding f(u) = sin u by Taylor’s expansion about u = uo, yields 


f(u) = sinug + > Un(X) COS U9 


n=1 
t7— : ee ; 
5 (> 100) sin ug — ra (> 100) cosug +-::- 
n=1 n=1 


= Ay + A, +A. +43 +--- 
where 


Ag(x) = sin ug 


Ai(x) = u(x) cos ug 
1 
A2(x) = u2(x) cos Up — sui) sin uo 


1 
A3(x) = u3(x) cos up — uy (x)u2(x) sin ug — gil (x) cos uo 


Let us consider uo(x)=1. Then the subsequent terms of the series can be 
obtained as follows: 


ug(x) = 1 


uy(x) = 2x —2 f ug(t)dt — 2f (x — t)Ao(t)dt 


= 2-2 f (Har —2 f (x — t) sin ldt 
0 0 
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= 2x — 2x —x*sin1 


= —x°(sin 1) 
x x 
u(x) = -2 f uy(t)dt — | (x — t)Ai(t)dt 
0 0 
x x 
=2sin1 f Pat + 2sin Leos f (x — dt°dt 
0 0 


2: x 
= 3 (sin 1)x? + (sin 2) / (x — t)t?dt 
0 


2 1 
36 sin 1)x? + Dp! sin 2)x*. 
Thus, up to the second-order decomposition, the solution is 


u(x) = uo(x) + u(x) + ua(x) 


= 1—(sin 1)x? + 3(sin 1x? + (sin 2)x*. 


Remark 


By using the differential equation with its initial conditions, we can solve this 
problem using the decomposition method as follows: Equating the different order 
of decomposition yields 

uy + 2) = 0 

ui + 2u, = —2A0 


with the initial conditions 


ug(0) = 1, i = 
uj(0)=0, uy = 
u(0)=0, w= 
u3(0)=0, u3= 
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The solutions of this set of initial value problems can be obtained as follows: 


ug(x) = 1 
in 1 
uy(x) = —( y= ery 
in 2 
u(x) = = {3 — 4x + 2x? — 3 + 2x)e7?*} 


Thus, the solution up to second-order decomposition term is given by 


u(x) = u(x) + u(x) + u(x) 


in 1 

=14()a-2-2% 
2 

sin 2 2 ay 

+= {3 — 4x +2 — 3+ 2nJe*} 


It can be easily verified that the solutions obtained from the integral equation 
are identical with those obtained from the differential equation up to the order x*. 


Example 4.12 


Find the solution of the Klein—Gordon partial differential equation of the following 
form with the given initial conditions 


Up — Uxy — 2u = —2 sinx sint 
u(x, 0) = 0, 
u;(x, 0) = sinx (4.23) 


Solution 


The term 2 sin x sin ¢ will be shown to be a noise term. To solve this problem we 
first define the linear operators 


vu 
Oa 
au 
Ly,(u) = a2 (4.24) 


Integrating the equation (4.23) with respect to ¢ partially two times from 0 to t 
and using the initial conditions we obtain 


u(x, t) = tsinx + L7! (Ly(u) + 2u) + L7'(—2 sin x sin t) (4.25) 
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If u(x, t) = °° 9 un(x, 2), then the various iterates can be determined as 
uo(x, t) = tsinx + |e (aos sin x sin f) 
t t 
= ftsinx + i i (—2 sinx sin t)dtdt 
0 JO 


= 2sinx sint — tsinx 


= sinx (2 sint — ft) (4.26) 
The w(x, ¢) term can be obtained from the following 


uy(x,t) = L; {Ly(uo) + 2uo} 


t et 
= / ih {L,(uo) + 2uo} dtdt 
0 J0 


t t 
/ / {2 sinx sint — t sin x} dtdt 
0 Jo 


3 
; : : Fons 
= —2sintsinx + 2tsinx — 31 sin x 


B 
= sinx (-2 sint + 2t — =) (4.27) 


In a like manner, we find 


u2(x, t) = Ly {Ly(u,) + 2uy} 


t et 
= i / {L, (uy) + 2uy} dtdt 
0 J0 


3 5; 
: : : ; he 
= 2sinx sint — 2fsinx + 31 sinx — a sin x 


ep 
= sinx (2 sint — 2t+ 7 =) (4.28) 
and 
u2(x, t) = Ly {Ly(u2) + 2u2} 
t t 
— / / {L, (uz) + 2u2} dtdt 
0 JO 
3 245 17 
= —2sinx sint + 2tsinx — 31 sinx + Sr sinx — 7 sinx 


a) a 
= sinx SOS ES a ay ea (4.29) 


90 INTEGRAL EQUATIONS AND THEIR APPLICATIONS 


Upon summing the iterates, we observe that 


2 PB p ¢i 
ga(x,t) =)" uj(x, t) = sinx (: a ee =) (4.30) 


i=0 


This explains the phenomena that 2 sin x sin ¢ is the self-cancelling noise term. 
Further cancelling the noise term we obtain inductively the exact solution to 
equation (4.23) given by 


u(x, t) = sinx sint. (4.31) 


Example 4.13 


Consider the following nonlinear pendulum like ordinary differential equation 


du ; 
mo sin u (4.32) 
with the following initial conditions: 
d 
u(0) = 7, =, (0) a. (4.33) 


Solution 
We shall show, using decomposition method, how to obtain solutions that coincide 
with implicit solution of equations (4.32)-(4.33) given by 


. Uu 
sin ~ = secht. 
2 


F eee : 2 : 
Here, the nonlinear function is N(uv) = sin u. If we set L;(u) = a , then equation 


(4.32) can be expressed in operator form after integrating two times with respect to 
time ¢ from 0 to ¢ 


u(t) = 0 —2t+L,'N(w) =a —2t+ [ [ newonata (4.34) 
0 Jo 


Thus, writing 


u(t) = Yun) 


n=0 


N(w) = sinu = )°A,(0), 


n=0 
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the various iterates are given by 


meal) = f [ A,(t)dtdt, n> 0 (4.35) 


with 
ug(t) = m — 2t (4.36) 


For N(u) = sin wu, we have the following formulas 


aN 
° 
| 


= sin uo 


A, =u, COS Up 
ie 
Az = u2 COS Up — a sin ug 


3 
: u 
A3 = U3 COS Up — UjU2 SIN Up — a COS Up 


Eatst ann (4.37) 


Therefore, since uo is known, equations (4.35)—(4.36) provide the series solution 
yg Un, Where 


uo = a — 2t 


0 /0 
t t 
u3 = / Apdtdt 
0 /0 
t t 
Unt. = A,dtdt (4.38) 
0 /0 


u2 = Hl sin 2¢ + gf COs 2t — a sin 2t cos 2t, (4.39) 


and so on, where the identities cos (7 — 2¢) = —cos 2¢ and sin (a — 2t) = sin 2¢ are 
used. Higher iterates can be determined similarly. Upon combining the first six 
iterates and expanding in Taylor’s series around t = 0, we obtain 


2 10 61 2770 103058 
3 ip Sey A abl 


t t 
3! | 7) 9! 11! 


an l5y 
ee ag 51 


eas (FAD) 
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which coincides with Taylor expansion of sin 5 = sech t. We observe that each time 
an iterate is added, the Taylor expansion coincides to the next higher term. 


Example 4.14 


Solve the D’Alembert’s wave equation with the given initial conditions by the 
decomposition method 


Unt = C Uxx 
u(x, 0) = o(x) 
u;(x,0) = Wr) 


Solution 


The D’Alembert’s wave equation can be transformed into the integral equation by 
using the given initial conditions as follows: 


t 
u(x,t) = w(x) + ef Ux dt 
0 
t t 
u(x,t) = (x) + tW(x) +c? / i Ux,dtdt (4.41) 
0 Jo 
Consider the infinite series 
(o.@) 
u(x,t) = Y- un(x, f) (4.42) 
n=0 


which is known as the decomposition series. Using this series solution into the 
equation (4.41) we have 


Do tnt) = 60) + Ha) +e [ i Yi tumdsdtat (4.43) 


Now the various iterates are obtained as 


Ug(x,t) = H(x) + ty(x) 


t t 

uy(x,t) = a i (uo )xxdtdt 
0 JO 
t t 

u2(x,t) = ef / (U1 )xxdtdt 
0 J0 


t et 
u3(x,t) = “al / (u2)x,dtdt 
0 /0 
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t et 
ug(x, t) = ef / (U3)x,dtdt 
0 J0 


Performing the indicated integrations, we can write the solutions of each iterate 
as follows: 


i? ee 
ui (x,t) = 5" na av" 
4 5 
ines. = (2? { Fo%ay + Sv Go| 


6 T 
ld 


woe =e | GO (x) + ve] 


a n+1) 


Hence the solution can be written as 


u(x,t) = ug tu, tug+--- +m, =-:- 


a (ct)" ny (ct) Qn) 
Beare] + ease 


x+ct 


; [o(x + ct) + d(& — ct)] + = / w(s)ds. (4.44) 


x—ct 


The compact form of the D’Alembert’s wave solution, i.e. equation (4.44) can 
be very easily verified by using Taylor’s expansion of (x + ct) and w(x + ct) about 
ct with little manipulation. 


Remark 


The reader is referred to the work of Rahman ([7], [8]) for further information about 
D’Alembert’s wave solution by the Characteristic method and also by the Fourier 
transform method. 
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4.6 Exercises 


1. Use the decomposition method or otherwise to solve the following nonlinear 
Volterra integral equations: 


din Mae) 8 
(a) u(x)=x + 3% [ Pea 


1 a 1 
(b) u(x) = tanx— ri sin (2x) > + i i+ PO x< =. 
if 1 e 
(c) u(x) = e* — =xe* + <x+ i xu (t)dt. 
3 3 0 


2. Use the direct computation method to solve the following nonlinear Fredholm 
integral equations: 


1 
(a) uwx)=14+A i. tu(t)dt. 
0 
1 
(b) u(x)=14+A / Pu (t)dt. 
0 


(c) u(x) = sinx — =+ ; / * Pat. 


1 
(d) ux)=x- ; + [ (u(t) + w°(t))dt. 


3. Use the decomposition method or otherwise to solve the following Fredholm 
nonlinear equations: 


1 
(a) u(x) =1- ; + [ xt’ w(t)dt. 
1 
(b) u(x) =1+A / Pu'(t)dt, A <1. 
0 
1 
(c) u(x) = sinhx —1+4+ i (cosh? (t) — w*(t))dt. 
0 


1 
(d) u(x) = secx—x+ / x(u?(t) — tan? (t))dt. 
0 
4. The Klein—Gordon nonlinear hyperbolic partial differential equation with the 
initial conditions is given by 

Unt + Ol, + Bu+ yu? = 0; a<x<b,t>to 
u(x, 0) = B tan (Ax) 
u(x, 0) = Bc sec? (kx), 
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where c, a, 8, y are constant, and B = é, k=,/ rCENcoe Show by decomposi- 
tion method that a closed-form solution is 


u(x, t) = Btan (A(x + ct)). 


. Consider the Klein—Gordon partial differential equation in the form 


pa Be Bi mt 
Mae ee sin > 


u(x, 0) = 0 
UX 
ur(x, 0) = 2 


Show by decomposition method that the exact solution is 


Ls mt 
u(x,t) = x sin (3) ; 


. Consider the hyperbolic equation 


ow = 0, 


utt — VY" Uxx + Cu —€é 
where y,c, o are appropriate physical constants, with the initial conditions 


u(x, 0) = coskx, u;(x,0)=0, —co <x < oo. 


Show by decomposition method that the solution exists in the following manner 
for (0<e<«1) 


90 30 
= tcoskx + e* } —tsinat 
u(x, t) = cos wt cos kx + € {as sin wt + 128 


5 (cos wt — cos sun cos kx 
(69) 


3 
age BB eos wt — cos At) + oat cos At — cos sun) cos 3kx 


+ Ole"), 
where A* = 9y?k? +c”. 
. Using the solution of the D’Alembert’s wave equation with the given initial 
conditions 
un = CP tgs 
u(x, 0) = $x) 
Uz(X, 0) = w(x), 


determine the wave solution if é(x) = a and w(x) = sec*x. 
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5 The singular integral equation 


5.1 Introduction 


This chapter is concerned with the singular integral equation that has enormous 
applications in applied problems including fluid mechanics, bio-mechanics, and 
electromagnetic theory. An integral equation is called a singular integral equation 
if one or both limits of integration becomes infinite, or if the kernel K(x, £), of the 
equation becomes infinite at one or more points in the interval of integration. To be 
specific, the integral equation of the first kind 


B(x) 
f@=r [ ' K(x, thu(t)dt, (5.1) 


or the integral equation of the second kind 


Bx) 
u(x) = f(x) + / . K(x, tu(tdt, (5.2) 


is called singular if a(x), or B(x), or both limits of integration are infinite. Moreover, 
the equation (5.1) or (5.2) is also called a singular equation if the kernel K(x, f) 
becomes infinite at one or more points in the domain of integration. Examples of 
the first type of singular integral equations are given below. 


u(x) = e& + iin K(x, t)u(t)dt (5.3) 
0 
F{u(x)} = i; 7 1 u(x)dx (5.4) 
L{u(x)} = he e *u(x)dx (5.5) 
0 
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The integral equations (5.4) and (5.5) are Fourier transform and Laplace transform 
of the function u(x), respectively. In fact these two equations are Fredholm equ- 
ations of the first kind with the kernel given by K(x, @) =e! and K(x,s) =e", 
respectively. The reader is familiar with the use of Fourier and Laplace transforms 
in solving the ordinary and partial differential equations with constant coefficients. 
Equations (5.3)—(5.5) can be defined also as the improper integrals because of the 
limits of integration are infinite. 

Examples of the second type of singular integral equations are given by the 
following: 


A od 
f@= [ — ped (5.6) 
ka 1 


u(x) = f(x)+%2 i u(t)dt (5.8) 


x—t 


where the singular behaviour in these examples is attributed to the kernel K(x, f) 
becoming infinite as x > oo. 


Remark 


It is important to note that the integral equations (5.6) and (5.7) are called Abel’s 
problems and generalized Abel’s integral equations, respectively, after the name 
of the Norwegian mathematician Niels Abel who invented them in 1823 in his 
research of mathematical physics. Singular equation (5.8) is usually called the 
weakly-singular second kind Volterra integral equation. 

In this chapter, we shall investigate the Abel’s type singular integral equation, 
namely where the kernel K(x, t) becomes infinite at one or more points of singu- 
larities in its domain of definition. We propose to investigate the following three 


types: 


e Abel’s problem, 
e Generalized Abel’s integral equations, 
e The weakly-singular second kind Volterra-type integral equations. 


5.2 Abel’s problem 


We have already established the integral equation of Abel’s problem. The integral 
equation is given by equation (5.6), and we here reproducing it for clarity. 


~*~ u(t) ped 
i Gott =f0) 
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The solution of this equation is attributed by using the Laplace transform method. 
Taking the Laplace transform of both sides of the above equation yields 


* u(t) = 
| | Sal = even. 


Using the convolution theorem and after a little reduction, the transformed equation 
can be written in a simple form 


L{u(x)} = Acie. 


Here, we have used the result of TG)=v7. The above transform cannot be 
inverted as it stands now. We rewrite the equation as follows: 


L{u(x)} = z |= 


Using the convolution theorem, it can be at once inverted to yield 


«=e [Le] 


cir). 


was zh Y a aa Os 
iow 
7 5 Na roar al 


Note that the Leibnitz rule of differentiation cannot be used in the above integral. 
So, integrate the integral first and then take the derivative with respect to x. Then 
this gives 


d x: 
u(x) = -< {-2¢vi — tf (Op + 2 | /x = if (at| 


_ 1 ff) ae ac) 
= ler ak 


This is the desired solution of Abel’s problem. 


5.3 The generalized Abel’s integral equation of the first kind 


The integral equation is given by 


“ u(t)dt 
[ GF =f(x), O<a<l (5.9) 
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Taking the Laplace transform of both sides with the help of convolution theorem, 
we obtain 
{x }L{uQx)} = LF x)} 


or wo) ctu) = L{f(x)} (5.10) 


Thus, rearranging the terms we have 
L{u(x)} = : : Lif (x)} (5.11) 
rd — a)” se ( 


Using the convolution theorem of Laplace transform the equation (5.11) can be 
obtained as 


1 
T@)rd — a) dx =| 


i d 
a) {row + 2 fo -o'r'oarl 


sin (77a) d ae 


IU 


u(x) = h (x — nepioat| 


£0) + ~ fe ner coat} 
7 sin (71a) us +f f'(t)dt 
0 


1 xl-e (x — t)!-@ 


(5.12) 


This is the desired solution of the integral equation. Here, it is to be 
noted that [(@)C(U —a)= eS The definition of Gamma function is [(n)= 


5.4 Abel’s problem of the second kind integral equation 


The second kind Volterra equation in terms of Abel’s integral equation is written as 


u(x) = f(x) + i K(x, t)u(t)dt 
* u(t)dt 
0 Vx-t 


The solution of this integral is attributed by the convolution theorem of Laplace 
transform. Taking the Laplace transform of both sides of the equation yields 


= f(x) + (5.13) 


ctu) = cron) + £{ 


a 
_ Vr 
= Lf (x)} + aoe 


L{u(x)} 
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and after reduction this can be expressed as 


vs 
Ai 


= Lf) + | 


L{u(x)} = | | even 


We 
Vs- Ji 


The inversion of equation (5.14) is given by 


Lif (x)} (5.14) 


u(x) = f(x) + [ 2(t)f (x — Hdt (5.15) 


where g(x) = Lo! | -2=}, 
Jt 


With reference to Rahman [1], the Laplace inverse of | : va Se | can be obtained 


from the formula 


= 1 _ ax] | ee ae 


In our problem, a= 0, b= ./z and so 


opal al een 


Here, it is noted that er fe(—./mx) = er fc(./mx). And hence 


g(x) = Lo! {= | =r | = ~ Vite" er f/)} 


Thus, the solution of the problem is given by equation (5.15). 


5.5 The weakly-singular Volterra equation 


The weakly-singular Volterra-type integral equations of the second kind, given by 


u(x) = f(x) + i : u(t)dt (5.16) 


x—t 


appears frequently in many mathematical physics and chemistry applications such 
as heat conduction, crystal growth, and electrochemistry (see Riele [3]). It is to 
be noted that A is a constant parameter. It is assumed that the function f(x) is 
sufficiently smooth so that a unique solution to equation (5.16) is guaranteed. The 
kernel K(x, t) = —~ isa singular kernel. 


Veni 
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We have already seen the use of convolution theorem of the Laplace transform 
method in the previous section. In this section, we shall use the decomposition 


method to evaluate this integral equation. To determine the solution we usually 
adopt the decomposition in the series form 


u(x) = > un(x), (5.17) 
0 


into both sides of equation (5.16) to obtain 


foe) ae d fore) 
= —- t) } dt 5.18 
Dts) f@) [ FS (> Un( ) (5.18) 
The components uo, uj,u2,... are immediately determined upon applying the 


following recurrence relations 


uo(x) =f), 


Un—\(t)dt (5.19) 


Having determined the components uo(x), v1 (x), u2(x),..., the solution u(x) of 
equation (5.16) will be easily obtained in the form of a rapid convergence power 
series by substituting the derived components in equation (5.17). 

It is important to note that the phenomena of the self-cancelling noise terms, 
where like terms with opposite signs appears in specific problems, should be 
observed here between the components uo(x) and u;(x). The appearance of these 
terms usually speeds the convergence of the solution and normally minimizes the 
size of the computational work. It is sometimes convenient to use the modified 
decomposition method. 


Example 5.1 


Determine the solution of the weakly-singular Volterra integral equation of second 
kind 


ae) =afe+ = / : u(t)dt. (5.20) 


1 
2 0 Vx-t 
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Solution 


Using the recurrent algorithm, we set 


uo(x) = Vx + > (5.21) 
which gives 
x Jt + mt 
eee dt 5.22 
m= f S38 (5.22) 


The transformation t =x sin? 6 carries equation (5.22) into 


m/2 
u(x) = — i (2x sin? @ + 2x°/" sin? 6)d0 
0 


2 
= 8 ABP. (5.23) 


Observing the appearance of the terms 4* and —% between the components 
uo(x) and u(x), and verifying that the non-cancelling term in uo(x) justifies the 
equation (5.20) yields 


u(x) = Sx (5.24) 


the exact solution of the given integral equation. 
This result can be verified by the Laplace transform method. By taking the 
Laplace transform of equation (5.20) yields 


ctu) = Lipton + Leos) ~ £{ a} cues 
13/2) 2  F(1/2) 
= gr tag LU 

and after simplification we have 

__ vi n 

WO) a5 Ts+ Ja) * ISP CIs+ Ja) 

_ vi = A) 

2838/2 | /s + fm 

_ Vn 

~ 9353/2" 
The inversion is simply 

u(x) = Lo! | sa | = Jx. (5.25) 


These two results are identical confirming the desired correct solution. 
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Example 5.2 
Solve the Abel’s problem 
i=[ > 
4./x = t)dt. 
oe 
Solution 


Taking the Laplace transform of both sides of the equation yields 
1 
AL{Jx}=L =| Liu(x)}, 


which reduces to 


M3/2) _ Td/2) 


4 Gil. = Na 


L{u(x)}. 
After simplifying it becomes 
L{u(x)} = 2/s, 
the inversion of which yields u(x) = 2. This is the desired result. 


5.6 Equations with Cauchy’s principal value of an integral 
and Hilbert’s transformation 


We have seen in the previous section that a Volterra or Fredholm integral equation 
with a kernel of the type 


F(x, 0) 


Ke.) = 


(0 <a <1) 


where F is bounded, can be transformed into a similar one with a bounded kernel. 
For this, the hypothesis that a < | is essential. However, in the important case, w = | 
in which the integral of the equation must be considered as a Cauchy principal value 
integral; the integral equation differs radically from the equations considered in the 
previous sections. It is important to define the Cauchy principal value integral at 
the beginning of this section. 

The Cauchy principal value integral of a function f(x) which becomes infinite 
at an interior point x = xo of the interval of integration (a, b) is the limit 


[[resiem in [+ fl) som 


where 0 << min(xp — a,b— x0). If f(x) = £0 , where g(x) is any integrable 


function (in the sense of Lebesgue), then the above limit exists and is finite for 
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Figure 5.1: The actual path of a moving particle and possible variation of the path. 


almost every xo in (a, b); and if g(x) belongs to the class L, with p > 1, the principal 
integral also belongs to Ly. (See, for example, Titchmarsh [4]). 

One of the oldest results in this field consists of two reciprocity formulas which 
D. Hilbert deduced from the Poisson integral. He showed the following analysis to 
arrive at these formulas. We know that the Cauchy’s integral formula in complex 
variables round a closed contour C is given by (see Rahman [1, 2]) 


(2) = af PO 
Cc 


2Qni t-—Z 


Here, the function ®(f) is analytic in the given domain and ¢ =z is a simple pole. 
Now, if we consider a semi-circular contour of infinite radius (see Figure 5.1) then 
we can evaluate the integral around this contour by using the residue calculus as 
follows: 


x-€ R 
; eas f oa f reas f 2O4=0. (5.26) 
Ge t=2Z C. t 5 


t—Zz —R xte 2 


If we let R-> o0 and e > 0, then 


® 
i @ dt| > 0 
Cr t-—Z 
and 
® 
/ PD ee: —mi®(z), 
c,f-Z 


and equation (5.26) reduces to the Cauchy’s principal value (CPV) 


@(z) = Pv. / 7 OO at (5.27) 
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where ®(z) = u(x, y) + iv(x, y). If the pole z=x + i0, then 


1 ° u(t) + iv(t 
O(x + i0) = — Pe [ BO 

Tl —00 t—x 
which implies that 


u(t) + iv(t) o 


t—x 


u(x) + iv(x) = <P al 


Now, equating the real and imaginary parts we obtain (we drop PV as we 
understand that the integrals are in the sense of Cauchy’s principal value) 


Pace baa (2) 
V(x) = -- i. WO 4 (5.29) 


These two formulas are defined as the Hilbert transform pairs, and usually 
denoted by 


iG) = HOO!= / = Oat (5.30) 
va) = —Hlu(} = —+ [ 5 Oa (531) 


Remark 


It is worth noting here that 


| om _ 1 f® 
u(x) = Re{ ®(x + 10)} = AlIm( (x + i0))} = — | aa 
V(x) = Im{ x + 10)} = —H{Re(@(x + 10)}=—— fat 


Next, we shall discuss four important theorems concerning the Hilbert trans- 
formations. 


Theorem 5.1: (Reciprocity theorem) 


If the function $(x) belongs to the class Lp)(p > 1) in the basic interval (—o0, 00), 

then formula (5.30) defines almost everywhere a function f (x), which also belongs 

to Ly, whose Hilbert transform H[f | coincides almost everywhere with —$(x). 
That is, for any L, function 


H(H[¢]) = —¢. (5.32) 
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Theorem 5.2: (Generalized Parseval’s formula) 


Let the functions $,(x) and $2(x) belong to the classes Ly, and Ly,, respectively. 
Then if 


1 1 
Sapa Sls 
Pi p2 
we have 
J ervertocode = [ rttororrttoatnyee. 
Proof 


The functions ¢;(x) and ¢2(x) belong to Ly, and Ly, class, respectively, which 
means that 


J eicorar <x, 


and 


CO 
[eateries < k 
CO 


where K, and K> are finite real constants. 
To prove this theorem, we consider 


P(x) = vi(x) 
(x) = v2(x) 
Hi{gi()} = wir) 
H{h2(t)} = ua(x) 


Cauchy’s integral formula gives us 


ui(x) + iv} (x) = aPK f aOtmO , 


66) t—x 


u(t) + Wold) 


U2(x) + iv2(x) = = ex | t 


—~oo t—x 
Equating the real and imaginary parts we obtain 


ee) 


uj(x) = aru f vi = H,[v1(4)] 
a -o f -— Xx 

uo(e) = PV i * BO i a I()] 
1 ee 
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1 2 u(t 
vie) = = Pr | BO) 7 = Fh wi] 
ue —~o f—-—x 


n(x) = —~PV. / MO gy = 4th] 
TU wf -—x 


We know that 
oi (x) = vi (x) = -tev ui), 
as, ~oo f-— XxX 
oe) 1 oe) io) wi) 
1 o1(x)b2(x)dx = ——P a] i] ‘50s pon . 
—oo a tape oe — 


= toe fm ff 


= 1 uy (t)u2(t)dt 


2 as] he 
oot | 


- a Held ()]Hsldo(t)]dx 
Hence Parseval’s theorem 
a $iG)io@)dr = [ Hid (NIH [da() a 


is proved. 


Theorem 5.3 


Let ®(x + iy) be an analytic function, regular for y > 0, which, for all values of y, 
satisfies the condition 


oe) 
/ | D(x + iy)\Pdx < K(p > 1), 
oe) 


where K is a positive constant. Then as y > +0, ®(x + iy) converges for almost all 
x to a limit function: 


@O(x + 10) = u(x) + iv(x) 


whose real and imaginary parts u(x) and v(x) are two Ly-functions connected by 
the reciprocity formulas in equations (5.28) and (5.29). 
Hence, in particular, we have almost everywhere 


Re{| P(E + 10)} = He[Im{ OE + 70)}]. 
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Conversely, given any real function v(x) of the class Lp, if we put 
u(x) = Hx[v(t)], 


then the analytic function ®(z) corresponding to the pair (u,v) can be calculated 
by means of the formula 


ae °° u(t) + iv(t) 
P(z) = = [. <a dt (Im(z) > 0), 


and it satisfies the condition given in Theorem 5.3. 
To these theorems we add another, which plays an important role similar to that 
of the convolution theorem in the theory of Laplace transformations. 


Theorem 5.4 


Let the functions $(x) and $2(x) belong to the classes Ly, and Ly,, respectively. 
Then if 


ie. ifp, +p2 <pip2, we have 
H {o1H[¢2] + d2H[g2]} = H[ bi JH[o2] — o142 
almost everywhere. 
Proof 
To prove this theorem, we define the following analytic functions. Let 
@(x + 10) = u(x) + iv) 
i (x + 10) = w(x) + 11 (x) 
@o(x + 10) = u2(x) + iv2(x) 
Define 
W(x + 10) = &\(~x + 10) P2(x + 10) 
= (U1(x) + ivi (@))(uax) + iv2(x)) 
= (uju2 — viv2) + i(uiv2 + u2v1) 
Hence we have 
Re[ W(x + 10)] = uyu2 — vy v2 
Im[ W(x + i0)] = uyv2 + u2vy 
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Therefore, by definition of Hilbert transform we have 
H[Im(U(x + i0))] = Re[ W(x + i0)] 


or H[ujv2 + u2vy] = uyu2 — v1 v2 


Let us set 
vy = (x) 
v2 = g2(x) 
wu = H[¢1] 
ur = H[¢2] 
Hence we obtain 
H[biH{o2} + d2H{oi}] = H{disH {2} — pidge (5.33) 
which is the required proof. 
Note that by definition 
u(x) = H[vi(1)] = “PY if 10 a 
v(t) = Ho! [wy ()] = a 1) 
w(x) = H[v2(1)] = “PY i 20 ay 
12) =H n(a)] = - LPL i 1) 


Hence it is obvious that 


HH[v(t) = H[u(x)] = —v(2). 


Theorem 5.5 


The Hilbert transform of the derivative of a function is equivalent to the derivative 
of the Hilbert transform of the function, that is 


du d 
H Ea = FZ Hlu()]. 


Proof 


By the definition of Hilbert transform we have 


dt. 


U[u(t)] = “Pv ‘A ie ze 


oo f —xX 
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If we substitute s = t — x such that ds = dt, then the right-hand side becomes 


H[u(t)] = aPu woeaers 


s 
and then apply the derivative to both sides 


4 tuo] = LPV i eee) gy, 
dx T 


66 Ss 


| 

al- 
my 
N 
ee 
g 8 
Viae 
sl 


This is the required proof. 


Theorem 5.6 


If we assume that f (t) and H[f(t)] belong to L, class, then the Hilbert transform 
of (t f(t) is given by 


1 CO 
HEf Ol = = a f(ddt +xHfO]: 


Proof 
Consider the Hilbert transform of (¢f(¢)) 
LO 4 


ae 


1 
Hits] = PV I; 


= lay [” =O, 
—oo t—x 
t 
= =f. Oa ee | py. pS 0 4 dt 
of -—x 
== [sod +<HLfo. 
WT J—oo 
This is the required proof. 
Example 5.3 
Show that 


(a) H[sint]= cosx, 
(b) H[cost]= —sinx. 
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Solution 


Both (a) and (b) can be proved if we consider the analytic function ®(x + 10) = 
e* = cosx+isinx. Re[®(x+i0)]=cosx, and /m[®(x+i0)= sinx. Hence 
according to the definition of Hilbert transform, we have 


as 1 f® cost+isint 
cosx +isinx = — dt 
wi 


—o00 t—x 


Now, equating the real and imaginary parts yields 


: 1 © sint 
cosx = H[sint] = — dt 
HT Jot—-x 
. 1 (°° cost 
sinx = —H{[cost] = -- | dt 
TJi«ot-Xx 


Hence the proof follows. 
The same problem can be directly solved by the semi-circular contour with the 


radius infinity. We consider the integral Nha dt. Here, the integration is done 
around the closed semi-circular contour. By using the Cauchy’s integral formula 
we have 


(oe) elf 
i dt = mi(residue at the pole t = x) 


-o f -—x 
= mie 
= mi(cosx +isinx) 
Equating the real and imaginary parts we obtain 


1 (% cost : 
/ dt = —sinx 


TJ_ot—-x 


1 (© sint 
-| dt = cosx 


TJ_ot—-Xx 


Hence the results follow. 


Example 5.4 
Find the Hilbert transform of 8(f). 


Solution 


H{d(t)} -{- ow) dt 


R JuH66 fx 


THE SINGULAR INTEGRAL Equation 113 


Example 5.5 


Find the Hilbert transform of the function sine 


Solution 


We consider the function as c and integrate this function around the infinite semi- 


circular contour and use the residue calculus. The integral is ise ot. Note that 
there are two poles, one at t = 0 and the other at ¢ = x. Both the poles are on the real 
axis (the path of integration). So, we will get two residues Ro and R; corresponding 


to the two poles, respectively. 


lo) elt 
/ dt = mi(Ry + R}) 


oo t(t — x) 
-1 e& 
Ti (= + “) 
x x 


Equating the real and imaginary parts we obtain 


-{- (cosi#/t) sin x 


TJo t—-x x 
1 (% (sint/t -—1 
/ (sin hres cosx 
TJ_o t-x x 
Thus, 
cost| _ sin x 
t ~ x? 
and 
sin t cosx — | 
x(t 
t x 
Example 5.6 


1 


Determine the Hilbert transform of THE" 


Solution 


The integral to be considered is [°>. eruesse We consider the infinite semi- 


circular contour again. The poles are at t=. on the real axis, i.e. on the path of 
integration, and the other pole is at =i inside the contour. The residue at t =x is 
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Ro= reed and the residue at t=iis Rj = sip = . Thus, 
ia bi [Ry + 27iR 
= mi wi 
oo I +P\t—x) . ! 


7 ae > ae 
= (, =) +2ni(+.) 


Equating the real part we obtain 


a dt = x 
Jo At2\Kt—x) 1 +x?" 


Hence the 


4 1 2% 
1+) 14+x2° 
5.7 Use of Hilbert transforms in signal processing 


Signal processing is a fast growing field in this cutting edge technology. The effec- 
tiveness in utilization of bandwidth and energy makes the process even faster. Signal 
processors are frequently used in equipment for radio, transportation, medicine, 
and production. Hilbert transform is a very useful technique in signal processing. 
In 1743, a famous Swiss mathematician named Leonard Euler (1707-1783) devel- 
oped the formula e* = cos x +isin x. One hundred and fifty years later the physicist 
Erthur E. Kennelly and the scientist Charles P. Steinmetz used this formula to intro- 
duce the complex notation of harmonic wave form in electrical engineering, that is 
e'! — cos (wf) + isin (wf). In the beginning of the twentieth century, the German 
scientist David Hilbert (1862-1943) finally showed that the function sin (wf) is the 
Hilbert transform of cos (wt). This gives us the +7/2 phase-shift operator which is 
the basic property of the Hilbert transform. ‘ 

A real function f(¢) and its Hilbert transform H{f(t)} =/ (0) are related to each 
other in such a way that they together create a so-called strong analytic signal. 
The strong analytic signal can be expressed with an amplitude and a phase where 
the derivative of the phase can be identified as the instantaneous frequency. The 
Fourier transform of the strong analytic signal gives us a one-sided spectrum in the 
frequency domain. It can be easily seen that a function and its Hilbert transform 
are orthogonal. This orthogonality is not always realized in applications because of 
truncations in numerical calculations. However, a function and its Hilbert transform 
have the same energy and the energy can be used to measure the calculation accuracy 
of the approximated Hilbert transform. 

The Hilbert Gapstorn defined in the time domain is a convolution between the 
Hilbert transformer + ; and a function f(¢). 
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Definition 5.1 
Mathematically, the Hilbert transform f (t) of a function f(f) is defined for all t by 


is 1 oo 
fos —BY i f © dt, 


where PV. stands for the Cauchy’s principal value. It is normally not possible to 
evaluate the Hilbert transform as an ordinary improper integral because of the pole 
t=t. However, the PV. in front of the integral defines the Cauchy principal value 
and it expands the class of functions for which the Definition 5.1 exist. 

The above definition of Hilbert transform can be obtained by using the Cauchy’s 
integral formula using a semi-circular contour of infinite radius R and the real x-axis. 
If f(z) is a function that is analytic in an open region that contains the upper-half 
plane and tends to zero at infinity at such a rate that contribution from the semi-circle 
vanishes as R — oo, then we have 


pv f LO as = nif (x) (5.34) 


This result can be attributed to the residue calculus in which the residue at the pole 
&€=x is nothing but f(x). If we express f(x) as 


f(x) = g(x) + ih(x), 


on both sides of equation (5.34) with arguments on the real x-axis and equating real 
and imaginary parts, then we obtain for the real part 


Oh 
go) = - =e [ AO dé = —U{h(x)}, 


and for the imaginary part 


1 CO 
mey=cenf EO at = He). (5.35) 


From Definition 5.1, we have that A(x) in equation (5.35) is the Hilbert transform of 
g(x). We also note that g(x) = H7!{h(x)} with H7! as the inverse Hilbert transform 
operator. We see that 71Re f(x) =Jmf (x). Here, it is worth noting that the usual 
definition of Hilbert transform using the concept of the Cauchy’s integral formula, 
i.e. equation (5.34) is Him f(x) = Ref (x). It is hoped that the reader will not be 
confused with these two terminologies. 


Definition 5.2 


A complex signal f(x) that fulfills the condition of the Cauchy’s principal value 
is called a strong analytic signal. For a strong analytic signal f(x) we have that 


HRe f (x) =Imf (x). 
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5.8 The Fourier transform 


The Fourier transform is important in the theory of signal processing. When a func- 
tion f(t) is real, we only have to look on the positive frequency axis because it 
contains the complete information about the waveform in the time domain. There- 
fore, we do not need the negative frequency axis and the Hilbert transform can be 
used to remove it. This is explained below. 

Let us define the Fourier transform F(w) of a signal f(t) by 


F(a) = / : f(the dt (5.36) 


This definition makes sense if {6 \f()|dt exists. It is important to be able 
to recover the signal from its Fourier transform. To do that we define the inverse 
Fourier transform as 


A 


1 ff 

fO= al F(a)e'da. (5.37) 
27 Jo 

If both f and F are integrable in the sense that a If(|dt<K, and 
eee |F'(w)|dw < Kz exist where K; and K2 are two finite constants, then f(f) is 


continuous and bounded for all real ¢ and we have f (t)=f (0), that is 


1 ¢® : 
fO= =| F(a)eda. (5.38) 


Equation (5.38) is known as the inverse Fourier transform. The discrete form of 
the inversion formula is that if f belongs to L!(9), f is of bounded variation in the 
neighbourhood of t and f is continuous at ¢, then 


. 1 ‘ iot 
f@= jim. on [Fee do. 


This means that equation (5.38) is to be interpreted as a type of Cauchy principal 
value. There is also a discrete formula for the Fourier transform when f belongs to 
L?(9), and in this case we define the Fourier transform as 


N : 
F(o) = vim. [ foci 


Theorem 5.7 
If f, g, and G belong to L'() or if f and g belong to L*(%) then 


i, e. ()g*(tdt = = / F(@)G*(w)do. 
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Proof 
We know 


fO= a [. F(a)e dw 
QI 66 
Je of . 
g(t) = = | G(a)e''dw 
QJ 258 


Then multiplying f by g* and integrating both sides with respect to t from —oo 
to oo, we obtain 


© 1 2 00 , 
[ wot (t)g*(t)dt om [ - F(a) i 7 [e*(tedt|dw 


= iB F(@)G* (w)dw 


This is the required proof. 
Note: If f(z) is a real function then /*(t)=/(¢) and hence 


1 a : 
fO= =f F(a)e'da 


1 a . 
= — i F(-a)e daw 
2703) 8 


o . 
— F*(a)e "da 
QI) = ee 


a) 
as I ae iat 
= =f (-a)e''dw 


Therefore, it is obvious that F(w) = F*(—«) or F(—w) = F*() in the frequency 
domain and we see that F for negative frequencies can be expressed by F* for 
positive one. 


Theorem 5.8 
If f(t) is a real function then 


f(it)= = [ i [F* (we! + F(w)eJdo. 
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Proof 


The inverse Fourier transform of a real function f(f) is given by 


1 pe ; 
fO= =f F(a)eda 


1° Lf ' 
= = | F(a)e'do + — i F(a)e'do 
20 —0o 20 0 


Lf : 1 me : 
— F(-a)je “do + — / F(a)e'do 
20 0 20 0 


1 oe ; , 
=— / LF*(w)e + F(w)e' dw 
20 0 


Hence the theorem is proved. This result implies that the positive frequency 
spectrum is sufficient to represent a real signal. 


5.9 The Hilbert transform via Fourier transform 
Let us define a function Sy(@) which is zero for all negative frequency and 2F'(w) 
for all positive frequencies 

S¢(@) = F(@) + sgn(@)F(@) (5.39) 
where the function sgn(q@) is defined as 


1 forw>0 
sgn(w)=4 0 forw=0 
—-1 forw <0 


and F(q@) is the Fourier transform of the real function f(t). It can be easily visu- 
alized that the spectrum S;(@) is twice the measure of the spectrum Fw), that is 
S(@) = 2F (a). The inverse transform of Sy(@) is therefore given by 


1 le) ; 1 le) ; 
s()i= — / Sp(we"'dw = — i, F(a)eda, (5.40) 
Date nes 3 r Jo 
where sf(t) is a complex function of ¢ in the form 
sft) =f) + ig) (5.41) 
From equations (5.39) and (5.41) we have that 


1 a . 
SO + ig = 5 a [F(o) + sen(o) F(o)Je da 


1 


oe) ; 1 oe) ; 
=— / F(aje' "dw + i— / (—isgn(o))F(o)e' da 
LT J a6 27 Joo 


(5.42) 
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from which it is absolutely clear that as F{ f(t)} = F(@), the Fourier transform of 
g(t) must be (—isgn(w))F(@). That means 


1 oe : 
g(t) = i / (—isgn(w))F(a)e'da. 


It is a standard result that the inverse Fourier transform of (—isgn(w)) = +. Thus, 
using the convolution integral with this information we have 


22> \7\=] Fro} 
mt 


1 lee) 
= —PV IO a, 
a _wot—t 


= HO} =/O (5.43) 
and we see that g(t) can be written as f (t) which is known as the Hilbert transform 


of f(t) . Further more g(f) is real. 


5.10 The Hilbert transform via the +7/2 phase shift 


The Hilbert transform can be defined by the convolution of two functions f(t) and 
A(t) where f is a regular continuous function and h is the response of an impulse 
function, and usually represented by the formula 


oe) 
yn = soho = [fe - oho 
—0oO 
By the Fourier transform property, we see that 


Fiy(O} = FU (OIF {HO}. 


Thus, this impulsive response function h(t) plays a very important role in producing 
the Hilbert transform. We shall illustrate below the ways to obtain this important 
function. 

Let us consider a spectrum in the frequency domain defined by 


-i=e "2 forw>0 
A (@) = —isgn(@) = 0 for w = 0 
i= el7/2 for w < 0 


The pmz/2 phase shift is interpreted in the frequency domain as a multiplication 
with the imaginary value +i as defined above. h(a) is unfortunately not a property 
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of Fourier transform but the problem can be solved by expressing H(w) as a limit 
of a bounded function G(a), that is 


—ie “ forw>0 
G = 
©) ie?” fora <0 
where 
lim G(@) = H(a). (5.44) 
a> 


It is now possible to use the inverse Fourier transform on G(q), thus 


g(t) = FG) 


1 0 
= = ene eda tof - ed eda 
IU 


i f® : ; 
= oF pete = ae dw 
20 0 
i e-(atite — 9—(a-it)o om 
= ag : 
20 a+ it a— it P 
= ft 
~ (a2 + t?) 


where g(t) — A(t) when a — 0 and the inverse Fourier transform of the impulse 
response of H(q) is 


1 
h(t) = 1 t) = lim a 
(0 = lim g@ = lim my = 


A convolution between f(t) and the impulse response A(t) gives us 


a 1 of 
yo=fo=—f Mar, 


where f (t) is known as the Hilbert transform. It is worth noting that this integral 
shall be considered as a principal value integral, a limit that corresponds to the limit 
in equation (5.44). To make a rigorous presentation of this problem we should apply 
the distribution theory but we shall not pursue this approach in this text. Thus, we 
can clearly define the Hilbert transform of f(t) with the kernel K(¢, tT) = na as 


Hye) =f = PK [ LO) a 


where PV. stands for the Cauchy’s principal value as defined before. 


THE SINGULAR INTEGRAL Equation 121 
5.11 Properties of the Hilbert transform 
Some important properties of the Hilbert transform are discussed in this section. We 
assume that F(w) does not contain any impulses at w = 0 and f(f) is a real-valued 
function. Some of the properties are to be interpreted in a distributional sense. 


5.11.1 Linearity 


The Hilbert transform that is a Cauchy principal value function is expressed in the 
following form 


oe) 
HIf(O)} = PV. / IO) ay 
1 i go 

This definition is in accordance with the convolution integral of Fourier transform, 
and the notation for the Hilbert transform is used in a simple and understandable 
manner. Later we shall use another notation f(t) = H{f(‘)}. We write the function 
f@O=a fi + c2f2(t), where c; and cz are two arbitrary constants. It is assumed 
that the Hilbert transform of /\(¢) and /o(¢) exists and therefore, 


Hf O} = Hoi + caf} 
= aeu Pens, 
X ae t—t 
wesler f° Pac eten f° Hae 


cHH{fi(O} + oH{ AW} 

This is the linearity property of the Hilbert transform. 

5.11.2 Multiple Hilbert transforms and their inverses 

In this section, we shall show that if we take the Hilbert transform twice on a real 


function it yields the same function it with a negative sign. Let us consider the 
Cauchy’s integral formula 


fOt+ig = “px LD EEG dt Cauchy’s sense 
_o tt 
1 oo j 
= -—pv f POF BO 4, Fourier’s sense 
= = 


Spy TORS 


= py f° HO= 20 4, 


ES 
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Equating the real and imaginary parts we obtain 


f= -=PY / FO) ay = HI 9(0) 


ee ee 


g(t) = wen f LO ay = H{f(t)} 


These definition of Hilbert transform are due to Fourier. 
Hence it is obvious that 


SO) = Hig} = HH( S(O}. 


Thus, we see that the Hilbert transform used twice on a real function gives us the 
same real function but with altered sign. 


HH =I, 


with J as an identity operator. The Hilbert transform used four times on the same 
real function gives us the original function back 


WH =Ht=1 (5.45) 


A more interesting property of multiple Hilbert transforms arises if we use the 
Hilbert transform three times, it yields 


WH =I 
which implies that 
i ae 


This tells us that it is possible to use the multiple Hilbert transform to calculate the 
inverse Hilbert transform. 

As we have seen before the Hilbert transform can be applied in the time domain 
by using the definition of Hilbert transform. In the frequency domain, we simply 
multiply the Hilbert transform operator —isgn(w) to the function F(@). By multi- 
plying the Hilbert transform operator by itself we get an easy method to do multiple 
Hilbert transforms, that is 


H"{f(t)} = (—isgn(o))"F(o), (5.46) 


where n is the number of Hilbert transforms. 
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5.11.3 Derivatives of the Hilbert transform 


Theorem 5.9 


The Hilbert transform of the derivative of a function is equal to the derivative of 
the Hilbert transform, that 


d» 
Hf") = a 0: 


Proof 


Consider the definition of the Hilbert transform 


fO= 1 FG) 


| 

| 
me) 
x 


ie Te eSD 
ary f dt 


Now, differentiating with respect to ¢ both sides we have 


[ee) 


dan 4 (t—1) 
Siw = ev f a de 


66 T 


Bee cre 
= opt | “dt 


_ot—Tt 
=Hf"'(t). 


Hence the theorem is proved. 


5.11.4 Orthogonality properties 


Definition 5.3 


A complex function is called Hermitian if its real part is even and its imaginary 
part is odd. From this definition, we infer that the Fourier transform F'(q) of a real 
function f(¢) is Hermitian. 


Theorem 5.10 


A real function f(t) and its Hilbert transform f(t) are orthogonal if f, ne and F 
belong to L'(%) or if f and f belong to L?(%). 
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Proof 


By using the Parseval’s identity we have that 


CO t 1 CO 
[| sofwa == [ Foy-isenaFwy'do 
a HS 55 


= i sgn(w)F (w)F*(w)dw 


an / Me ONO’ 
27 Joo 


where sgn(w) is an odd function and the fact that F(w) is Hermitian gives us that 
|F(«)|? is an even function. We conclude that 


oo A 
| reojwar =o, 
—0o 
and therefore a real function and its Hilbert transform are orthogonal. 


5.11.5 Energy aspects of the Hilbert transform 


The energy of a function f(f) is closely related to the energy of its Fourier transform 
F'(@). Theorem 5.7 which is known as the Parseval’s theorem is called the Rayleigh 
theorem provided g(t) =/(¢). It will help us to define the energy of f(t) and F(a) 
as given below 


oe) 1 oe) 
Ey = Wie If(t)|7at = =f. |F(w)|?do. (5.47) 


Here, it is usual to assume that f belongs toL?(2) which means that Ef is finite. 
The same theorem can be used to define the energy of the Hilbert transform of f(t) 
and F(w), that is 


Ey = =i | fol dt = =f |—isgn(oyF(w)|, des, (5.48) 


where | — isgn(w)|* = 1 except for w=0. But, since F(w) does not contain any 
impulses at the origin we get E; p= = Ef. 

__ A consequence of equation (5.48) is that f in the space L?(R) indicates that 
f belongs to L?(9). The accuracy of the approximated Hilbert transform operator 
can be measured by comparing the energy in equation (5.47). However, a minor 
difference in energy always exists in real applications due to unavoidable truncation 
error. 
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5.12 Analytic signal in time domain 
The Hilbert transform can be used to create an analytic signal from a real signal. 
Instead of studying the signal in the frequency domain it is possible to look at a 


rotating vector with an instantaneous phase 6(t) and an instantaneous amplitude 
A(t) in the time domain, that is 


2 =f(N+ if = ADE. 
This notation is usually called the polar notation where A(t) = \/ f2(t)+ f 2(¢) and 
O(t) = arctan [Fo | . If we express the phase by Taylor’s expansion then 
O(t) = O(to) + (t — t0)O'(to) + R, 
where R is small when t is close to fo. The analytic signal becomes 
z(t) ae A(te = A(the!(t0)—108'(t0)) git6"(t0) giR 


and we see that 6’(to) has the role of frequency if R is neglected. This makes it 
natural to introduce the notion of instantaneous angular frequency, that is 


The amplitude is simply 
BY) = A( thet lto)— 4090), 


As for example if z(t) = f(t) + if (t) = cos wot +i sin wot = A(te’ such that 


A(t) = ij cos? (wot) + sin? (wot) =1 and the frequency is w(t)= wo. In this par- 
ticular case, we see that the instantaneous frequency is the same as the real 
frequency. 


5.13 Hermitian polynomials 


The numerical integration works fine on smooth functions that decrease rapidly at 
infinity. But it is efficient when a function decreases at a slow rate at infinity. In this 
section, we describe Hermite polynomials to calculate the Hilbert transform. First 
we need to take a look at the definition of the Hermite polynomials. 

The successive differentiation of the Gaussian pulse et generates the nth order 
Hermite polynomial which is defined by Rodrigues’ formula as 


re 


qd” 
HG) asi es 
(N= (Ie Fe 
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It is also possible to calculate the Hermite polynomials by the recursion formula 
A(t) = 2tHy-1(t) — 2(n — 1)Ay-2(0), (5.49) 


with n= 1,2,3,... and the start condition Ho(t) = 1. 
Let us define the weighted Hermite polynomials that is weighted by the 
generating function e~” such that 
2: 


ai a say wi -t 
gn(t) = Ane = (-1) ae ; 


The weighted Hermite polynomials g,(t) do not represent an orthogonal set in L2 
since the scalar product 


i . Sn(t)Sm(t)dt = [ ‘ Hy(t)Hm (the dt, 


is in general different from zero when n 4 m. The solution is to replace the weighted 
function e~” with et /2, that is 


0 for n Am 


(oe) 
H,(t)\Hm(De~* dt = 
is OBn(e fe forn =m. 


By that the weighted Hermitian polynomials fulfil the condition of orthogonality. 
The weighted polynomial e~" /2H,,(t) divided by their norm /2"n!./7 yields a set 
of orthonormal functions in Lz and is called the Hermite function 


eH, (t) 


J 2"nl./a 


If we combine equations (5.48) and (5.49), we get the recurrence algorithm 


Prt) = (5.50) 


=D) 
tri a-D)"—g.2, 6.51) 


2(n — 1)! 
onl) =f 


which can be used to derive the Hilbert transform of the Hermite functions by 
applying the multiplication by ¢ theorem. 


Theorem 5.11 


If we assume that f(t) and f(t) belong to L, then the Hilbert transform of t f(t) is 
given by the equation 


K 1 oo 
ufo =tto-—f soode 
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The second term on the right-hand side with integral is a constant defined by the 
function f (t). For odd functions this constant equal to zero. 


Proof 


Consider the Hilbert transform of ¢ f(t) 


Ht f(t)} = aeu LO 


1a pe te orfe-o 
=cryf SON ae 

1 00 = 1 x 
acenf Pa 2 fp oat 


1 oe) 
=myo)-=f sade, 
T J—oo 
and the theorem is proved. From Theorem 5.11 and equation (5.51) we have that 


H{en(t)} = OO) 


[2(n — 1)! { f* 
= o- ) {000 « | %-vondn| 
[(n — 2)! 
(@—1) Fr Qn—-2(), (5.52) 


where n= 1,2,3,... . The first term go(t) can be obtained by using the Fourier 
transform on the equation 


go(t) = 1 FeP/?, 


Thus, the Fourier transform of go(t) = J2n8 en? 

In the frequency domain, we multiply the Hermite function g(t) by the Hilbert 
transform —isgn(w) and finally we use the inverse Fourier transform to get the 
Hilbert transform of the Hermite function, that is 


CO 
H{yo(t)} = do(t) = 2x / eo /2(—isgn(w) edo. 
—C 
wo 
Since sgn(w)e~ 7 is odd we have 


Qo(t) = 2V204 / e~ T sin(wt)do, (5.53) 


ee) 2 
0 


which can be used in equation (5.52) to derive the rest of the Hilbert transforms. 
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Example 5.7 


Determine the Hilbert transform of the Gaussian pulse et by using Hermite 
polynomial. 


Solution 


To determine the Hilbert transform of the Gaussian pulse we need to first get the 
Fourier transform and then multiply this transform by (—isgn(w)) and obtain the 
inverse Fourier transform which will result in the Hilbert transform. Let us do it. 


(oe) 
Eire y = eb iol gy 


—oo 


oo jake 
aA et tiet) jy 
—0o 


ee oo iw \2 
= at f a(S) 


Now, we determine the Hilbert transform 


Hle*} = =| (entQ/ne = do 


x co sen(@)e— ~ [sin (wt) — icos (wt)|dw 


== e #4 sin(wt)dw 
Fh 


It is worth noting that sgn(w) is an odd function and hence sgn(q) sin wt is an 
even function, and sgn(w) cos wt is an odd function. Hence the sine function will 
survive. 


Remark 


Another method to calculate the Hilbert transform of the Hermite function 
(Gaussian pulse) x~4e~" /? is to multiply the Hilbert transformer (—isgn(w)) by 
the spectrum of the Hermite function and use the inverse Fourier transform. No 
infinite integral is needed in the calculations of the Hermite functions. Therefore, 
the error does not propagate. 

A little note, as we have already seen before, that the Hilbert transform of the 
delta pulse 5(t) gives us the Hilbert transformer + and the Fourier transform of the 
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Hilbert transformer gives us the sign shift function (signum) (—isgn(w)), that is 


H{a(t)} = : [ is py Dax a 


mt 


F{—} = (—isgn(a)). 


mt 


This information is very important in our study of the Hilbert transform and the 
related Fourier transform. We next turn our attention to the study of finite Hilbert 
transform. 


5.14 The finite Hilbert transform 


We shall now study equations with Cauchy’s principal integrals over a finite interval. 
These equations have important applications, for example, in aerodynamics. 
Of fundamental importance in this study is the finite Hilbert transform 


Al ' (0) 
f(x) = — PY. a at, (5.54) 


where we assume the basic interval ( — 1, 1). Until recently this transformation, in 
contrast to the infinite one, has received little attention. A few of its properties can 
be deduced from the corresponding properties of the infinite transformations, by 
supposing that the function @ vanishes identically outside the interval (—1, 1). 

For instance, from Parseval’s theorem 5.2, we obtain 


1 
/ _(i)Hsl 210) + dalHsldr(0)} ds = 0. (5.55) 


provided that the functions $\(x) and ¢2(x) belong to the classes Ly, and L,,, 
respectively, in the basic interval (— 1, 1), and that 


ape ey (5.56) 


Similarly, if x + a <1, we obtain from Theorem 5.4 


Hi bi H{db2} + d2H{dbi}] = H{oi}H{d2} — ddr. (5.57) 


In other case, however, the transformation 1 requires special treatment. For 
inversion formula, in Ly space 
t 
P(x) = —< Py 5 04 (5.58) 
—oo f — 
which can be immediately deduced from Theorem 5.1, is not satisfactory because 
its use requires knowledge of the function f(x) outside of the basic interval 
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(— 1,1), where it generally does not vanish. One difficulty in the study of the 
finite Hilbert transform is that there exists no simple reciprocity theorem like 
Theorem 5.1; in fact, the transformation has no unique inverse in the L,-space 
(p > 1). For more information the reader is referred to Tricomi [5]. 

For instance, the finite Hilbert transform of the function (1 —x?)-2, which 
belongs to the class 2-0, vanishes identically in the basic interval (—1, 1); for if we 

te 2 
puty = erat we find 
1 dy 

1—y?y-x 


2 is dt 
—PK 
x Jo (l—-x)-C4+x)? 


1 1 1 
W[ —y)-4] = oPv 


1 ; Vl-x+J14+xt ‘<i 0. (5.59) 
= n => : tS 
av 1 — x? Vl—x—J/14+xt F 


However, outside of the interval (—1, 1), we have 


a | dy 

=i 1-y?y-x 
2. f 2 dt 

=f («-D+04+ DP 


Wid =~) 2] 


ah 2 jaa am 
le — 1 Vv¥x—1 3 


oS ts, (5.60 
x2 —1 ) 


Note that as a consequence of equation (5.59), we obtain 


1 1 Lay a 
Hl —y?)2] = —PV = 
x’ J) /l—yy—x 
1 } 3 d 
=-=rr [ us uz 
x J /l—yy—-x 
__! py tee ae dy 
T -1 l-y? y-x 
1 
= ——PV dee dy 
a -1 /l1—y 
1g 
= -=pr [ Z 
a -1 /l—y 


—- (5.61) 
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The main problem for the finite Hilbert transform is to find its inversion formula 
in the L»-space (p > 1), that is to solve the airfoil equation (5.54) by means of 


Ly-function (p > 1). It must, of course, be assumed that the given function f(x) 
itself belongs to the class L,. 


5.14.1 Inversion formula for the finite Hilbert transform 


To find an inversion formula we can use the convolution Theorem 5.4, which can 
be applied to the function pair 


dix) = (x), x(x) = (1 —32)2, 


because the second function, being obtained, belongs to any class, even for very 
large p2. We thus obtain the equality 


Hx[—yo(v) + 1 —°f0)] = —xf &) — V1 — 2°60). (5.62) 
On the other hand, we have 
Papi pete 


1 1 f) 
Hsly60)] = PV i: ody = = a dds + fC. 


Hence from equation (5.62) it follows that necessarily 
1 1 
—= ff oundy +H, ie Pro) = -v1-~x?9(0), 
-1 


that is 
V1—x?d(x) = —Hx 1 -»F09) +C, (5.63) 


or, more explicitly, 


(: C 
o(x) = -tevf ff —5) )@o FS (5.64) 


Here, in view of equation (5.59) the constant 


1 1 
=< [ “ody (5.65) 


has the character of an arbitrary constant. 
The significance of the previous result is the following: if the given equation 
(5.54) has any solution at all of class L, (p > 1), then this solution must have the 
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form as in equation (5.64). Consequently, the only nontrivial solutions of the class 
Ly (p > 1) of the homogeneous equation 


dy =0 (5.66) 


1 
are C(1 — x?)~2 
In view of the identities 


1-y? = 1+x l-y yr-x 
(2)-(NVE)082) 
aa 1-x l+y 1 yr-x 
= V(r) YG) (73) 
solution (5.64) can be put into the two further alternative forms 
ae **) Ces )?o Ci 
= a (= yew fff \ =) V1 — x2 
= 1 (=) ey C2 
le sears (=)e ef ( iy = (5.67) 


5.14.2 Trigonometric series form 


Some authors use trigonometric series form to solve the airfoil equation. This 
method is theoretically less satisfying than the present one; however, it may be 
useful in practice. 

Using the finite Hilbert transform we can prove the following identities: 


py | cos (nn) d ams) 
0 


cosn—cosé sin € 


(n = 0,1,2,3,...) (5.68) 


- nee 
ex [ SHG DOS hee et aaye (5.69) 
0 cos 7 — cosé 


These pair of results show that the finite Hilbert transform operates in a particularly 
simple manner on the Tchebichef polynomials 


sin(n + 1)é 


T,( cos €) = cos (ng), U,( cos &) = siné 


To be precise, we have the finite Hilbert transform 


Hl — 2)-2T,(t)} = Une) (n= 1,2,3,...) (5.70) 
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Hence, by expanding f(x) in a series of polynomials U,,(x), we can immediately 
deduce (at least formally) a corresponding expansion of (x) in series of poly- 
nomials 7,,(t), if we neglect the factor (1 — P72, Formula (5.70), as well as the 
similar one 


1 
Hl — ?)? Un-1)] = — TM, (5.71) 
can be readily proved with the help of Theorem 5.3, by starting with the analytic 
functions 
n 
@(z) = —(1—z)7? = See A] and 
n 

@O(z) = E —-/d- Pi t 

respectively. 


5.14.3 An important formula 


Using the same method we can also prove the important formula 


rT | (ea Lea : 0 1). (5.72 
(3) | = ot ete (7=*) nen)’ (0 < |a| <1). (5.72) 


We start with the analytic function 


z—1\°* 


which satisfies the condition io |®(x + iy)\Pdx <K for (p> 1), where K is a 
positive constant. Because of |z + 1| > 2 we have 


Spin <2 on ( 2 \ ow ( 2 ) 
Oia. \oy War) Nae ay 


Equation (5.72) is then an immediate consequence of Theorem 5.3, because on 
the real axis the function, i.e. equation (5.73) reduces to a function ®(x + i0) which 
is real outside of (—1, 1), and for —1 <x < 1 we have 


1—x\" , 
w+ i= (7) elm 


ae ee eaea ie 5.74 
a (=) cos(zra) — +i(=) sin(zr@). (5.74) 


Furthermore, equation (5.72) is interesting because it shows that in some cases 
a function ¢(yv) which becomes infinite like A(1—y)~* or AL +y)%0<a<1l 
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as y—> +1 is carried by the finite Hilbert transform into a function with similar 
behaviour, if we neglect the fact that A is replaced by + A cot g(a). That this 
behaviour is common and shown by Tricomi [5] using asymptotic theorem. 


Remark 


Some explanation with regard to the result (5.72) is given below. 


1 = Qa 
Re®(x + i0) = GS) cos(za) — | 
x 


1 = a 
Im®(x + i0) = (=) sin(@) 
x 


HxLUm®(x + i0)] = Re®(x + i0) 
1 f! (1—y)\°* sin (za) 1—x\? 
= (—— Sl 
ir) yx ss Gee ree 
1 fl fl—-y\* a@ 1—x\? 1 
/ = cot(z7a) — ———~ 
wJ1\l+ty/] y-x 1+x sin(sra) 


Hence the result (5.72) follows. 


5.15 Sturm—Liouville problems 


Variational methods can be used to study the solution procedures of differential 
equations. We have in the meantime observed that the problem of extremizing an 
integral leads to one or more differential equations. Let us turn our attention to 
study the boundary value problems by using the variational calculus. Although this 
cannot always be done, it is possible to investigate in some very important cases. 
By way of illustrating, we obtain with the general second-order Sturm—Liouville 
equation 


[re yy'T + [g@) + Ap@)ly = 0, (5.75) 


where the functions r, p, and g are continuous, r(x) 4 0 and p(x) > 0 ona fundamen- 
tal interval [a, b]. Multiplying equation (5.75) by y throughout, and then integrating 
from a to b, and subsequently solving for A algebraically we have 


—_ b 2 : 
ie Jahaey* + ylr@y Tax i (5.76) 


I? poy J 


Now, if y is a solution of equation (5.75), cy is a solution also, where c is an 
arbitrary constant. In fact, since p(x) > 0 on [a, b], every solution of equation (5.75) 
is expressed in terms of solutions that satisfy the normalized condition. 


b 
J= / p(x)ydx = 1. (5.77) 
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Imposing this constraint, the last equation in equation (5.76) becomes 
b 5 ; 
— f faery? +ytreoy Ihde = 1, 
a 
or, integrating y[r(x)y’]’ by parts, 


b 
Z =) (r(x)y* — g(x)y?)dx + r(a)y(a)y’(a) — r(b)y(b)y’ (0). (5.78) 


For a Sturm—Liouville problem consisting of equation (5.75) and a pair of fixed 
end-point conditions 


y(b) = 0 


The last two terms in equation (5.78) vanish leaving 


Wa) il (5.79) 


b 
r= [ @eoy?G) — atop? ha. (5.80) 


The problem of reducing this integral stationary, subject to the constraint in 
equation (5.77), and relative to functions that vanish at x =a and x = J, is clearly 
an isoperimetric problem, Its corresponding Euler—Lagrange equation is 


of* d (z * ) =, 
dy J” 

where f* =r(x)(v’)? — q(x)y? — Ap(x)y’. It is easily verified that these relations 

yield equation (5.75). 


0 oK 
Ee = —2q(x)y — 2Ap@)y 
af* d (df* 
ee = 2y(x)y’ and s (5) = 2(r(x)y’y’ 


and so (r(x)y')’ + (q@&) + Ap@y)y = 0 : 


Thus, the functions that solve our isoperimetric problem must be normalized 
solutions of the Sturm— Liouville problem consisting of equations (5.75) and (5.79), 
the normalized being with respect to p(x). Of course, these solutions are just the 
normalized characteristic functions y), v2 . . . Vn that correspond to the characteristic 
rules of the Sturm—Liouville problem. With the characteristic values A1,A2...Ax 
arranging in increasing order, it is possible to show that A, is the minimum of 
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the integral equation (5.80) relative to the suitable differentiable functions y that 
satisfies equations (5.79), (5.77), and the k — 1 orthogonality relations 


b 
i P(x)yivdx = 0 i=1,2,...k-1. 
a 


The J of equation (5.80) that takes on the values of A; when y is replaced by yx 
can be established as follows. First, replace y by y, in the integral of . Then integrate 
the term r(xyy) by parts, observing that yz(a@) = yp(a) = 0. The result of all this is 


b 
pe / [r(x )ty}}? — glxdyz]dx 


b b 
= [r(w)y'@) / Yeaepe — / velo} de — / gos)y2dx 


a a 


b 
= Fwy, — / Lvetrooyi(x)}’ + gle zldx 


b 
= / yA) + gGyilde. 


a 


Since [r(x)y,J + q@@)ye(x)] = —AnpOo)ye and ff is p(x)yzdx = 1, we have 


b 
vf -|/ Auvep(xjdx = dq. 
a 


Summary of Sturm-—Liouville problems 


A Sturm—Liouville problem consisting of equation (5.75) and two free end-point 
conditions 


air(a)y'(a) + a3y(a) = | (5.81) 


bir(b)y'(b) + bz y(b) = 0 


can also be related to an isoperimetric problem. In this case, we may set h = a2/a 
and k = b2/b, and utilize equation (5.81) to write equation (5.78) as 


b 
i= i [r)o'? = gy" Idx + hy? (b) — hy’ (a). (5.82) 


The last two terms of this equation can be incorporated into the integral by intro- 
ducing any continuously differentiable function g(x) on [a, b] for which g(a)=h 
and g(b) =k. Indeed, this enables us to express equation (5.82) as 


d 
r= [| roo0!? ~ ao? + Zw] a (5.83) 
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The isoperimetric problem requires that this integral be rendered stationary, sub- 
ject to equation (5.77), and relative to continuously differentiable function defined 
on [a,b]. Also it has equation (5.75) as its Euler—Lagrange equation because 
4 (gy") is an exact derivative. This can, of course, be verified directly. Hence 
the choice of g has no effect on the stationary values of J. Since no conditions 
have been imposed on the comparison functions at the end-points of the specified 
interval [a, b], a natural boundary condition 


of* 
Joey, 
dy’ 


where 
d 
f= os — q(x)? + S| — Ap(xyy’, 


must hold at x =a and at x=b. Differentiating f* partially with respect to y’, 
we find 


et a d 
< = wy [roy — q(x)y? + (| 


= 2r(x)y’ + 2gy 


and so the condition r(x)y’ + gy=0 must hold at each end of [a, b]. Substituting 
x=aand x= 6, in turn, into this equation we get equation (5.81). The choice of g 
is again of no consequence so long as g(a) =a2/a, and g(b) = b2/by. 


Example 5.8: A practical application 


In many practical applications, a variational formulation of the problem being inves- 
tigated is easy to derive. To illustrate, we shall find an isoperimetric problem that 
when solved yields the natural frequency of a string of weight w(x) stretched under 
tension T between x =0 and x =/ and vibrating transversely about a horizontal 
x-axis in the xy plane. If the change in length of the string during its motion is 
so small that 7 can be assumed constant, the potential energy stored in the string 
by virtue of the work done against T is equal to T times the change of length in 


the string: 
I 
P.EL= rf ly 1+y?—- 1 dx. 
0 


Here, ds = /dx? + dy? = \/1+ydx and ds — dx is the change of the elemen- 
tary length. If, furthermore, the variation is such that |y’| « 1, then by expanding 
1+y72 by the binomial expansion and retaining only the dominant term in the 
integrand, we have 
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Some mathematical formulas 


By binomial expansion, 


i 

HG =No%)!! 
2! 
(ay? = 1 Ce CRP ha ws 


1 
(1 +y?)3 an es svt 


itp Stee eke ease 
= 1 2 


1 
=145-g te 
1 x 3 5 
1 eal 2 Sem 
ee 2° ge. 16. 


The potential energy stored in the string by virtue of its elongation can be 


expressed as 
T I 
= i: (Pde. 
2 Jo 


If the string is also subjected to a disturbed force of magnitude per unit length 
in the x direction |f(x)y| acting vertically [for example, an elastic restoring force 
(—ky)], then the string has additional potential energy given by 


_ i; [ foc [ ; f@yradx, 


which is the work required due to the disturbed force, to change the deflection curve 
of the string from the segment [0, /] of the x-axis into the curve determined by y. 
Thus, the total potential energy of the string is 


1 ; 2 2 
5 | to -soy" ae. 


Similarly, the total instantaneous kinetic energy of the string is 


1 f Osea. 
2Jo & 


The displacement y that we have been considering is actually a function of x and ¢ 
of the form y= X(x) cos wt. Hence, substituting into the two energy expressions, 
and applying the principle that during free vibrations the maximum value of the 
kinetic energy is equal to the maximum value of the potential energy, we obtain 


(K.E.) max = (P-E.) max 
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ies WO) (72 wo) sin * wt)dx = = ah [T(xX’ cos wt)” =F (jx? cos” wt|dx 


come Jo (TP —f@)X? Jd 
Bis (2) x20 > 


where | cos” wt| = 1 and | sin’ owt|=1. This equation is satisfied by a nontrivial 
function X if and only if it is satisfied by cX, where c is a nonzero parameter. Thus, 
we need consider only function X that is normal with respect to ao) . The problem 
of extremizing the integral 


1 
= i. [T(X'? = f 0X7 Ide, 
0 
subject to the constraint 


_ w(x) Dee 2 
se f (2) re 1, 


and relative to the appropriate comparison functions, is obviously an example of 
an isoperimetric problem like those just discussed. With 


patra’? -soyx?]- 0? | "2 ] 


we find, in the usual way, that the corresponding Euler-Lagrange equation is 


[TX'/ + [foot mex =0 (5.84) 
d[af")_ af _, 
|z|- ax 


[T(2X')] + 2f OX +o” (~ ) ) (2X) = 0. 


Therefore, after some reduction we obtain (TX’Y + [f(x) + 0°( 2x =0. 
This is precisely the equation for the space factor X that results when the par- 
tial differential equation governing the vibration of a nonuniform string is solved 
by the method of separation of variables. If both ends of the string are fixed on the 
x-axis, so that 


y(0,t) = yt) =0 for allt, 
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then all comparison functions of the isoperimetric problem, and in particular, the 
solutions of equation (5.84) must satisfy the fixed-end conditions X (0) = X (/) = 0. 
On the other hand, if at both ends of the string the displacement y is unspecified, 
then all comparison functions, and in particular the solutions of equation (5.84), 
must satisfy natural boundary conditions of the form 


of* 


ay? = 2EX' = 0 at x =0 and atx =1, 


given 27 4 0, these reduce to the free-end conditions 
X'(0)=0 and x()=0. 


More general free-end conditions of the type 


(5.85) 


TX'(0) + hX(0) = 0 and 
TX'(l) + hX(I) = 0 


might also apply. Such conditions, arise, for instance, when each end of the string 
is restrained by a nonzero restoring force ¢ proportional to the displacement, say 
(0) = ayo and o(/) = by;. The potential energy stored in the system by virtue of 
the work done against these forces is 


1 2 1 2: 
z4y9 + zby7, 


and hence the total potential energy of the system is now 
er 12 2 tp Neg 
5 | Wey —fe@y la + Sayo + Sby7. 
2 Jo 2 2 


To incorporate the last two terms into the integral, let g(x) be an arbitrary 
differentiable function of x such that 


g(0)=—a and gi(l)=b. Then 


} d 
fo zlseoy" lax = g@y*lp 
= yz — gO) 
= by? + ays. 
Hence the expression for the instantaneous potential energy of the string can be 
rewritten in the form 


1 f/ d 
5 ‘ {To'? — f(xy? + <ceoy)} dx. 
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Again setting y = X(x)cos wt and equating the maximum values of the potential 
energy and the kinetic energy, we are led to an isoperimetric problem in which 


i= i | {ry — f(x? + <ce0ox?)| dx, 
while J is unchanged. With 
f= {TXY —fO)X? + g!()X? + 2g(X)XX} — @7 [w(x)/g]X? 
we find the natural boundary conditions 


of” = 
ag > 0 giving 


TX'+ ¢X =0, 
which, when evaluated at x = 0 and at x =/, yields conditions on x of general-form 
solution in equation (5.84). 
Example 5.9 


Let us finally consider a general nonhomogeneous second-order linear differ- 
ential equation 


ao(x)y" + ai(x)y’ + ar(x)y = O(x), 


which is normal on an interval [a, b]. We know all such equations can be written in 
the form 


[rey] + gay = W(x). (5.86) 


This equation will be the Euler—Lagrange equation for an integral of the type 


b 
f= / He aae 


if ie = r(x)y’ and fe = W(x) — q(x)y. From the last two relations we get 


f = gr@y'Y +ulx,y) and 
f = Wx)y — sa@)y" + v0,y). 


Sufficient conditions for these two representations of f to be identical are that 


u(x,y) = W(x)y — sq(x)y?_— and 
V(x’) = 57@Q)O")P, 
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in which case J becomes the variational integral 


bry 1 
l= / [5reno'? = sae + rosy | dx. (5.87) 


It is a simple matter to verify that equation (5.86) is the Euler—Lagrange equa- 
tion for this integral. In fact, ifan exact derivative £ [g(x, y)] is added to the integral 
of equation (5.87), equation (5.86) is still the corresponding Euler—Lagrange equa- 
tion. By defining f* as usual, with —A/2 as the Lagrange multiplier, it is easy to 
show that the isoperimetric problem involving the integral equation (5.87) and an 
integral constraint 


b 
J= / p(x)ydx, J a constant, (5.88) 
a 
and p(x) £0 on [a, b] has as its Euler-Lagrange equation, 
[rv'T + [g@) + Ap@)]y = Wa). (5.89) 


Of course, equations (5.86) and (5.89)will be accompanied by prescribed or 
natural boundary conditions, describing on how comparison functions of the related 
variational problems behave at the end points of [a, b]. 


5.16 Principles of variations 


A real-valued function f whose domain is a set of real functions {y} is sometimes 
called a functional or, more specifically, a functional of a single independent 
variable. Functionals of several independent variables are also of interest. With 
ordinary functions, the values of independent variables are numbers. However, 
with functional variables, the values of the independent variables are functionals. 
In general, the value of a function changes when the values of its independent 
variables change. So, we need to estimate the value of changes of a functional. To 
see how this could be done, let us consider a function F(x, y, y’) that, when x is held 
fixed, becomes a functional defined on a set of functions {y}, and let us develop an 
estimate for the change in F’ corresponding to an assigned change in the value of 
y(x) of a function y in {y} for a fixed value of x. If v(x) is changed into 


YX) + €n(x), 


where ¢€ is independent of x we call the change €n(x), the variation of y(x) and 
denote it by 
dy = €n(x). (5.90) 
Moreover, from the changed value of y we define that the changed value of 
y/(x) is 
V(x) + en). 
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Hence we have the comparison formula 
dy'(x) = en'(x) (5.91) 
for the variation of y’(x). Corresponding to these changes we have the change 
AF =F(x,y+en,y +n’) — F(x, y,y). 


If we expand the first term on the right in a MacLaurin’s expression in powers 
of €, we have 


AF = Ftx,y,y) + OF OF Ne Fr Page 1, OF 5\e 
= X,Y; TAGS ae, € ma 
acd ay : ay’ ay2 d dyvay’ : oy’2 ae oy 
TPs —F(x,y,y’) 


or, neglecting powers of € higher than the first, 


_ OF OF, 
AF = —(en) + — (en) 
oy oy’ 


OF oF 
dy oy’ 


By analogy with the differential of a function, we define the last expression to 
be the variation of the functional F and denote it by 5F. 


OF OF _, 
6F = —by + —éy’. (5.92) 
dy oy’ 


Remark 


By strict analogy with the differential of a function of three variables, we must have 
expressed the definition 6F = a bx + o by + me dy’ if x is a variable parameter. It 
is worth noting that in its simplest form the differential of a function is a first-order 
approximation to the change in the function as x varies along a particular curve, 
whereas the variation of a functional is a first-order approximation to the change 
in the functional at a particular value of x as we move from curve to curve. It is 
interesting and important to note that variations can be calculated by the same rules 


that apply to differentials. Specifically 


5(F, & Fo) = 6F; + 5F) (5.93) 


6(F| F2) = F\6F>y + F2dF (5.94) 


F F)5F, — F\6F 
( t) = 20F] 10l2 (5.95) 


Fo aes 
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5(F") = nF" | $F. (5.96) 


These relations are easy to prove by means of equation (5.92). For example, with 
F replaced by F F2, equation (5.92) yields 


7) 0 
5(F iF 2) gy Fi Fa)by + gy FiFadey! 


OF. OF OF. aF 
ss n(@)+n( sy +] Fi 2) 4A ( ') by 
dy dy oy’ oy’ 


OF > OF 2 , OF | OF | ! 
= F; | —“dy + —6 Fy | —65 5 
ieee ee] +h mo oe 


= F\6F2 + F2dF}, 


as asserted by equation (5.94). Proofs of equations (5.93), (5.95), and (5.96) can 
be performed following the above steps. From the definite relations, i.e. equations 
(5.90) and (5.16), and with D= 4, we have 


dDy = dy’ = en! = EDn = Den) = D(6y), 


and hence 6 and D commute; that is, taking the variation of a function y(x), and 
differentiating it with respect to its independent variables are commutative oper- 
ations. We can, of course, consider functionals of more than one function, and 
the variations of such functionals are defined by expressions analogous to equation 
(5.92). For instance, for the functional F(x, u, v, u’, v’) we have 


Similarly, we can consider variations of functionals that depend on functions of 
more than one variable. The functional F(x, y, u, ux, uy), for example, whose value 
depends, for fixed x and y, on the function u(x, y), we have 


spa oes Rea a 5.97 
= 5, ou iL Uy Buy Uy. (5.97) 


For a functional expressed as a definite integral, say the integral 


b 
10) =f feryy 
a 
of the kind we discussed already, we have, first 


AI =I(y +n) —1(y). 
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If the limits of J do not depend on y, we have furthermore, 


b b 
a= | feyteny tende— f f(xy, y dx 
b 
= ul [f(xy + en, y’ +n’) — f(x,y, dx 
b 
= ul Af (yy. 


The variation of J is now defined as the expression resulting when A/ in the 
last integral is replaced by the first-order approximation 6/; that is 


b 
él = : of (x,y, dx. (5.98) 
a 
Writing equation (5.98) as 
b b 
| fenysyae = [ afc.ryat 
a a 


we see that integrating a functional f(x,y, y’) over an interval [a, b] and taking the 
variation of f(x,y, y’) are commutative operators, i.e. the operator symbolized by 


b 
[ oe and 8 commute. 


From calculus we recall that a necessary condition for a function to have an 
extremum is that its differential vanishes. We can now show, similarly, that a neces- 
sary condition for a functional J to have an extremum is that its variations vanish. 
In fact, using the results of the preceding discussion, we write 


b 
ar= f afe.yydr 
b 
=f (dy + fy dy dx 
: d 
=| La» +6 £0)| dx. 


Now, integrating the last term by parts, we obtain 


Cole Oa 
[ (efor) a =s08- [ Lapove, 
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when we assume that at x =a and at x=) either the variation dy = €n(x) 1s zero 
because (x) is, or a natural boundary condition holds so that F}, vanishes, it follows 
that the integral portion of the last equation is equal to zero. Hence we have 


d 
él = i E - a6) dydx, 


since we have already seen that fy - £(fy)= 0 is a necessary condition for an 
extremum of /, it follows that 5/ is also zero at any extremum of /. Conversely, 
since dy is an arbitrary variation in y, the condition 6/ = 0 implies that 


d 
fy— Fly = 9, 


which is the Euler-Lagrange equation. 


5.17 Hamilton’s principles 


Although Newton’s law of motion forms the basic foundation for the investigation 
of mechanical phenomena still over the years there have been refinements and 
extensions of his law that often provide more effective methods to study the applied 
problems. In this section, we will take a brief look at two of these, 


(a) Hamilton’s principle and 
(b) Lagrange’s equations 


(a) Hamilton’s principle 


Let us consider a mass particle moving in a force field F. Let r(¢) be the position 
vector from the origin to the instantaneous position of the particle. Then, according 
to Newton’s second law in vector form, the actual path of the particle is described 
by the equation 


—— =F (5.99) 


Now, consider any other path joining the points where the particle is located 
at f=t, and at t=f. Such a path is, of course, described by the vector function 
r+ 6r, where dr|;, = dr|,, = 0. 

If we form the scalar product of the vector ér and the terms of equation (5.99), 
and integrate from ft; to f2, we obtain 


tn 
/ (mi - dr — F - dr)dt = 0. (5.100) 
ty 
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Applying integration by parts to the first term in equation (5.100), we obtain 
tn 
mk - dx|? — m | i dtdt. 
ty 


The integrated term vanishes because of the properties of 5r. Moreover, 


where T is the kinetic energy of the moving particle of speed v. Hence equation 
(5.100) can be rewritten 


tn 
/ (ST + F- dr)dt = 0. (5.101) 
ty 


This is Hamilton’s principle in its general form, as applied to the motion of a 
single mass particle in a force field that can be either conservative or nonconserva- 
tive. If F is conservative, Hamilton’s principle assumes an even simpler form. Force 
F is conservative, then there exists a scalar function ¢(x, y, z) such that F - dr =d@ 
or equivalently, F = V@. The function ¢ is called the potential function, and —¢ 
is (to within an additive constant) the potential energy of the particle in the field. 
[Note: F is conservative meaning V x F=0 that implies that F= V@, because 
curlgraded = 0 automatically and ¢ 1s called the potential function.] Now, 


F=V¢ 

ap, IP, 96 

= —i+ —j+—k 
Paar Bal 

We know that ér = 5xi + dyj + 6zk, and hence the dot product of two vectors 
ap dp ap 
F- dr = —6 5 .) 
' ox an oy vee oz i 
= 56, 


and therefore, the equation 
t 
/ (ST + F - ér)dt = 0 
ty 


can be rewritten i o(T + o)dt=0, or 6 i (T + ¢)dt=0. And finally, since 
o = —V, where V is the potential energy of the system, 


sf (T —V)dt =0. (5.102) 
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This is Hamilton’s principle for a single mass particle in a conservative 
field. The principle can, of course, be extended to a system of discrete particles by 
summation and to continuous systems by integration. 


Remark 


In many elementary problems, a dynamical system is described in terms of coor- 
dinates that are distances. Such a choice of coordinates is not always the best one; 
however, sometimes, problems involving another can be showed more conveniently 
by choosing other quantities as coordinates, for instance, angles or even areas. In 
the particular case of a system of P discrete particles, the effect of geometric con- 
straints, assumed to be constant in time, is to reduce the numbers of variables 
required to specify completely the state of the system at any given instant. To see 
that a set of constraints actually has such an effect, observe that these rectangular 
coordinates suffice to determine the position vector (x;,;,z;) of each mass parti- 
cle mj,j =1,2, ...p. If the constraints can be described by k(<3p) constraint and 
independent equations 


Bi(X1,V15Z15---XpsVpsZp) =O i= 1,2,3,...k (5.103) 


these & equations may be used, at least theoretically, to eliminate k of the position 
variables thus leaving only 3p — k independent coordinates. As has been mentioned, 
the variables employed in a particular problem need not be rectangular coordinates. 
They may be any 3p —k =n variables qi, q2, ...q» that are independent of one 
another, which are well suited to a mathematical investigation of the problem at 
hand, and in terms of which the position of the p particles can be expressed by 
means of 3p equations 


Xj = Xj(41,925--- In) 
Vj = Vi(G1,925-+- dn) j= 1,2,3,...p. (5.104) 
2) = 7(41,4925-++4n) 


These 3p equations in effect ensure that the constraints in equation (5.98) are 
all compiled with. 

Variables q1, 92, ..- Gn of the kind just described are called generalized coor- 
dinates. A set of generalized coordinates for any particular mechanical system is 
by no means unique; however, each such set must contain the same number of 
variables. 


(b) Lagrangian equations 


Let us investigate the behaviour of a system of p particles a little further. By 
differentiating equation (5.104) with respect to t, and substituting the results 
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we obtain 
: n Oy; , 
= ae — 4 (5.105) 


into the expression 
T=~) m (4? +97 +277), (5.106) 


we find that the kinetic energy T of the system can be written as a quadratic form 
T =q' Ad, (5.107) 


where g7 = [4,q2, ... dn] and the symmetric matrix A is expressed solely in terms 
of 91,92, ---Gn. Of course, this implies that T is a homogeneous function of 
degree 2 in generalized velocity components g1, q2, .. .Gn. Now in a conservative 
system, by definition, the potential energy V depends only on the position of the 
particles. Hence V =V (qj, q2, ... Gn) must be a function of the generalized coor- 
dinates alone. The function L = T — V is usually referred to as the Lagrangian or 
the kinetic potential. Hamilton’s principle, when extended to a conservative system 
of the particles, may be stated as follows: 

During an arbitrary interval [f,, fo], the actual motion ofa conservative system of 
particles whose Lagrangian is T— V =L(q1,q2, .--9n, 41,42, ---Qn) is such that 
Hamilton’s integral 


to th 
/ (T —V)dt = i Ldt (5.108) 
ty ty 


is rendered stationary relative to continuously twice-differentiable functions 
41592, ---n that take on prescribed values at ¢; and fo. 
From this principle discussed previously, we obtain 


nh 


T= F(t.X1,%2,Xn, +--+ X1,X2,---Xp)at 

t int 
af ae - PBS om 
ax; dt \ ox; ~ 


It follows that if gi, 92, ...Gn are generalized coordinates of a conservative system 
of particles they must satisfy the system of Euler-Lagrange equations 


bara 
we a ag SO GAN hn (5.109) 
Ogi dt Ogi 
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These equations are known as Lagrange’s equations of motion or simply as 


Lagrange’s equations. Since the Lagrangian L of a conservative system does not 
explicitly involve ¢, a first integral of system (5.109) is 


_ aL 
\dixe -L=E, (5.110) 


where £ is a constant. Recalling that V is not a function of the generalized velocity 
components, we have i = a (T-V)= a . The series in equation (5.110) thus 


becomes )~y_| Giga Using the fact that T is a homogeneous function of degree 2 
iN 41,92,---d, and applying Euler’s homogeneous function theorem, we find 
that the sum of the preceding series is 27. We may, therefore, write equation 
(5.110) as 


2T -(T-V)=T+VE=E. (5.111) 


This result shows that a conservative particle system, when in motion, must move 
in such a way that the sum of its kinetic and potential energies remains constant. 
The total energy E of the system is determined when the initial values of all the q; 
and q; are assigned. As our earlier expression F - br = 6¢ for the potential energy 
of a single particle indicates, in a conservative system of discrete particles, in work 
done by the various forces when the generalized coordinates {q;} of the system 
under small changes {5q;} is 


sh= =8V 
oV oV oV 
=— 5-30 + =—8qa +00 + a 
0q1 0q2 84n 


= 01591 + Q26q2 + +++ + Ondqn, 


where we have introduced the conventional symbol Q; for — ae, The typical term 
in this expression, Q;5q; is the work done in a displacement in which dq; is different 
from zero but all other dq’s are equal to zero, since q; is not necessarily a distance, 
Q; is not necessarily a force. Nonetheless, the Q’s are referred to as generalized 
forces. Using the relation L=7T—/, a = 0, and ae = —Q,, we find that system 
(5.104) can be written 


V 
a (5 OT ash DS (5.112) 
dt \ ogi Ogi 


In a nonconservative system, V as well as T may involve the generalized coor- 


dinates, in which case, the relation 24 =0, and no loss occurs. Nonetheless, 
> Ogi 
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equation (5.112) is still correct, although we shall not prove the fact, the only 


difference being that in a nonconservative system the generalized forces cannot be 
derived from a potential function. 


5.18 Hamilton’s equations 


A particle of mass moving freely with velocity V has momentum mV and kinetic 
energy T= 5mV -V. In three dimensions, each rectangular component of the 
momentum equals the derivative of the kinetic energy 


ieee. cae 
T= sn +7 +27), 


with respect to the corresponding velocity components, i.e. 


oT : 
=~ = Mx 
Ox 

or . 
—_=m 
cd 
oT ; 
TJ = Mz 
Oz 


Fora system of particles having generalized coordinates q;, 1 <i <n, and kinetic 
energy 


T(1, 92 -++>9nsQ1> 925 ---Gn), the variables 
oT (5.113) 


—=p; |<ix<na, 
adi Pi Svs 


are by analogy, referred to as generalized moments or generalized momentum 
coordinates, although those quantities may or may not have the dimensions of 
momentum. The kinetic energy T of the system is a quadratic form 


T=q' Aq A=A’, (5.114) 


in the generalized velocity components g; thus, Euler’s homogeneous function 
theorem, in conjunction with equation (5.109), yields 


n aT n 
SE =) Pi, (5.115) 
rr. 


152 INTEGRAL EQUATIONS AND THEIR APPLICATIONS 


which shows that each product p;q; has the dimensions of energy regardless of the 
nature of the generalized coordinates. 


, qf 
bee fa ips q2 
T= | did. sdn| 0 a22 ...0 : 
ann : 
dn 
a1 7] 
a : 422, q2 
=| disdain | : > 
Ann An 


and thus we obtain 


T = iad: + G2a22g2 +--+ + GnannGn] 


Ok see 
Giz = 241414: 
agi 


=, or 
Wires = 2° giaudi = 2T. 
a4 
Differentiating equation (5.115) with respect to g; and noting that aj =a;;, 
we get 


oT 


ag, 


Or APS hy os pO la 
a7 (44g + q' A) 
Ogi Ogi 
, oY & Tr 

= [ au aj2... anata [an a\2.-- ain | 

=2[ andi aide and | l<i<n. (5.116) 
In matrix form, these n equations read 
p = 2Aq. (5.117) 


Both equations (5.116) and (5.117) determine each p; as a linear homogeneous 
function of ¢1, q2,.-.-,n- Solving equation (5.117) for g, 


g=1A7!p. (5.118) 
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Let us denote these functions by 


di =filgi.q, 93, 2 sie »9n>P15P2;,P3> see »Pn)- (5.119) 


For a conservative system of particles having total energy £, potential energy 
V, and Lagrangian L, 


E=T+V=2T-(T-V)=2T-L, (5.120) 


or substituting from equation (5.115) for 27, 
n 
E=) pigi-L. (5.121) 
i=l 


When each q; in the right-hand member of this equation is replaced by the 
corresponding function f; of equation (5.119), the total energy F is transformed 
into a function H of the variables q1, 92, q3,---59n»P15P2>P3>-++5Pn Called the 
Hamiltonian particle system. Thus, 


A(Q, 92,935. . ->9n»P1,P2>P3;- $ ->Pn) 


n 
= Didi — 11,925 930+ ++14ns 41s 420G30---sGn), (5-122) 


=I 


where in the right-hand member of the equation, each q; stands for the correspond- 
ing function fj(91, 92,935 --->9n>P1>P2>P3> --+>Pn) Of equation (5.119). Moreover, 
from the first of equation (5.120) 


A(q1, q2,- e+? »9n>P15P2>- ‘ ->Pn) 
= T(41,92.++ +> Ini f2o++- In) + V(G1,92.-++549n), (5.123) 


that is to say, the Hamiltonian of a conservative system is the sum of the kinetic 
and potential energies when the kinetic energy is expressed in terms of gq; and p; 
instead of the g; and q;. Differentiating the Hamiltonian equation (5.117) partially 
with respect to p;, we have 


On. n 9G) oan OL 0G; 
api + 2am Py Opi DI dq; Opi e154 
aS Se lp whee 
a Gi j=l Pj ag; Opi . 
Since no g; in an argument of V, 
oLSOOT : OL ; 
<7 =D, 1. pj - =0 l<j<n. 


ag; Gj agi 
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Hence, equation (5.124) reduces to 


The v equations show that the partial derivatives of the Hamiltonian with respect 
to p; in the ith component f; of vector function g set from equation (5.118) as a 
solution of equation (5.116) or equation (5.117). However, until the Hamiltonian is 
known, the components of g, as given by equation (5.125), remain indeterminate. 
The most convenient way of forming the Hamiltonian of a given system is 


e Express the potential energy V in terms of gq; and the kinetic energy T in terms 
of qi and di- 
e Form and solve the n equations, i.e. equation (5.117) of the q; in terms of the q; 


and pj. 
e Substitute for the g; in T to obtain 


H=T+V_ intermsof 91,q2---4n; P1,P2---Pn- 


Using equation (5.122) to express the Lagrangian in terms of the Hamiltonian, 
we get 


n 
L=) pai —H, 
i=1 


the related Hamilton integral is 


io) n 
/ [oma = a} dt. (5.126) 
" (ist 


According to Hamilton’s principle, this integral is rendered stationary by the 
2n continuously differentiable functions g1,q2..-4n, P1,P2---Pn that characterize 
the actual motion of the system of particles and satisfy the constraints provided by 
equation (5.125), namely 


To derive the differential equations of motions satisfied by the g; and p;, we 
form the modified Lagrangian 


a dH 
=o igi -H+ > uel) (4 = 4 : 
i=1 i=l : 


THE SINGULAR INTEGRAL Equation 155 


where [11,/42,...,/4n are undetermined functions. For 1<i<n, we have 
dL* /dp; = 0. Thus, the two sets of Lagrangian equations 
aL d fal*\ | (i 5.107 
Ogi dt \ 0qi - Set 0: ) 
oL* d (oL* eee (5.128) 
—— = i<n ; 
api dt \ Op; ey 


yield, in turn, 


aH aH d 
mira u(t) —— — —l|p;+uj(t)}=0 1<ix<an, 5.129 
ae dX Yj 5q:.ap; dt [Pi Lil | ( ) 
and 
aH eH 
Pig tne u(t) ——_ = 0 1<i<n. 5.130 
4 Opi 2 q 5p ..8p; ( ) 


Because of the constraint, equation (5.130) reduced to 


7 2 


0-H : 
y> ——p)=0 1s<ix<an (5.131) 
jar Pi -8B; 
The coefficients matrix 
eH 
a=| l<i<n (5.132) 
Opi-Op; 
of this system of linear equations in j11, (42, ..., 4, is the matrix 5A} of equation 


(5.118) and is therefore nonsingular. Hence, for 1 <i<n, yj;(t)=0 and equation 
(5.129) becomes 


oH 
—2-—pi=0. 
04: 
These n equations, together with equation (5.125), form a system of 2n first- 
order differential equations 


. oO ; 
G= > I1Si<n (5.133) 
Oi 
? oH . 
Pi=- > I1S8Sik<n, (5.134) 
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known as Hamilton’s equations, or the canonical form of the equations of motion. 
As we noted earlier, equation (5.133) of Hamilton equations is automatically given 
by the solution of equation (5.116) for g; in terms of g; and p;. Once H is known, 
these m equations may be checked by computing the partial derivatives of H with 
respect to the p;. The other n Hamilton’s equations (5.134) require that H be found 
before their determination. Collectively, Hamilton’s equations provide a basis for 
more sophisticated mathematical techniques applicable to advanced problems of 
dynamics, celestial mechanics, and atomic structure. 


5.19 Some practical problems 


In this section, we shall demonstrate the usefulness of the calculus of variations to 
a number of practical problems in its simplest form. 


Example 5.10 


Find the shortest distance between two given points in the x—y plane. 


Solution 


Let us consider the two end-points as P(x), 1) and Q(x2, v2). Suppose PRQ is any 
curve between these two fixed points such that s is the arc length PRO. Thus, the 
problem is to determine the curve for which the functional 


0 
IQ) = [ ds (5.135) 


is a minimum. 
Since ds/dx = ,/1 + (”)?, then the above integral equation becomes 


I(y) = [ J1+’Pdk. (5.136) 


In this case, the functional is f = /1 + (y’)*, which depends only on y’ and so 
af /dy = 0. Hence the Euler—Lagrange equation is 


a (4) =0, (5.137) 


which yields after reduction y” = 0, and the solution of which is the straight line 
y=mx-+c. This is a two-parameter family of straight lines. Hence the shortest 
distance between the two given points is a straight line. 
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Example 5.11 


Determine the Laplace equation from the functional 


T(u) = i / {uy + u;}dxdy, (5.138) 
Ss 


with a boundary condition u= f(x,y) on S. 


Solution 


The variational principle gives 
él = af [oe + u;}dxdy = 0. (5.139) 
S 
This leads to the Euler-Lagrange equation 


Uxx +Uyy =O in S. (5.140) 


Similarly, the functional I{u(x,y,z)}= ff fg (uz + uw, + u2)dxdydz will lead 
to the three-dimensional Laplace equation. 


Example 5.12 


Derive the equation of motion for the free vibration of an elastic string of length €. 


Solution 


The potential energy V of the string is 
1 £ 
ee i. Wade, (5.141) 
2 Jo 


where u = u(x, t) is the displacement of the string from its equilibrium position and 
T is the constant tension of the string. 
The kinetic energy T is 


1 a4 
T=- i pur dx, (5.142) 
2 Jo 


where p is the constant line-density of the string. 
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According to the Hamiltonian principle 


bh 
él = | (T — V)dt 
ty 


ty £ 1 
= sf i, ~(pu? - tu2)dxdt 
ty 0 2 
= 0, 


(5.143) 
which has the form 5 is fe L(u;, ux)dxdt in which L = 5(pu? — tu2). 
The Euler—Lagrange equation is 
aL 8 (OL 0 ( oOL 
) ( ) = 0, (5.144) 
ou = ot: \ Ou ox \ dux 
which yields 
* (pu) — (tu) = 0 (5.145) 
ot ae ox aia : 
or 
Un — Cty, = 0, (5.146) 


where c = ,/t/p is the speed of the string-wave. This is the equation of motion of 
the elastic string. 


Remark 


The variational methods can be further extended for a functional depending on 
functions of more than one independent variable in the form 


I[u(x, y)] = / [fovs. U, Ux, Uy )dxdy, (5.147) 


where the values of the function u(x, y) are prescribed on the boundary C ofa finite 
domain D in the x—y plane. We consider the functional f is differentiable and the 
surface u = u(x, y) yielding an extremum is also twice-differentiable. 
The first variation 5/ of J is defined by 
él(u,€) = [(u+e)—1(u), (5.148) 


which is by Taylor’s expansion theorem 


51 (u, €) = / iE {fa + eafo Pe fyhaedy; (5.149) 


where € = e(x, y) is small and p= u, and g=w,. 
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According to the variational principle, 5/ = 0 for all admissible values of €. The 
partial integration of the above equation together with e = 0 yields 


o=a=| the = Sh fa} eda (5.150) 


This is true for all arbitrary €, and hence the integrand must vanish, that is 


a 
au ax?) — gy la) =O (5.151) 


This is the Euler—Lagrange equation, that is the second-order PDE to be satisfied 
by the extremizing function u(x, y). 

We have used this information in our previous example. 

If the functional f = f(t,x,y,Z,U, Uy, Ux, Uy, Uz) Where the dependent variable 
u=u(t,x,y,z) in which t,x,y, and z are the independent variables, then the 
Euler—Lagrange equation can be written at once as follows: 


Ye 


0 
ap Fu) + 5 ud + 5 ha) + 5 * (i) (5.152) 


Example 5.13 


In an optically homogeneous isotropic medium, light travels from one point to 
another point along a path for which the travel time is minimum. This is known as 
the Fermat principle in optics. Determine its solution. 


Solution 


The velocity of light v is the same at all points of the medium, and hence the 
minimum time is equivalent to the minimum path length. For simplicity, consider 
a path joining the two points A and B in the x-y plane. The time of travel an arc 
length ds is ds/v. Thus, the variational problem is to find the path for which 


=f 
-[° VITOR 
vy) 


= Ie fy,y dx (5.153) 


is a minimum, where y’ = 4 and v= v(y). When f is a function of y and y’, then 
the Euler-Lagrange equation is 


d ie 
al 0. (5.154) 
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This follows from the result 


d / d / " pa / 
a I) = GIy) vhy Ya, 
/ W ” d 
=Yht¥ hy —V fy ye Wy) 
d 
~y[s- £09] 
=0. 


Hence integrating, we obtain 


f —yfy = constant 


JOP? 


= constant. 
v v /| 4 (y’? 
After a reduction, the solution becomes ——— = constant. In order to 
v/1+0")" 


give the simple physical interpretation, we rewrite this equation in terms of the 


angle @ made by the tangent to the minimum path with vertical y-axis so that 


sin ¢é = ———. Hence, - sin¢@=constant for all points on the minimum curve. 
o= aS , ising p 


For a ray of light, 1/v must be directly proportional to the refractive index n of the 
medium through which the light is travelling. This equation is called the Snell law 
of refraction of light. Often, this law can be stated as n sin 6 = constant. 


Example 5.14 


Derive Newton’s second law of motion from Hamilton’s principle. 


Solution 


Let us consider a particle of mass m at a position r=xi+yj+2zk that is mov- 
ing under the action of an external force F. The kinetic energy of the particle is 
r= sme, and the variation of work done is bW =F - 6r and 6V =—éW. Then 
Hamilton’s principle for this system is 


hb 
0= a (T — V)dt 
ty 


= e (ST — 6V)dt 


t 


t 
= i (mr - dr + F - dr)dt. 
ty 


THE SINGULAR INTEGRAL Equation 161 


Using the integration by parts, this result yields 
h 
i (m¥ — F) - érdt = 0. (5.155) 
ty 


This is true for every virtual displacement dr, and hence the integrand must 
vanish, that is, 


mi = F. (5.156) 


This is Newton’s second law of motion. 


5.20 Exercises 


1. Solve the following Abel’s integral equations: 


(a) m(x+1= u(t)dt. 


ha 


(b) xt+x = u(t)dt. 


0 «4(X—T 


(c) sinx = ! 
= DP feat 
xy 
ase 
Aa) =| Esa 


2. Using the method of Laplace transforms or otherwise, solve the following second 
kind Volterra integral equations: 


u(t)dt. 


u(t)dt. 


(a) u(x) = /x —mx+2 u(t)dt. 


* 1 
— 


(b) u(x) = 5 —— u(t dt. 


Te m= 
(c) u(x) = 2x — [ aon 


(d) ux) =x +3 


ae iE ea 


(e) pene 8 


= 0a 


3. Show that the solution of the integral equation 


ie 


u(t)dt = f(x), (O<x< 1) 


ek 
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is 


u(x) = 


ies iE dt d f[* f(t)dt 
Rade Se=aat se. eae): 
4. Show that the solution of the integral equation 


i u(t)dt i, RET 
0 


|x — t|? 


where 0 < v <1 is 


u(x) = = cos (>) {x(1 xb : 


5. Show that the solution of the integral equation 


1 
/ lx — #|2u(tyat =i. (sae1) 
0 


u(x) =x74(1— x) /(nvV2), (0<x <1.) 
6. Show that the solution of the following integral equation 


1 
puts) = s+ f = (0<x <1) 


where ys = —z cot (sv) in which (0 < v < 5) is 


u(x) = mn) 9 xy "(v—-x), O<x<)). 


7. Show that the solution of the following integral equation 


1 
puts) = + f ated (0<x <1) 


where ys = —z cot (sv) in which (0<v< 5) is 
sin(zv) _,, , 
u(x) = ———x "(1—x)"w+x), (0<x <1). 
1 


8. Show that the minimization of the variational integral 
aT\? (ar? 
= iy / OT? —a ( aL ( ds 
Ss ox ay 
=f [van nas, 
S 


10. 


11. 


12. 


13. 


14. 
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where T(x, y) is the temperature distribution on the surface S, a is the thermal 
diffusivity, and Q is a constant rate of heat generation, is equivalent to solving 
the differential equation 


0 oT ae 0 oT +0T=0 
a = 
ax \ ax oy 7 ay 


with the same boundary conditions. [Hint: Use Euler-Lagrange equation to 
obtain this heat conduction equation. | 


. Show that the maximum and minimum values of the function f(x, y, z) = xyz on 


the unit sphere x? + y? +z? =1 are +. and -——.. 


373 3/3 
When a thermonuclear reactor is built in the form of a right circular cylinder, 
neutron diffusion theory requires its radius and height to satisfy the equation 


(2s) a Ay, a 


where k is a constant. Show by Lagrange’s principle of extremizing a functional 
that the values of r and / in terms of k, if the reactor is to occupy as small a 


volume as possible, are r = 2.4048,/3/(2k) and h=7,/3/k. 


xy+x? 
z+ 


Find the maximum value of f(x,y,z)= 
(4-x)=y’, 


subject to the constraint 


Derive the Poisson equation V7u = F(x, y) from the variational principle with 
the functional 
tu) = ff ud +13 + 2uF (yaar, 
D 
where u = u(x, y) is given on the boundary C of D. 


Show that the Euler-Lagrange equation of the variational principle 


bI (u(x, y)) = 6 / : SF (X,Y, Uy Ux, Uy, Urx, Uxy, Uyy)dxdy = 0 
D 


a 
oxoy 


F) a a? eg 
Su ay as) gy ind + aya Vix) + uy) + aya iow) = 


Derive the Boussinesq equation for water waves 
2 17,2 
Up — C Uxx — LUyxxtt = a(u Jrcx 


from the variational principle 5 [ f Ldxdt =0, 
where 


ue, eS es Pe ee 
L= 56; — 30° b + sUOy — GP 


and ¢ is the velocity potential defined by u= ¢,. 
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15. Determine the function representing a curve that makes each of the following 
equations maximum: 


1 
(a) 10%) = [ (y? + 12xy)dx, (0) = 0,1) = 1. 


m/2 
(b) I(x) = i; (v? —y)dx, (0) = 0, (x/2) = 1. 


16. From the variational principle 6 ff, Ldxdt = 0 with 


L=-p i: {6 + voy +5:| dz 
derive the basic equations of water waves 
V76=0, —A(x,y) <z < n(x, y),t>0 
n+Vo-Vn-—¢,=0, onz=7n 
ot + 5(V$)? + gz =0, onz=n 
og: =0, onz=—h, 


where ¢(x,y,z,t) is the velocity potential and n(x,y,t) is the free surface 
displacement function in a fluid of depth h. 


17. A mass m under the influence of gravity executes small oscillations about 
the origin on a frictionless paraboloid Ax? + 2Bxy + Cy* =2z, where 4 >0 
and B* <AC, and the positive direction of z-axis is upward. Show that 
the equation whose solution gives the natural frequencies of the motion is 
w* — g(A+ C)w* + g?(AC — B*) = 0. There are two values of w* unless A = C 
and B = 0. [Hint: Use x and y as the generalized coordinates and take z* = 0.] 
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6 Integro-differential equations 


6.1 Introduction 


This chapter deals with one of the most applied problems in the engineering sci- 
ences. It is concerned with the integro-differential equations where both differential 
and integral operators will appear in the same equation. This type of equations 
was introduced by Volterra for the first time in the early 1900. Volterra inves- 
tigated the population growth, focussing his study on the hereditary influences, 
where through his research work the topic of integro-differential equations was 
established (see Abramowitz and Stegun [1]). 

Scientists and engineers come across the integro-differential equations through 
their research work in heat and mass diffusion processes, electric circuit problems, 
neutron diffusion, and biological species coexisting together with increasing and 
decreasing rates of generating. Applications of the integro-differential equations in 
electromagnetic theory and dispersive waves and ocean circulations are enormous. 
More details about the sources where these equations arise can be found in physics, 
biology, and engineering applications as well as in advanced integral equations 
literatures. In the electrical LRC circuit, one encounters an integro-differential 
equation to determine the instantaneous current flowing through the circuit with 
a given voltage E(r), and it is written as L + RI + 2 fy U(t)dt = E(0), with the 
initial condition /(0)=Jo at t=0. To solve this problem we need to know the 
appropriate technique (see Rahman [3]). 

It s important to note that in the integro-differential equations, the unknown 
function u(x) and one or more of its derivatives such as w'(x),u’(x),... appear 
out and under the integral sign as well. One quick source of integro-differential 
equations can be clearly seen when we convert the differential equation to an integral 
equation by using Leibnitz rule. The integro-differential equation can be viewed 
in this case as an intermediate stage when finding an equivalent Volterra integral 
equation to the given differential equation. 

The following are the examples of linear integro-differential equations: 


u(x) = f(x) — [ (x —Au(t)dt, (0) =0 (6.1) 
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u(x) = g(x) + re (x — t)u(t)dt, u(0) = 0, w’(0) = —-1 (6.2) 
0 
1 
u(x) =e —x+ / xtu(t)dt, u(0)=0, (6.3) 
0 


u(x) = A(x) + i " nl(Odt, (0) = 0, w'(0) = 1. (6.4) 


It is clear from the above examples that the unknown function u(x) or 
one of its derivatives appear under the integral sign, and the other derivatives 
appear out the integral sign as well. These examples can be classified as the 
Volterra and Fredholm integro-differential equations. Equations (6.1) and (6.2) 
are the Volterra type whereas equations (6.3) and (6.4) are of Fredholm type 
integro-differential equations. It is to be noted that these equations are linear 
integro-differential equations. However, nonlinear integro-differential equations 
also arise in many scientific and engineering problems. Our concern in this chap- 
ter will be linear integro-differential equations and we will be concerned with 
the different solution techniques. To obtain a solution of the integro-differential 
equation, we need to specify the initial conditions to determine the unknown 
constants. 


6.2 Volterra integro-differential equations 


In this section, we shall present some sophisticated mathematical methods to 
obtain the solution of the Volterra integro-differential equations. We shall focus 
our attention to study the integral equation that involves separable kernel of 
the form 


n 
K(x,t) = D> ge(xyhe(s) (6.5) 
k=1 

We shall first study the case when K(x, t) consists of one product of the functions 
g(x) and A(t) such that K(x, t) = g(x)A(t) only where other cases can be generalized 
in the same manner. The nonseparable kernel can be reduced to the separable kernel 
by using the Taylor’s expansion for the kernel involved. We will illustrate the method 
first and then use the technique to some examples. 


6.2.1 The series solution method 


Let us consider a standard form of Volterra integro-differential equation of nth 
order as given below: 


u(x) = f(x) + g(x) i. ‘ A(t)u(t)dt, uw? =k, O<k<(n—-1). (6.6) 
0 
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We shall follow the Frobenius method of series solution used to solve ordinary 
differential equations around an ordinary point. To achieve this goal, we first assume 
that the solution u(x) of equation (6.6) is an analytic function and hence can be 
represented by a series expansion about the ordinary point x = 0 given by 


(ee) 


u(x) = Ly arx*, (6.7) 


k=0 


where the coefficients a; are the unknown constants and must be determined. It 
is to be noted that the first few coefficients a; can be determined by using the 
initial conditions so that ap = u(0), a; =u'(0), a2 = xu(0), and so on depending 
on the number of the initial conditions, whereas the remaining coefficients a, will 
be determined from applying the technique as will be discussed later. Substituting 
equation (6.7) into both sides of equation (6.6) yields 


foe) (n) x oe) 
(> a) = f(x) + g(x) if (> at) dt. (6.8) 
k=0 9 \k=0 


In view of equation (6.8), equation (6.6) will be reduced to calculable integrals 
in the right-hand side of equation (6.8) that can be easily evaluated where we 
have to integrate terms of the form ¢”,n>0 only. The next step is to write the 
Taylor’s expansion for f(x), evaluate the resulting traditional integrals, i.e. equation 
(6.8), and then equating the coefficients of like powers of x in both sides of the 
equation. This will lead to a complete determination of the coefficients ap, a1, a2,... 
of the series in equation (6.7). Consequently, substituting the obtained coefficients 
ay, k > 0 in equation (6.7) produces the solution in the series form. This may give 
a solution in closed-form, if the expansion obtained is a Taylor’s expansion to a 
well-known elementary function, or we may use the series form solution if a closed 
form is not attainable. 

To give a clear overview of the method just described and how it should be 
implemented for Volterra integro-differential equations, the series solution method 
will be illustrated by considering the following example. 


Example 6.1 


Solve the following Volterra integro-differential equation 
x 
u(x) = x coshx — / tu(t)dt, u(0)=0, u'(0)=1, (6.9) 
0 


by using the series solution method. 
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Solution 


Substitute u(x) by the series 
oe) 
u(x) = Yo anx”, (6.10) 
n=0 


into both sides of the equation (6.9) and using the Taylor’s expansion of cosh x, we 
obtain 


CO lo) Qk x lo) 
= n(n — l)ayx"~? = x (> aa] S [ t (>: ot) dt. (6.11) 


Using the initial conditions, we have ap = 0, and a; = 1. Evaluating the integrals 
that involves terms of the form ft”, n > 0, and using few terms from both sides yield 


2 4 
x 
dan + ays + Daas? + 200508 +o =x(14 FT +) 


(6.12) 


Equating the coefficients of like powers of x in both sides we find a2=0, 
a= a4 =0, and in general a2, =0, for n>0 and aoy4) = eEone for n>0. 
Thus, using the values of these coefficients, the solution for u(x) from equation 
(6.10) can be written in series form as 


3 B) 


ag hk at 6.13 
Meg epch hG (6. ) 

and in a closed-form 
u(x) = sinh x, (6.14) 


is the exact solution of equation (6.9). 


Example 6.2 


Solve the following Volterra integro-differential equation 


1 1 % 
u’ (x) = cosh sy Ae cosh 2x4 f sinh tu(t)dt, u(0)=1, w/(0)=0. (6.15) 
0 


Solution 


Using the same procedure, we obtain the first few terms of the expression u(x) as 


u(x) = 1 + apx? + a3x? + agxt + asxP +... (6.16) 
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Substituting equation (6.16) into both sides of equation (6.15) yields 


2a2 + 6a3x + 12a4x* + 20asx? +... 
= (1+ = + = tere) + 
7 2! 4! 4 
1 (2x)? (2x)* 
1 ae 
4 ( Voge Trae 


x B pP 
+f (4 tg td paar ase at (6.17) 
0 . . 


Integrating the right-hand side and equating the coefficients of like powers 
of x we find ap = 1,a; =0, a2 = y,a3 =0,a4= 145 =0, and so on, where the 
constants ao and a are defined by the initial conditions. Consequently, the solution 
in the series method is given by 


x2 x4 x6 


ua)= 14+ 545+ 54% (6.18) 


which give u(x) = cosh x, as the exact solution in a closed-form. 


6.2.2 The decomposition method 


In this section, we shall introduce the decomposition method and the modified 
decomposition method to solve the Volterra integro-differential equations. This 
method appears to be reliable and effective. 

Without loss of generality, we may assume a standard form to Volterra integro- 
differential equation defined by the standard form 


”) = f(x) + / "Ks, t)u(t)dt, u(0) = by, O< k < (n— 1) (6.19) 
0 


where wu) is the nth order derivative of u(x) with respect to x and b; are constants 
that defines the initial conditions. It is natural to seek an expression for u(x) that 
will be derived from equation (6.19). This can be done by integrating both sides of 
equation (6.19) from 0 to x as many times as the order of the derivative involved. 
Consequently, we obtain 


n—-1 x 
u(x) = 2 abv! +L '(@))+L7! ( / K(x, nu(oat) : (6.20) 
k=0 9 


where )77_ = A | b,x* is obtained by using the initial conditions, and L~! is an n-fold 
integration operator. Now, we are in a position to apply the decomposition method 
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by defining the solution u(x) of equation (6.20) on a decomposed series 


(ee) 


u(x) = > up (x). (6.21) 


n=0 


Substitution of equation (6.21) into both sides of equation (6.20) we get 


oo n—1 
Ym) = 0 poet + Fe) 
n=0 k=0 ~ 


Fae a ( i ° K(x, 1) bs wo) ‘) (6.22) 
0 n=0 


This equation can be explicitly written as 


n—-1 1 
ug(x) + u(x) + u2(x) +--+ = oS bee + L7'(f(x)) 
k=0 ~ 


Ee ( "K ; ar) 

+ [ (x, t)ug(t)dt 

ae ( i : K(x, pun (bat) 
0 

Eo ( "K : ar) 

+ [ (x, t)u2(t)dt 


cy ae, / "Ks, t)u3(t)dt 
0 
fares (6.23) 


The components uo(x), v1 (x), U2(x), u3(x),... of the unknown function u(x) are 
determined in a recursive manner, if we set 


n—-1 
u(x) = >> abet + L7'(f(x)), 


k=0 


uy(x) = L- CF Ka, dude) 3 


/ . K(x, t)uy (t)dt 
0 


u3(x) = L~ eA Ka, punta) ; 


/ . K(x, t)u3(t)dt 
0 


u2(x) = L- 


u4(x) = L- 
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and so on. The above equations can be written in a recursive manner as 


n—1 
u(x) = ya — byt + LF (x)) (6.24) 
Unti(x) = LT! ( / “K(s Din(0at) n>0 (6.25) 
0 


In view of equations (6.24) and (6.25), the components w(x), u(x), u2(x),... 
are immediately determined. Once these components are determined, the solution 
u(x) of equation (6.19) is then obtained as a series form using equation (6.21). The 
series solution may be put into an exact closed-form solution which can be clarified 
by some illustration as follows. It is to be noted here that the phenomena of self- 
cancelling noise terms that was introduced before may be applied here if the noise 
terms appear in wo(x) and w(x). The following example will explain how we can 
use the decomposition method. 

Example 6.3 


Solve the following Volterra integro-differential equation 
x 
u(x) =x+ i (x —t)u(dt, u(0) = 0, u'(0) = 1, (6.26) 
0 
by using the decomposition method. Verify the result by the Laplace transform 


method. 


Solution 


Applying the two-fold integration operator L~! 


L'()= [ : i : (.)dx dx, (6.27) 


to both sides of equation (6.26), i.e. integrating both sides of equation (6.26) twice 
from 0 to x, and using the given linear conditions yield 


u(x) = x +5 = 7 1 '( ih (x — tutta). (6.28) 
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Following the decomposition scheme, i.e. equations (6.24) and (6.25), we find 


x3 


ug(x) =x + 31 


u(x) = L7! ( ie Gr puna) 


5 Ht 


un(x) = L7! ( i ; GS pun (oar) 


x? xl 


a 
oO! 11! 
With this information the final solution can be written as 


3 5 iL x? xl 


@eaxti¢i+i¢ivigd (6.29) 
Ux) =X tare f 
31 St 7! Ot! 


and this leads to u(x) = sinh x, the exact solution in closed-form. 
By using the Laplace transform method with the concept of convolution and 
using the initial conditions the given equation can be very easily simplified to 


1 
Ltu(x)} = =— 


and taking the inverse transform, we obtain u(x) = sinhx which is identical to the 
previous result. 


Example 6.4 
Solve the following Volterra integro-differential equation 


u(x) = 14+ / “Ga eubak u(0)=1, w(0)=0, (6.30) 
0 


by using the decomposition method, then verify it by the Laplace transform method. 


Solution 


Integrating both sides of equation (6.30) from 0 to x and using the given initial 
conditions yield 


u(x) = 1 +5 ne ae x is (x — dutta). (6.31) 
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where L~! is a two-fold integration operator. Following the decomposition method, 
we obtain 


2 


x 
ug(x) => 1+ oT] 


uy(x) = LT! ( [ : (x — Dua) 


4! 6! 


x2 x4 x6 x8 x10 
tat at ak aan (6.32) 


= 
aa 41 6! 8! 10! 


and this gives u(x) cosh x the exact solution. 
By using the Laplace transform method with the concept of convolution and 
using the initial conditions, we obtain 


L{u(x)} = 


st —] 


and its inversion is simply u(x) = cosh x. These two results are identical. 


6.2.3, Converting to Volterra integral equations 


This section 1s concerned with converting to Volterra integral equations. We can eas- 
ily convert the Volterra integro-differential equation to equivalent Volterra integral 
equation, provided the kernel is a difference kernel defined by K(x, t) = K(x — 1). 
This can be easily done by integrating both sides of the equation and using the 
initial conditions. To perform the conversion to a regular Volterra integral equation, 
we should use the well-known formula described in Chapter | that converts multi- 
ple integrals into a single integral. We illustrate for the benefit of the reader three 
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specific formulas: 


/. ie u(t)dt = [ ; (x — tu(t)dt, 
A i ls i ioe af (x — 1Pu(t)at, 
(ec a8 u(t)dt = aoa f =o tuna 


n- yy Ser integration 


Having established the transformation to a standard Volterra integral equation, 
we may proceed using any of the alternative methods discussed before in previ- 
ous chapters. To give a clear overview of this method we illustrate the following 
example. 


Example 6.5 


Solve the following Volterra integro-differential equation 


x2 ] x 
u'(x) = 2—- ri += if u(t)dt, u(0)=0. (6.33) 
by converting to a standard Volterra integral equation. 

Solution 


Integrating both sides from 0 to x and using the initial condition and also converting 
the double integral to the single integral, we obtain 


u(x) = 2x — +f [ u(t)dt dt 


=2 gar t)u(t)dt 
sas ater Wi Pa cae 


It is clearly seen that the above equation is a standard Volterra integral equation. It 
will be solved by the decomposition method. Following that technique we set 


3 


x 
ug(x) = 2x — — 


, 6.34 
D (6.34) 
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which gives 


) 


a igs Ee 
uy(x) = if (x — ft) (2 3) dt, 
3 


x 
SSS 6.35 
12 240 ee) 


We can easily observed that os appears with opposite signs in the components 
ug(x) and w(x), and by cancelling this noise term from uo(x) and justifying that 
u(x) = 2x, is the exact solution of equation (6.33). This result can be easily verified 
by taking the Laplace transform of equation (6.33) and using the initial condition 
which simply reduces to £{u(x)} = = and its inversion is u(x) = 2x. 


6.2.4 Converting to initial value problems 


In this section, we shall investigate how to reduce the Volterra integro-differential 
equation to an equivalent initial value problem. In this study, we shall mainly 
focus our attention to the case where the kernel is a difference kernel of the form 
K(x, t)= K(x — 2). This can be easily achieved by differentiating both sides of the 
integro-differential equation as many times as needed to remove the integral sign. 
In differentiating the integral involved we shall use the Leibnitz rule to achieve 
our goal. The Leibnitz rule has already been introduced in Chapter 1. For ready 
reference, the rule is 


t=b(x) 


Let y(x) = ‘a - S(, thdt 


t=b(x) 
then w — / fe t)dt + CO F(x), x) - OO) (a(x), 


=a(x) 


Having converted the Volterra integro-differential equation to an initial value 
problem, the various methods that are used in any ordinary differential equation can 
be used to determine the solution. The concept is easy to implement but requires 
more calculations in comparison to the integral equation technique. To give a clear 
overview of this method we illustrate the following example. 


Example 6.6 


Solve the following Volterra integro-differential equation 


iG) =i: / : u(t)dt, u(0) = 0, (6.36) 
0 


by converting it to an initial value problem. 
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Solution 


Differentiating both sides of equation (6.36) with respect to x and using the Leibnitz 
tule to differentiate the integral at the right-hand side we obtain 


u(x) = u(x), with the initial conditions u(0) = 0, u/(0) = 1, (6.37) 


where the derivative condition is obtained by substituting x = 0 in both sides of the 
equation (6.36). The solution of equation (6.37) is simply 


u(x) = Acoshx + Bsinhx, 


where A and B are arbitrary constants and using the initial conditions, we have 
A=0 and B= 1 and thus the solution becomes 


u(x) = sinhx. 


This solution can be verified by the Laplace transform method. By taking the 
Laplace to equation (6.36) and using the initial condition, we have after reduction 


Llu(x)} = 5— 


and its inversion gives us u(x) = sinhx which is identical to the above result. 


Example 6.7 


Solve the following Volterra integro-differential equation 


2 x 
iejlo= 7 af ; [ u(t)dt, u(0) = 0. (6.38) 


by reducing the equation to an initial value problem. 


Solution 


By differentiating the above equation with respect to x it can be reduced to the 
following initial value problem 


u(x) — qu(x) =-3, u(0)=0,u'(0) =2, (6.39) 


The general solution is obvious and can be written down at once 
u(x) = A cosh (x/2) + Bsinh (x/2) + 2x. 


Using the initial conditions yields A = B = 0 and the solution reduces to u(x) = 2x. 
This result can also be obtained by using the Laplace transform method. 
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6.3 Fredholm integro-differential equations 


In this section, we will discuss the reliable methods used to solve Fredholm integro- 
differential equations. We remark here that we will focus our attention on the 
equations that involve separable kernels where the kernel K(x, t) can be expressed 
as the finite sum of the form 


K (x,t) = Yo ge(x)he(0). (6.40) 
k=1 


Without loss of generality, we will make our analysis on a one-term kernel K(x, f) 
of the form K(x, t) = g(x)A(t), and this can be generalized for other cases. The non- 
separable kernel can be reduced to separable kernel by using the Taylor expansion 
of the kernel involved. We point out that the methods to be discussed are introduced 
before, but we shall focus on how these methods can be implemented in this type 
of equations. We shall start with the most practical method. 


6.3.1 The direct computation method 


Without loss of generality, we assume a standard form to the Fredholm integro- 
differential equation given by 


1 
u(x) = f(x) + / K(x, du(tdt, u) = by (0),0<k<(—-1), (6.41) 
0 


where u(x) is the nth derivative of u(x) with respect to x and by are constants that 
define the initial conditions. Substituting K(x, t)= g(x)A(t) into equation (6.41) 
yields 


1 
u(x) = f(x) + g(x) i: A(tu(t)dt, u) =b,0<k<(n—1). (6.42) 
0 


We can easily see from equation (6.42) that the definite integral on the right-hand 
side is a constant a, i.e. we set 


1 
a= | A(t)u(t)dt, (6.43) 
0 
and so equation (6.42) can be written as 
u(x) = f(x) + ag(x). (6.44) 
It remains to determine the constant a to evaluate the exact solution u(x). To 


find a, we should derive a form for u(x) by using equation (6.44), followed 
by substituting the form in equation (6.43). To achieve this we integrate both 
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sides of equation (6.44) n times from 0 to x, and by using the given initial 
conditions u\) = by,0<k <(n— 1) and we obtain an expression for u(x) in the 
following form 


u(x) = p(x; @), (6.45) 
where p(x; a) is the result derived from integrating equation (6.44) and also by 
using the given initial conditions. Substituting equation (6.45) into the right-hand 
side of equation (6.43), integrating and solving the resulting algebraic equation 
to determine a. The exact solution of equation (6.42) follows immediately upon 


substituting the value of a into equation (6.45). We consider here to demonstrate 
the technique with an example. 


Example 6.8 


Solve the following Fredholm integro-differential equation 
m/2 
u(x) = sinx —x — / xtu'(t)dt, (6.46) 
0 


subject to the initial conditions u(0) = 1, u’/(0) =0, w”(0) = —1. 


Solution 


This equation can be written in the form 
w(x) =sinx-(l+a)x, u(0)=1, w(0)=0, w’(0)=-1, (6.47) 
where 
m/2 
a= / tu’ (t)dt. (6.48) 
0 


To determine a, we should find an expression for u/(x) in terms of x and @ to be 
used in equation (6.47). This can be done by integrating equation (6.47) three times 
from 0 to x and using the initial conditions; hence, we find 


l+a 
u(x) = — cosx — a 
; . l+a , 
u(x) = — sinx — x 
l+a@ 4 
u(x) = cosx — x 
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Substituting the expression for wu’ (x) into equation (6.48), we obtain 


te) (6.49) 


Substituting « =—1 into u(x) = cosx — 142x4 simply yields u(x) = cosx which 


a 
is the required solution of the problem. 
6.3.2 The decomposition method 
In the previous chapters, the Adomian decomposition method has been extensively 
introduced for solving Fredholm integral equations. In this section, we shall study 
how this powerful method can be implemented to determine a series solution to the 


Fredholm integro-differential equations. We shall assume a standard form to the 
Fredholm integro-differential equation as given below 


1 
UME) =Soy+ f KE.Nueyd, WM = 50), 0<k< ("= 1, 650) 
0 


Substituting K(x, t) = g(x)A(t) into equation (6.50) yields 


u(x) = f(x) + g(x) [ : A(t)u(t)dt. (6.51) 
Equation (6.51) can be written in the operator form as 
Lu(x) =f (x) + g(x) [ h(t)u(t)dt, (6.52) 
Pe 


where the differential operator is given by L = 75. It is clear that L is an invertible 
operator; therefore, the integral operator L~! is an n-fold integration operator and 
may be considered as definite integrals from 0 to x for each integral. Applying L~! 
to both sides of equation (6.52) yields 


1 1 _ 
u(x) = bo + b\x + xbox tere t Gon ! 


1 
+L!) + ( i ico) L7!(g(x)). (6.53) 


In other words, we integrate equation (6.51) n times from 0 to x and we use the 
initial conditions at every step of integration. It is important to note that the equa- 
tion obtained in equation (6.53) is a standard Fredholm integral equation. This 
information will be used in the later sections. 
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In the decomposition method, we usually define the solution u(x) of equation 
(6.50) in a series form given by 


CO 


u(x) = > up (x). (6.54) 


n=0 


Substituting equation (6.54) into both sides of equation (6.53) we get 
oo er 
doen) = DF bat +L) 
n=0 k=0 
1 
+ ( i) inou(oa) L7!(g(x)), (6.55) 
0 
This can be written explicitly as follows: 
Lee | 
ug(x) + w(x) + n(x) +--+ = D> abet +L"(f(x)) 
k=0 0 


1 

a (/ idun(nat) L~"(g(x)) 
1 

ai ( i} intun (nat) L~!(g(x)) 


1 
+4 (/ (ound) L~"(g(x)) 
0 
es (6.56) 


The components u(x), u(x), U2(x), ... of the unknown function u(x) are deter- 
mined in a recurrent manner, in a similar fashion as discussed before, if we 
set 


n—1 
wo) = > dex! +P) 
k=0 ~ 
1 
u(x) = ( [ indua(a) L(g) 
1 
u(x) = ( ip ino (oat) L(g) 


1 
u3(x) = ( [ iidun(oat) L7!(g(x)) 
eae ae (6.57) 
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The above scheme can be written in compact form as follows: 
n—-1 1 
uolx) = DG bext + LUE) 
k=0 


1 
Un+1(X) = @) idun(da) L“'(g(x)), n= 0. (6.58) 


In view of equation (6.58), the components of u(x) are immediately determined 
and consequently the solution u(x) is determined. The series solution is proven 
to be convergent. Sometimes the series gives an exact expression for u(x). The 
decomposition method avoids massive computational work and difficulties that 
arise from other methods. The computational work can be minimized, sometimes, 
by observing the so-called self-cancelling noise terms phenomena. 


Remark 


The noise terms phenomena 

The phenomena of the self-cancelling noise terms was introduced by Adomian and 
Rach [2] and it was proved that the exact solution of any integral or integro- 
differential equation, for some cases, may be obtained by considering the first 
two components wo and uw only. Instead of evaluating several components, it is use- 
ful to examine the first two components. If we observe the appearance of like terms 
in both the components with opposite signs, then by cancelling these terms, the 
remaining noncancelled terms of wg may in some cases provide the exact solution. 
This can be justified through substitution. The self-cancelling terms between the 
components ug and wu, are called the noise terms. However, if the exact solution is 
not attainable by using this phenomena, then we should continue determining other 
components of u(x) to get a closed-form solution or an approximate solution. We 
shall now consider to demonstrate this method by an example. 


Example 6.9 


Solve the following Fredholm integro-differential equation 
n/2 
u(x) = sinx — x — ‘ xtu'(t)dt, u(0) = 1, w/(0) = 0, u"(0) = —1, (6.59) 
0 


by using the decomposition method. 


Solution 


Integrating both sides of equation (6.59) from 0 to x three times and using the initial 
conditions we obtain 


4 4 px/2 


x x 
u(x) = cosx — — 


a al, tu’ (t)dt. (6.60) 
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We use the series solution given by 
oe) 
u(x) = D> up(x). (6.61) 
n=0 


Substituting equation (6.61) into both sides of equation (6.60) yields 


ore x4 x4 pr eg 
S— un(x) = cosx — ce af t{ Sou) | ae. (6.62) 
n=0 n=0 


This can be explicitly written as 


4 4 n/2 
ug(x) + uy (x) + u2(x) +--+ = cosx — aes (/ nit 
0 


4! 4! 
x4 n/2 4 n/2 
mer; ( [ tu (oar) aT; ( nse) 
Behe 3 (6.63) 
Let us set 
x4 
ug(x) = cosx — a (6.64) 
4 px/2 3 
ui(x) = =f i(- sin t — =) dt 
x4 ~ 4 
= (6.65) 


4 G)GDG2” 


Considering the first two components wo(x) and uw (x) in equations (6.64) and (6.65), 
we observe that the term x appears in both components with opposite signs. Thus, 
according to the noise phenomena the exact solution is u(x) = cosx. And this can 
be easily verified to be true. 


6.3.3 Converting to Fredholm integral equations 


This section is concerned about a technique that will reduce Fredholm integro- 
differential equation to an equivalent Fredholm integral equation. This can be easily 
done by integrating both sides of the integro-differential equation as many times as 
the order of the derivative involved in the equation from 0 to x for every time we 
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integrate, and using the given initial conditions. It is worth noting that this method is 
applicable only if the Fredholm integro-differential equation involves the unknown 
function u(x) only, and not any of its derivatives, under the integral sign. 

Having established the transformation to a standard Fredholm integral equation, 
we may proceed using any of the alternative method, namely the decomposition 
method, direct composition method, the successive approximation method, or the 
method of successive substitutions. We illustrate an example below. 


Example 6.10 


Solve the following Fredholm integro-differential equation 


1 
u(x) =e’ —x+ xf tu(t)dt, u0)=1, u'(0)=1, (6.66) 
0 
by reducing it to a Fredholm integral equation. 


Solution 


Integrating both sides of equation (6.66) twice from 0 to x and using the initial 
conditions we obtain 


1 
tu(t)dt, (6.67) 


3 


3 
x 


a typical Fredholm integral equation. By the direct computational method, this 
equation can be written as 


x x 
ae 
u(x) = e* — 31 + Oar (6.68) 
where the constant a is determined by 
1 
a= if tu(t)dt, (6.69) 
0 


Substituting equation (6.68) into equation (6.69) we obtain 


1 B B 
eye e'—-—+a—)dt, 
0 3! 3! 


which reduces to yield a = 1. Thus, the solution can be written as u(x) = e*. 


Remark 


It is worth noting that the main ideas we applied are the direct computation method 
and the decomposition method, where the noise term phenomena was introduced. 
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The direct computation method provides the solution in a closed-form, but the 
decomposition method provides the solution in a rapidly convergent series. 


6.4 The Laplace transform method 


To solve the linear integro-differential equation with initial conditions, the method 
of Laplace transform plays a very important role in many engineering problems 
specially in electrical engineering circuit. We shall discuss a fundamental first order 
integro-differential equation arising in the LRC circuit theory. We shall demonstrate 
its solution taking a very general circuit problem. 

The current flowing through a LRC electric circuit with voltage E(t) is given by 
the following integro-differential equation 


dl My i 
i pRre = i I(ndt = E(), 10) = (6.70) 
dt C Jo 


where /(f) is the current, E(t) the voltage, L the inductance, R the resistance, and 
C the capacitance of the circuit. Here, L, R, C are all constants. And /(0) = J is the 
initial condition with Jp a constant current. 

Now to determine the instantaneous current flowing through this circuit, we 
shall use the method of Laplace transform in conjunction with the convolution 
integral. We define the Laplace transform as £{/(t)} = See e—*'T(t)dt. Thus, taking 
the Laplace transform to both sides of the equation (6.70) and using the Laplace 
transform property that L{ ay = sL{I(t)} — Io, we obtain 


LsL{I(t)} — Llp + RLU} + ALUM} = L{E(9}. (6.71) 


Solving for £{7(t)}, we obtain 


S S 
C. = E ot —_____ 72 
{1} — pee ie (t)} (Lh) 5 Re EN (6 7 ) 


To invert the Laplace transform of + we need special attention. In the 


Ss 
Ls? +Rs+% 
following we show the steps to be considered in this inverse process. 


Ss : Ss 
Ls? +Rst+%4 List hs+R 


_ 2 
L\@+ a+ - 
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To find the Laplace inverse of the above transform we need to consider three 
important cases. 


(a) R=2 


(b) R<2 


(c) R>2 


SRST 


The Laplace inverse in case (a) R= ah is obtained as 


Leia (6.73 
= 2L wel 
The Laplace inverse in case (b) R < 2/2 is the following: 


Let o=,/ 74 — %, then we obtain 
R 
I nel S - Lap S57 
L (s+ #) +o? L s2+ a 
! ~ i t ar t 
=-e cos wt — —— sinw 
L 2Lw 


The Laplace inverse in case (c) R > ee is the following: 


LetrA=,/ z, _ i then we obtain 


1 4 S lie, 4fs- a 
Le =-e ZL 
L (s+ #)? — 22 Ee s2—}2 


— i —3r h At B inh At 
=> is COs OLA sin. 2 


Hence the solution to the linear integro-differential equation for the circuit 
problem can be written immediately as follows: 
The solution in case (a) is 


1 _ Rt Rt _ Rt Rt 
I(t) = (z) [ et (: - =) E(t — t)dt + Ine (1 - =) (6.74) 


186 INTEGRAL EQUATIONS AND THEIR APPLICATIONS 


The solution in case (b) is 


1 janet RR, 
I(t)=|- / e 2 | coswt — —— sinat | E(t — t)dt 
L} Jo 2Lw 


R 
+ Ipe~ 2 ( coswt — —— sin wt (6.75) 
2Lo 


The solution in case (c) is 


1 ' kt R 
IQ) =| - / e~ 2 ( cosh Ar — —— sinh At E(t — t)dt 
Ee), QLD 


R 
+ Ine 2 ( cosh At — —— sinh At (6.76) 
2Lw 


Some special cases 


If E(t) = Eo a constant, then the solutions for the cases (a), (b), and (c) are given by 
We eRe Wee 
(a) = 0 OL e 
RR, 
(b) I(t) = e~ 2 sinwt + Ibe” 2 ( coswt — —— sinwt 
2L@ 


R 
(c) 1) = (1 i e~ 2 sinh At + Ibe” 2 (cosn ot — Da. sinh it) 


If E(t) = Eo 4(t), then the solutions for the cases (a), (b), and (c) are, respectively, 


given by 
E i Rt 
(a) I(t) = (? +h) eu (1 = x) 
b) L(t Bo + Ip ) ew t ar t 
(b) 7) = Zz th e COS W Tiree. 
I(t In) e~2 h At - inh At 
(c) I(t) = ae o}je cos — a7 


These solutions are, respectively, called (a) the critically damped, (b) the 
damped oscillatory, and (c) the over damped. 
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6.5 Exercises 
Solve the following Fredholm integro-differential equations by using the direct 
computation method: 
1. Wy)" — fy) x(t, u(0)=3. 
3 xtu(t)dt, u(0)=0,u'(0)= 1. 


3. u(x) =2 sec? xtanx—x+ f/* xtu(t)dt, u(0)=1. 
0 


2. u"(x)=—sinx+x—- 


Solve the following Fredholm integro-differential equations by using the 
decomposition method: 


4. W(x)=xe*+e*—x4+ J) xu(ddt, u(0)=0. 
5. u(x)=—sinx+x— fo? xtudt, u(0)=0,w/(0)=1. 


6. w(x) =—cosxtxt fo? xu"(t)dt, u(0)=0,u/(0) = 1,u"(0) =0. 


Solve the following integro-differential equations: 

7. u(x)=1—2xsinx+ fp u(fdt, u(0)=0. 

8. "(x)= 1—x(cosx+ sinx)— fp m(fdt, u0)=—1,u'(0)=1. 
9. ul(x)=% —xcoshx— f* tu(tdt, u(0)=1,u(0) =—1. 


Solve the following Volterra integro-differential equations by converting 
problem to an initial value problem: 


10. w(x)=e"— fp u(t)dt, u(0)=1. 
ll. u’(@)=-x- + fo «@—Dudt, u(0)=1,u/(0)=1. 
12. w(x)=14 sinx+ fj u(dt, u(0)=-1. 
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7 Symmetric kernels and orthogonal systems 
of functions 


7.1 Development of Green’s function in one-dimension 


Green’s functions serve as mathematical characterizations of important physical 
concepts. These functions are of fundamental importance in many practical prob- 
lems, and in understanding of the theory of differential equations. In the following 
we illustrate a simple practical problem from mechanics whose solution can be 
composed of a Green’s function, named for the English mathematical physicist 
George Green (1793-1841). 


7.1.1 A distributed load of the string 


We consider a perfectly flexible elastic string stretched to a length / under tension 
T. Let the string bear a distributed load per unit length w(x) including the weight 
of the string. Also assume that the static deflections produced by this load are all 
perpendicular to the original, undeflected position of the strings. 

Consider an elementary length Ax of the string as shown in Figure 7.1. Since 
the deflected string is in equilibrium, the net horizontal and vertical forces must 
both be zero. Thus, 


F, cosa, = F) cosa2 = T (7.1) 
Fo sina2 = F) sina, — w(x)Ax (7.2) 


Here, the positive direction of w(x) has been chosen upward. We consider the 
deflection to be so small that the forms F'|, F’) will not differ much from the tension 
of string 7, i.e. T= F' = F>. So, we obtain approximately 


T sina2 = T sina, — w(x)Ax 
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A F 


y 


xX X+AXx 1 


> Oy w(x)Ax 


Figure 7.1: A stretched string deflected by a distributed load. 


which is 
A 
tana? = tana, — seas (7.3) 
T 
(Using sina ~ tana if a is small.) But we know 
tana2 = dy 
dx x+Ax 
‘iy 
tan = —_— 
eal de ly 
Hence rewriting equation (7.3), and letting Ax — 0, we obtain 
d d 
linn Se lx-tAx = Fe lx _ w(x) 
Ax—>0 Ax ~ T 
d’y 
or, ra = —a(x) (7.4) 


which is the differential equation satisfied by the deflection curve of the string. This 
equation is obtained using the distributed load of the string. 


7.1.2 A concentrated load of the strings 


We now consider the deflection of the string under the influence of a concentrated 
load rather than a distributed load. A concentrated load is, of course, a mathematical 
fiction which cannot be realized physically. Any nonzero load concentrated at a 
single point implies an infinite pressure which may break the string. The use of 
concentrated load in the investigation of physical systems is both common and 
fruitful. 

It can be easily noticed from equation (7.4) that if there is no distributed load 
(a(x) = 0) then y” =0 at all points of the string. This implies that y is a linear 
function which follows that the deflection curve of the string under the influence of 
a single concentrated load R consists of two linear segments as shown in Figure 7.2. 
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Figure 7.2: A stretched string deflected by a concentrated load. 
Resolving the forces acting on the string can be given as 
Fy cosa2 = F} cosa, 
F, sina, + Fy sina2 = —R (7.5) 


When the deflection is small we can assume that F2 cosa2 =F cosa; =T, or 
simply F, = F2 = T and 
sina, & tanay 


sina ~ tana, 
Then equation (7.5) becomes 


tana; + tana2 = — 
BB gp Bo, 
7 a yn 


and 
RU —n)n 
P= 
where f is the transverse deflection of the string at x = 7. 


With the deflection 6 known, it is a simple matter to use the similar triangles to 
find the deflection of the string at any point x. The results are 


SO, 
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also 
yea) _ _B 
l-x I-yn 
sO, 
yO peg ce 
Tl 
Thus, the results are 
acm O<x<7n 
yx, n) = (7.6) 
RU —x)n 
x<l 
Tl 


It is worth mentioning that y(x, 7) is used rather than y(x) to indicate that the 
deflection of y depends on the point 7 where the concentrated load is applied and 
the point x where the deflection is observed. These two points are, respectively, 
called the ‘source point’ and the ‘field point’. 

It can be easily observed from equation (7.6) that the deflection of a string 
at a point x due to a concentrated load R applied at a point 7 is the same as the 
deflection produced at the point 7 by an equal load applied at the point x. When 
R is a unit load it is customary to use the notation G(x, 7) known as the Green’s 
function corresponding to the function y(x, 7). Many authors call Green’s function 
an influence function. It is observed that this Green’s function is symmetric in the 
two variables x and 7 such that 


G(x,n) = Gn, x) (7.7) 


Thus, for this problem, in terms of unit positive load, Green’s function is given by 


c= 
” O<x<n 
G(x, n) = 7.8 
&M=) Gop (7.8) 
ee eee 
Tl 


The symmetry of G(x, 7) is an important illustration discovered by Maxwell and 
Rayleigh known as Maxwell—Rayleigh reciprocity law which holds in many physical 
systems including mechanical and electrical. James Clerk Maxwell (1831-1879) 
was a Scottish mathematical physicist. Lord Rayleigh (1842-1919) was an English 
mathematical physicist. 


Remark 


It is interesting and important to note that with Green’s function G(x, 7) an expres- 
sion of deflection ofa string under an arbitrary distributed load can be found without 
solving equation (7.4). To see this point clearly, we divide the interval 0 < x </ into 
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n subintervals by the points no = 0,71,72,-.--,n=/ such that Anj =n; — ni-1. 
Let &; be an arbitrary point in the subinterval An;. Let us also consider that the 
position of the distributed load acting on the subinterval An;, namely w(&) Ani, is 
concentrated at the point 7 = &;. The deflection produced at the point x by this load 
is the product of the load and the deflection produced at x by a unit load at the point 
n = &;, which is 
(@(&i) Ani)GQ, &:) 

Thus, if we add up all the deflections produced at the point x by the various con- 


centrated forces which together approximate the actual distributed load, we obtain 


the sum 
n 


S > o(E)G@, Ani 

i=1 
This sum becomes an integral when in the limit An; > 0, and the deflection y(x) 
at an arbitrary point x is given by 


1 
1) 2 [ oln\Ge, nan (7.9) 


Hence, once the function G(x, 7) is known, the deflection of the string under any 
piecewise continuous distributed load can be determined at once by the integral 
equation (7.9). Mathematically, it is clear that equation (7.9) is a solution of the 
ordinary differential equation 


Ty" = —ax) 
because 
aed 1 
y= ae / o()G(x, n)dn 
x Jo 
1 2 
a~G 
= —= d 
i con) 5 (0 nn 
and so 


’ #G 
: o() (7 ga ) dx = —a(x) 
0 IX 


This is only true provided 


#G 
Poa n) = —d(x — n) 


such that 


1 
[ a(n) — d(x — n))dn = —a(x) 


where d(x — 7) is a Dirac delta function. 
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7.1.3 Properties of Green’s function 


This generalized function 4(x — 7) has the following important properties (see 
Lighthill’s [9] Fourier Analysis and Generalized Function, 1959, and Rahman 


[12]): 


0 xn 


co x= 


I. d(x-—n)= | 


oe) 
II. i; d(x — n)dx = 1 
[o.@) 


Ill. If f(x) is a piecewise continuous function in —oco <x < oo, then 


/ f%)8x — nde = f(n) 


Thus, integrating TG,, = —4(x — n) between x = n+ 0 and x = n — 0 we obtain, 


Hence the jump at x = n for this problem is 


wa) 


which is the downward jump. Thus, when the tension T = 1, this downward jump 
is —latx=n. 


dG 
ox 


0G 


n+0 ox 


Definition 7.1 


A function f(x) has a jump A at x=7 if, and only if, the respective right- and 
left-hand limits f(7 + 0) and f(7 — 0) of f(x) exists as x tends to 7, and 


(7 +0)-f(n—-0)=4 


This jump A is said to be upward or downward depending on whether A is positive 
or negative. At a point x = 7 when f(x) is continuous, the jump A is, of course, zero. 


SYMMETRIC KERNELS AND ORTHOGONAL SYSTEMS OF Functions 195 


With this definition of jump, it is an easy matter to show that we has a downward 


jump of —4 at x =n because we observe from equation (7.8) that 
Jump T 


lim —= lim ak Esha 
x—>n+0 0x x—>n-+0 IT IT 

ij G = l-n I-n 

in —= —._ = —_ 
x>n—-0 Ox x>n-0 IT IT 


It is obvious that these limiting values are not equal and their difference is 


which is a downward jump as asserted. As we have seen G(x, 7) consists of two 
linear expressions, it satisfies the linear homogeneous differential equation 7” = 0 
at all points of the interval 0 <x </ except at x= 7. In fact the second derivative 
¥G (x, n) does not exist because x, 7) is discontinuous at that point. 

The properties of the function G(x, 7) which we have just observed are not 
accidental characteristics for just a particular problem. Instead, they are an important 
class of functions associated with linear differential equations with constants as 
well as variable coefficients. We define this class of functions with its properties as 
follows: 


Definition 7.2 


Consider the second-order homogeneous differential equation 
y" + Py’ + Oy = 0 (7.10) 
with the homogeneous boundary conditions 


x=a: ayy(a)+apzy'(a) =0 
x=b: Biy(b)+ Poy'(b) = 0 


(7.11) 


where a; and a2 both are not zero, and fh; and £2 both are not zero. 
Consider a function G(x,7) which satisfies the differential equation (7.10) 
such that 


Gyx + P(X)Gy + OX)G = —d(x — 7) (7.12) 

with the following property 
x=a: aG(a,n) + a2G;,(a,n) = 0 (7.13) 
x=b: Bi G(b,n) + B2Gx(b,n) = 0 (7.14) 


x=n G(x,n) is continuous ina <x <b (7.15) 
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and 
dG dG 
lim —-— li = 


—=-l 7.16 
x—>nt+0 ox Para Ox ( ) 


has a jump —1 atx=7. 

Then this function G(x, 7) is called the Green’s function of the problem defined 
by the given differential equation and its boundary conditions. 

In the following, we shall demonstrate how to construct a Green’s function 
involving a few given boundary value problems. 
Example 7.1 
Construct a Green’s function for the equation y’+y=0 with the boundary 
conditions (0) = (5) = 0. 
Solution 


Since G(x, 7) satisfies the given differential equation such that 
Gy + G = —d(x — n) 


therefore a solution exists in the following form 


Acosx+Bsinx O<x<7n 
G(x, n) = , z 
Ccosx + Dsinx Hex 
The boundary conditions at x =0 and x= > must be satisfied which yields 


G(0, n) =A =0 and G(4, 7) =D =0. Hence we have 


Bsinx O0<x<y7n 
Iv 


Ccosx Hex 


G(x, 7) = | 
From the continuity condition at x=7, we have Bsinyn=Ccosyn such that 
B_— © _w Thus, B=acosn and C =a sin n where a is an arbitrary constant. 


cosy sin ; 
The Green’s function reduces to 


acosynsinx O<x< 


3 


Gan= i 
asinneosx n<x< 5 


Finally to determine a, we use the jump condition at x = 7n which gives 


dG 
ox 


dG 


nto OX 


n—0 


a[ sin? n + cos” n] = 1 
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and, therefore a = 1. With a known, the Green’s function is completely determined, 
and we have 


cosysinx O<x<7n 
G(x, 7) = 


cosxsinn n<x< 5 


Example 7.2 

Construct the Green’s function for the equation y’ + v*y=0 with the boundary 
conditions y(0) = y(/) = 0. 

Solution 


Since G(x, 7) satisfies the given differential equation such that 
Gy + GC = —8(x — n), 
therefore a solution can be formed as 


Acosvx+ Bsinvux O0<x<7n 


G(x,n) = | 


Ccosvx+ Dsinvx n<x<1 


The boundary conditions at x =0 and at x=1 must be satisfied which yields 
G(0,n)=A=0 and G(1,n)=Ccosv+Dsinv=0 such that = = <2 =a 
which gives C=asinv and D=—acosv. Substituting these values, G(x, 7) is 


obtained as : 


Bsinvx O<x<yn 


asinvil—x) n<x<1l 


G(x, n) = | 


where a is an arbitrary constant. To determine the values of B and a we use the 
continuity condition at x = 7. From the continuity at x = 7, we have 


Bsinvn = asin (1 — ) 


such that 
B a 
: Sis =i 
sinvil—17)  sinvn 


which yields 
a= ysinvn 
B= ysinv(1 — n) 
where y is an arbitrary constant. Thus, the Green’s function reduces to 


ysinv(l—1n)sinvx O<x<yn 
G(x, 1) = , 
ysinvnsinv(il—x) n<x<1 
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Finally to determine y, we use the jump condition at x = 7 which is 


aG 0G 1 
Ox n-+0 Ox n—0 
From this condition, we can obtain 
1 
~ psinv’ 


With y known, the Green’s function is completely determined, and we have 


sin vx sin v(1 — 7) 


O<x<7n 
vsin v 
Gaxm=) . ee 
sin vy sin (1 — x 
iis <x<l 
vsin v 
This is true provided vAnz,n=0,1,2,.... It can be easily seen that 


G(x, 7) = G(n, x) which is known as the symmetry property of any Green’s func- 
tion. This property is inherent with this function. However, it should be noted that 
for some physical problems this Green’s function may not be symmetric. 


Example 7.3 


Find the Green’s function for the following boundary value problem: 


y’t+vy=0; yO)=y); yO =yA) 


Solution 


As before the Green’s function is given by 


Acosvx+ Bsinvx O<x<yn 
G(x,n) = . 
Ccosvx+Dsinvx n<x<l 


The boundary conditions at x=0 and x=1 must be satisfied which yields, 
respectively, 


A=Ccosv+Dsinv 
vB = —Cvsinv+Dvcosv v40 
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Solving for C and D in terms of A and B, we obtain 


A sinv 


B cosy : 
G= = Acosv—Bsinv 


cosv sinv 


—sinv cosy 


cosv. A 


—sinv B 


D= = Asinv+Bcosv 


cos Vv sin v 


—sinv cosv 
After a little reduction, the Green’s function can be written as 


Acosvx—Bsinvx O<x<7n 
Acosv(l—x)—Bsinvii-—x) n<x<1 


G(x, 1) = | 


Now using the continuity condition at x = n, the constants A and B are determined as 
A=a(sin vy + sin v(1 — n)) 
B=a(—cosvyn+ cos v(1 — n)) 


where a is an arbitrary constant. 
Hence the Green’s function is given by 


a[(sin vn + sin v(1 — 7)) cos vx 
Geng + (cos v(1 — 7) —cosvn)sinvx], O<x<7 
l= a[(sin vy + sin v(1 — n)) cos v(1 — x) 


—(cosv(1 — 7) —cosvn)sinv(l—x)], n<x<1 


Now to determine the value of a, we use the jump condition at x = 7 


dG dG oer 
Ox |n40 OX |y—0 
And after considerable reduction, we obtain 2av(1— cosv)=—1 such that 


a“ -1 
a 2v(1 — cos v) 
With a known, the Green’s function is completely determined, and we have 


a{sin v(n —x)+sinv(l—yn+x)} O<x<7 


ia feeb poke neas 1 


=1 


where a = Zyl — cosv)* 
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7.2 Green’s function using the variation of parameters 
In this section, we shall explore the results of the method of variation of parameters 


to obtain the Green’s function. Let us consider the linear nonhomogeneous second- 
order differential equation: 


Y +P) + OG)y=f@) asx<b (7.17) 
with the homogeneous boundary conditions 


x=a: ayy(a)+oany'(a) =0 (7.18) 
x=b: Biy(b)+ Boy'(b) = 0 (7.19) 
where constants a; and a2, and likewise 6; and f2, both are not zero. We shall 


assume that f(x), P(x), and O(x) are continuous in a<x <b. The homogeneous 
part of equation (7.17) is 


y" + P(x)’ + O@)y = 0 (7.20) 


Let y1(x) and y2(x) be two linearly independent solutions of equation (7.20). Then 
the complementary function is given by 


Vo = Ay1(x) + By2(x) (7.21) 


where A and B are two arbitrary constants. To obtain the complete general solution 
we vary the parameters A and B such that 


y = A(x)yi (x) + BO)y2(x) (7.22) 


which is now a complete solution of equation (7.17). Using the method of variation 
of parameters (see Rahman [14]), we have the following two equations: 


A'y, + B'y2 = 0 
Ronen (7.23) 
Ay, + By, = f(x) 
solving for A’ and B’, we have 
pn eer ay pee (7.24) 
W W 
where 
W= eed Wronskian 


/ 


yo 
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Let us now solve for A and B by integrating their derivatives between a and x and 
x and b, respectively. 
The integration of these results yields, using 7 as dummy variable 


gre - fa 
a Wn) 
* yin) fa) 
B= —————d 
i Woy" 
’ vif) 
=—-f ——“d 7.25 
I Win)" ee 
Thus, a particular solution can be obtained as 
ase iM ave pci ic MFO 4, G58 


Now moving y;(x) and y2(x) into the respective integrals, we have 


= Vilx)y2(n) y2(x)yi(m) 
y= if 2 rnin 4 [BM pnd | (1.27 


which is of the form 


b 
y= i G(x, mf (ndn os) 
where 
ee a<n<xie. n<x<b 
See i (7.29) 
ae x<n<b,ie. ax<x<n. 
U 


From the way in which y;(x) and y2(x) were selected, it is clear that G(x, 7) 
satisfies the boundary conditions of the problem. It is also evident that G(x, n) is a 
continuous function and at x = : G(7 + 0,7) = G(y — 0, n). Furthermore, except 
at x= n, G(x, 7) satisfies the homogeneous form of the given differential equation 
since y1(x) and y2(x) are solutions of this equation. This can be seen as follows: 
Equation (7.28) must satisfy the equation (7.17) which means 


b 
= [1G + PUIG, + O0IG)feMdn = fl 
a 
The quantity under the bracket must be zero except at x = 7 and thus it follows that 
Gy + P(X)Gy + OX)G = —8(n — x) (7.30) 


where 6(7) — x) is a Dirac delta function. 
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Finally, for Gx, n) we have 


aa oes: 
Gy(x,n) = ; (n) 
W(n) a 
Hence, 
9G) 8G) _ aC) — 51) _ 
OX Ino OX I-09 W(n) 


which shows that x, n) has ajump of the amount —1 at x = 7. This result can be 
shown to be true from the relation (7.30) by integrating from 7 + 0 to 7 — 0, 


n+0 n+0 n+0 
i Gad i. (PO)G, + O@)G)ax = — i se Ade 
n—0 n—0 


n—0 


dG 
ox 


dG 


nto OX 


n—0 


Because 


n+0 aG n+0 aG 
[Peo Zac = poy fo ae = pootaey*.n) - Gorn] =0 
n-0 ag n—-0 0% 


n+0 n+0 
— ah — 
and O(x)Gdx = O(n) i Gdx = 0, 


since G(x, 7) is a continuous function inn —O<x<7n+0. 


Definition 7.3 


Consider, the second-order nonhomogeneous differential equation. 
¥" + pay’ + Oy =f) (7.31) 


with the homogeneous boundary conditions 


x=a: ayy(a)+azy(a)=0 
x=b: Biy(b) + poy'(b) = 0 


(7.32) 


where a, and a2 both are not zero, and f; and £2 both are not zero. 


SYMMETRIC KERNELS AND ORTHOGONAL SYSTEMS OF Functions 203 


Consider a particular solution which satisfies the differential equation (7.31) in 
the following form 


b 
y=~ f Ge.mfendy (7.33) 
a 
where G(x, 7) satisfies the differential equation (7.31) such that 


Gy + P(x)G, + OX)G = —8(n — x) (7.34) 


with the following properties: 


(1) Boundary conditions: 


x=a: a,G(a,n)+a2G,(a,) = 0 
x=b: B,G(b,n) + Bo.G.(b,n) = 0 


(7.35) 


(II) Continuity condition: 
x=, G(n+0,n) = G(n — 0,7), (7.36) 


i.e. G(x, ) is continuous atx =7 ona<x <b. 


(IID) Jump discontinuity of the gradient of G(x, n) at x = n that means, 


0G 


‘ox 


dG 


ea =-1. 
x=n+0 ax 


x=n—-0 


Then a particular solution of the given boundary value problem, i.e. equations 
(7.31) and (7.32) can be obtained as 


b 
—— i; G(x. n)f(dn 


where G(x, 7) is the Green’s function for the boundary value problem. 


Remark 


It is worth mentioning here that the Green’s function obtained through this pro- 
cedure may or may not be symmetric, which means there is no guarantee that 
G(x, ) = G(n, x). 
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Example 7.4 
Find the Green’s function of the homogeneous boundary value problem y” + y = 0, 
y(0) = 0 and y’(zr) = 0. Then solve the nonhomogeneous system 
y’ +y = —3 sin 2x 
y(0) = 0 
y (a) =0 


Solution 


The Green’s function is given by 


Acosx+Bsinx O0<x<y7n 
Ccosx+Dsinx n<x<az 


G(x,n) = | 


Using the boundary conditions, we have 


Thus, we obtain 


Bsinx O0<x<yn 


Ccosx n<x<az 


G(x,n) = | 


G(x, 7) 1s a continuous function at x = 7. Therefore, B sin = C cos 7 from which 
we have B=acosn and C=asin n, where a is an arbitrary constant. 
The Green’s function is then given by 


acosnsinx O0<x<yn 
G(x,n) = ; 
asmncosx nix<z 
This arbitrary constant a can be evaluated by the jump condition 
aG dG fa 
ox n-+0 Ox n—0 
or, a[—sin* n — cos* n] = —1 


and hence a = 1. Therefore, the required Green’s function is 


cosysinx O<x<yn 
sinncosx n<x<az 


G(x, n) = | 
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Hence the solution of the nonhomogeneous boundary value problem is 


II 


e / G(x, fod 
0 
Hs -| [ G(x, nyfodn + / G(x, niftsyan| 


x a 
=— f sin 7 cosx(—3 sin 2n)dn + ‘A sin x cos n(—3 sin 2nd 
0 x 


1s 


x 
=3 [eos sin 7 sin 2ndyn + sinx [ cosisin 2nd 
0 x 


Performing the indicated integration, we obtain 


y = 3[3][cosxsin® x + sin x(1 + cos’ x)] 


= 2sinx + sin 2x 


Using the elementary operator method, the solution of the nonhomogeneous ODE 
is given by 


y =Acosx+ Bsinx + sin 2x 


With the given boundary conditions, we obtain A = 0 and B = 0, and hence the 
solution is 


y = 2sinx + sin 2x 


which is identical to the Green’s function method. 


Example 7.5 


Find a particular solution of the following boundary value problem by using the 
Green’s function method: 


y" = -x; y(0)=0, yl) =0 


Solution 


The Green’s function is obtained from the homogeneous part of the differential 
equation and is given by, 


Ax+B O0<x<yn 


G(x,n) = re | 
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Using the boundary conditions, we obtain 
0=B and a= -—f and hence 


Ax O<x<yn 


c= fa n<x<l 


Now continuity condition yields An=f6(1—7) which can be written as 


a f =y such that 4= y(1—7), where y is the arbitrary constant. Hence 
we have 
yi-nx O<x<7n 
G(x,n) = 
yi-x)n nsx<l 
From the jump condition at x = n, we obtain 
dG dG ae 
Ox n+0 Ox n—0 


or Vaya la Mia=a1 


such that y= 1. 
Hence the Green’s function is determined as 


_jd-nx O<x<n 


Changing the roles of x and n, we have 


(l-x)n O<n<x 


G(x, 1) = G(n,x) = fe ses ee 


Thus, a particular solution of this boundary problem is obtained as: 


1 
Ore [ G(x. n(n) 


x 1 
A i G(x, m)f(ndn + i G(x, nbfandn| 


x 


x. 1 
= / d= Hn pane i (1 = vn 
0 x 


II 
a | 
o~ 
= 
tad 
wm 
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7.3 Green’s function in two-dimensions 


We already saw the application of Green’s function in one-dimension to boundary 
value problems in ordinary differential equations in the previous section. In this 
section, we illustrate the use of Green’s function in two-dimensions to the boundary 
value problems in partial differential equations arising in a wide class of problems 
in engineering and mathematical physics. 

As Green’s function is always associated with the Dirac delta function, it is 
therefore useful to formally define this function. We define the Dirac delta function 
d(x — &, vy — n, z — €) in two-dimensions by 


says ont nt: PORE BSE AN 

BE Se) | 0 otherwise ve0 

Il. I d(x — &,y — n)dxdy = 1,Re : (x —E" + (y— ny < &? (7.38) 
Ry 

at. ff foes Ble ~ &.y ~ midsdy = $6.0 (7.39) 


for arbitrary continuous function f(x, y) in the region R. 


Remark 


The Dirac delta function is not a regular function but it is a generalized function as 
defined by Lighthill [9] in his book “Fourier Analysis and Generalized Function”, 
Cambridge University Press, 1959. This function is also called an impulse function 
which is defined as the limit for a sequence of regular well-behaved functions having 
the required property that the area remains a constant (unity) as the width is reduced. 
The limit of this sequence is taken to define the impulse function as the width is 
reduced toward zero. For more information and an elegant treatment of the delta 
function as a generalized function, interested readers are referred to “Theory of 
Distribution” by L. Schwartz (1843-1921). 
If 5(x — &) and d(y — n) are one-dimensional delta functions, then we have 


/ i} fe, y)8(x — £)8(y — n)dxdy = (En) (7.40) 


Since equations (7.39) and (7.40) hold for an arbitrary continuous function f, we 
conclude that 


d(x — &. y — n) = d(x — §)d(y — 0) (7.41) 


which simply implies that the two-dimensional delta function is the product of one- 
dimensional delta functions. Higher dimensional delta functions can be defined in 
a similar manner. 
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7.3.1 Two-dimensional Green’s function 


The application of Green’s function in two-dimension can best be described by 
considering the solution of the Dirichlet problem. 


Vu =h(x,y) in the two-dimensional region R (7.42) 


u=f (x,y) onthe boundary C (7.43) 


where V7 = x + ca Before attempting to solve this boundary value problem 
heuristically, we first define the Green’s function for the Laplace operator. Then, 
the Green’s function for the Dirichlet problem involving the Helmholtz operator 
may be defined in a similar manner. 

The Green’s function denoted by G(x, y; €, 7) for the Dirichlet problem involv- 
ing the Laplace operator is defined as the function which satisfies the following 
properties: 


i) VWG=sx-—éy—n) inR (7.44) 
G=0 onC (7.45) 


(ii) G_ issymmetric, that is, 


G(x, y3 6.) = GE, ; x,y) (7.46) 


(iii) Gis continuous in x, y;&, 7 but we the normal derivative has a discontinuity 
at the point (&, 7) which is specified by the equation 


lim ads =1 (7.47) 


e>0 Cc, on 
where n is the outward normal to the circle 


Cer (x-éP +(v—nP =e? 


Remark 


The Green’s function G may be interpreted as the response of the system at a 
field point (x,y) due to a delta function d(x, y) input at the source point (&, 7). G 
is continuous everywhere in the region R, and its first and second derivatives are 
continuous in R exceptat (&, 7). Thus, the property (i) essentially states that V7G = 0 
everywhere except at the source point (&, 7). 

Properties (ii) and (111) pertaining to the Green’s function G can be established 
directly by using the Green’s second identity of vector calculus [1]. This formula 
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states that if @ and y are two functions having continuous second partial derivatives 
in a region R bounded by a curve C, then 


i i (V2 — yV29)d8 = i: (oe ve) a (7.48) 


where dS is the elementary area and ds the elementary length. 
Now, let us consider that @= G(x,y;&;n) and w=G(x,y; &*7*) then from 
equation (7.48) 


/ as EnV? G(x, ys En") — G(x EnV? G(x, 3 & m}dS 


= [ {oonsmy (9:8, n°) — CyB, igor a 
(7.49) 
Since G(x,y3&7)=0 onC 


and G(x,y;&*,n*)=0 onC 
also V?G(x,y;&*,n*) = 5(x—-& y—n) inR 
and V°G(x,y;&*,n*) = d(x — &,y—n*) inR 


Hence we obtain from equation (7.49) 


/ / G(e,y; 8, nil — Ey — n")dedy = / i G(x, y; 8 n°)80%, Ey — )dedy 
R R 


which reduces to 


G(s", n"5 0) = GE, n; 8,0") 
Thus, the Green’s function is symmetric. 
To prove property (iii) of Green’s function, we simply integrate both sides of 
equation (7.44) which yields 


[fees = ff 0 —5»— meray = 1 


where R, is the region bounded by the circle C,. 


Thus, it follows that 
lim II V’GdS = 1 
e> 0 R; 


and using the Divergence theorem [1], 
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Theorem 7.1 


Prove that the solution of the Dirichlet problem 
V7u=h(x,y) inR (7.50) 
subject to the boundary conditions 
u=f(x,y) onC (7.51) 
is given by 


0G 
ui,y) = / [ G(x,ys8, na(E, ndédn + 2 pods (7.52) 


where G is the Green's function and n denotes the outward normal to the boundary 
C of the region R. It can be easily seen that the solution of the problem is determined 
if the Green’s function is known. 


Proof 


In equation (7.48), let us consider that 


O(n) = GE,nsx,y) and w(§,n) = u(é,n), 


and we obtain 
/ [ [G(E, nsx,y)V2u — u(&, n)V2G]aédn 
0 0G 
= / [Oe mange ~ ulé, 5p | (7.53) 
C nN on 


Here, V7u = h(E, n) and V7G = 5(é — x,n — y) in the region R. 
Thus, we obtain from equation (7.53) 


if [ (GE, nsx,yhE,n) — ul, XE — x, — }dédn 
Ou 0G 
- / {oe mayo — ue \as (7.54) 
Cc n on 
Since G=0 and u=/ on C, and noting that G is symmetric, it follows that 
0G 
Fone / / G(x, y:&, mh ndédn + / fas 
R C n 


which is the required proof as asserted. 
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7.3.2 Method of Green’s function 
It is often convenient to seek G as the sum of a particular integral of the non- 


homogeneous differential equation and the solution of the associated homogeneous 
differential equation. That is, G may assume the form 


GE, ns x,¥) = gnlE0 x,y) + Sp(E, 05%.) (7.55) 
where gy, known as the free-space Green’s function, satisfies 
V-e,=0 inR (7.56) 
and g, satisfies 
V-2, = E—x,n-y) inR (7.57) 
so that by superposition G = gy, + gp satisfies 
WG = dE —x,n-y) (7.58) 


Note that (x, v) will denote the source point and (&, 7) denotes the field point. Also 
G = 0 on the boundary requires that 


8h = —8p (7.59) 
and that g, need not satisfy the boundary condition. 


In the following, we will demonstrate the method to find g, for the Laplace and 
Helmholtz operators. 


7.3.3 The Laplace operator 


In this case, g, must satisfy 


V72, = 5E—x,n-y) inR 


Then for r=./(€—x)? + (n—y)* > 0, that is, for Ax, and n Ay, we have by 
taking (x, y) as the centre (assume that g, is independent of 0) 


The solution of which is given by 


Sp =a+ Blnor 
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Now, apply the condition 


a 2n 
fas oe tas (E) na zs 
0 


é>0 Ce on é>0 r 


Thus, 6 = x and a is arbitrary. For simplicity, we choose a = 0. Then g, takes the 
form 


&p = 5, nr (7.60) 


This is known as the fundamental solution of the Laplace’s equation in 
two-dimension. 


7.3.4 The Helmholtz operator 
Here, gp satisfies the following equation 
(V? +7)gp = 5(E — x, —y) (7.61) 


Again for r > 0, we find 


10 ( dg» 2 
= Ss Xr = 
r or (- se) 4 Sp =0 


or 1°(2p)r +1(Sp)r + 777g, = 0 (7.62) 
This is the Bessel equation of order zero, the solution of which is 
Sp = aJy(Ar) + BYo(Ar) (7.63) 
Since the behaviour of Jp at y= 0 is not singular, we set a = 0. Thus, we have 
Bp = BYo(Ar) 


But for very small r, Yo + 2 Inr. 
Applying the condition, lime_.o CG 280 als = |, we obtain 


Y 
lim, f alles 
Ce or 


é>0 


20 2 1 
lim (2) (=) ao 24 
é>0 Jo A r 


2B (am) = 
8 (2m) = 1 


SYMMETRIC KERNELS AND ORTHOGONAL SYSTEMS OF Functions 213 
Thus, 
Sp = fYo(ar) (7.64) 
Since (V7 + 47) > V? as A= 0, it follows that TYo(Ar) > = Inrasa— 0. 


Theorem 7.2: (Solution of Dirichlet problem using the Laplace operator) 


Show that the method of Green's function can be used to obtain the solution of the 
Dirichlet problem described by the Laplace operator: 


V-u=h inR (7.65) 
u=f onC (7.66) 

and the solution is given by 
uss) = ff oc.r8.mmemasan+ [ fas (7.67) 


where R is a circular region with boundary C. 


Proof 


Applying Green’s second formula 


II (VW — WV" $)dS = / (0 - vas (7.68) 
R Cc on on 


to the functions $(€, 1) = G(&, n; x,y) and w(&, n) = u(, 7), we obtain 
II (GV*u —uV*G)dS = (os = eas 
R C on on 


But = -V7u = A(é,n) 
and V°G=d(E—x,n—y) inR 
Thus, we have 


/ [ (GE, mx,yhE, n) — ul, mE — x, — dS 


0 0G 
= i, {Ge ners — memo? bas (7.69) 
C n on 
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Because G= 0 and u=f on the boundary C, and G is symmetric, it follows that 
aG 
uy) = ff GGye mMkE, mdodn + | fds, 
R c on 


which is the required proof as asserted. 


Example 7.6 
Consider the Dirichlet problem for the unit circle given by 
V-u=0 inR (7.70) 
u=f(@) onC (7.71) 


Find the solution by using the Green’s function method. 


Solution 
We introduce the polar coordinates by means of the equations 
x=pcos@ &=ocosf 
y=psnd n=osinB 


so that 
r= (x—éP +(y—n)? = 07 + p* — 2p cos (B — 4). 


To find the Green’s function, let us consider G(x, y) is the solution of the sum of 
two solutions, one regular and the other one singular. We know G satisfies 


V°G = 5(& —x,—y) 
and if G = gn + gp, 
then V7g, = 6( —x,n—y) 
and Vg, = 0. 


These equations in polar coordinates (see Figure 7.3) can be written as 


Ld “08, 1 &g, 
= ,B-8 772 
yap (0 dp ) Oe (o=— p78 — 8) (7.72) 


1a ( agp 1 gy, 
—0 1.73 
( et) a2 ap ere) 


and 
oO 00 
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unit circle 


Figure 7.3: A unit circle without an image point. 


By the method of separation of variables, the solution of equation (7.73) can be 
written as (see Rahman [13, 15]) 


gh = 7 a Dee cos nB + by sin nf) (7.74) 
A singular solution for equation (7.72) is given by 
Sp = ln’ = ZX In[o* + p” — 2pac0s(f — 4)] 
Thus, when o = | on the boundary C, 
Sh = —Sp = —Zq n[1 + p” — 2p cos (6 — 6)] 


The relation 


CO 


In[1 + p” — 2pcos(6 — 6)] = —2)> 


n=1 


p” cosn(B — 8) 


(7.75) 


can be established as follows: 
Inf + p? — pel + eMP7] = Inf — pel? V1 — pe) 
= In(1 — pe) + Ind — pe #F-) 


é 2 u 
= —[peilB-) 4 & 2B) 44 
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: 2 : 
— [peWB-9) 2-H) 4 J 


y p" cosn(B — 8) 


n 


n=1 


When o = | at the circumference of the unit circle, we obtain 


Nees p” cosn(B — 8) 
a 


CO 
5 = Y> an cos nB + by sin nB 
I 


n=1 n=1 


Now equating the coefficients of cos 6 and sin nB to determine a, and by, we find 


n 


= cos n@ 
ve 27n % 
n 
by = e sin nO 
27n 


It therefore follows that equation (7.74) becomes 


(po)" 


1 oe) 
Bi(p,6;0,B) = =D) cos n(B — 8) 
n=1 


= —z In[1 + (pay’ — 2(p0) cos (B — 6)] 


Hence the Green’s function for this problem is 


G(p,0;0, B) = 8) + Bn 


7 Info” + p* — 2ap cos (B — 4) 
— x In[1 + (0) — 2(00) cos (6 — 4)] (7.76) 
from which we find 


dG 
on 


=(%) ae Tp 
onC \doJ)ou, 2a 11+ 0? —2pcos(B— 6) 


If h = 0, the solution of the problem reduces to 


1 20 1—p" 
0.)= >. f T+ p* — 2pcos(p— a! PP 


which is the Poisson’s Integral Formula. 
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Theorem 7.3: (Solution of Dirichlet problem using the Helmholtz operator) 


Show that the Green's function method can be used to solve the Dirichlet problem 
for the Helmholtz operator: 


Vutavu=h inR (7.77) 
u=f onC (7.78) 
where R is a circular region of unit radius with boundary C. 


Proof 


The Green’s function must satisfy the Helmholtz equation in the following form 
VG+iV7G=SE—x,n-y) inR 
G=0 onR (7.79) 


We seek the solution in the following form 


G&, n;X,)) = gn, 13X,¥) au gp(E; 1; X,Y) 


such that (V?+A7)g, = 0 (7.80) 
and (V*+A7)g, = 6(& —x,n—y) (7.81) 


The solution of equation (7.81) yields equation (7.63) 


1 
8p = q tor) (7.82) 


where 
r=([-x +(9-yYP? 


The solution for equation (7.80) can be determined by the method of separation of 
variables. Thus, the solution in polar coordinates as given below 


x = pcosé —é=ocosp 
y=psing n=osinB 


may be written in the form 


gi(p,9;0,B) =) Jn(Ao)[ay cos nB + by sin nB] (7.83) 
n=0 
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But on the boundary C, 


Sh + Sp =9 
Therefore, 
8h = —8p = —Yo(Ar) 
where r = [p? + 0° — 2po cos(f — @)|2 
and ato = 1, r= [1+ p2 —2pcos(p —6)]? 


Thus, on the boundary (o = 1), these two solutions yield 


— 7 Yo(ir) = 2 Jnl cos nB + by sin nB] 


which is a Fourier expansion. The Fourier coefficients are obtained as 


1 IU 
=~ | [ay/i ape = 2p00s(8 0) |p 


1 8 


1 8 
F : 
by = ~ Fah) [. Yo [ay/i + p* — 2p cos (6 — a] sin nbd B 
nw=:1,2,352%. 


From the Green’s theorem, we have 


[foo +°*)u — u(V? +. 27)G}dS = / {o (=) —u (=) \as 
R C on on 


But we know (V? +47)G =6(€ —x,n —y), and G=0 on C, and (V7 + A7)u=A. 
Therefore, 


aG 
uesy) = ff Me mGG.mxydedn+ | £6. as 
R c n 
where G is given by 


G(E,3x,¥) = Sp + Bh 


4%) + Yo In(QQo){ay cos nB + by sin nB} 


n=0 


SYMMETRIC KERNELS AND ORTHOGONAL SYSTEMS OF Functions 219 
7.3.5 To obtain Green’s function by the method of images 


The Green’s function can be obtained by using the method of images. This method 
is based essentially on the construction of Green’s function for a finite domain. 
This method is restricted in the sense that it can be applied only to certain class of 
problems with simple boundary geometry. 

Let us consider the Dirichlet problem to illustrate this method. 

Let P(&, 7) be the field point in the circle R, and let O(x, y) be the source point 
also in R. The distance between P and Q is r = \/o? + p? — 2p0 cos (B — 8). Let O’ 
be the image which lies outside of R on the same ray from the origin opposite to 
the source point O as shown in Figure 7.4 such that 


(0Q\(0Q') = 0° 
where o is the radius of the circle through the point P centered at the origin. 
Since the two triangles OPQ and OPQ’ are similar by virtue of the hypothesis 
(OO)(OO’) = o? and by possessing the common angle at O, we have 


_—— (7.84) 


where r’ = PQ’ and p= OO. If co = 1, then equation (7.84) becomes 


rl 
——=1. 
r'p 
Then taking the logarithm of both sides with a multiple of + , we obtain 
zIn() =0 
20 r'p 
A 
unit circle 
= 
0 


Figure 7.4: A unit circle with an image point. 
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or xe lInr— x In’ + 2 Ind =0 (7.85) 


This equation signifies that an In (5) is harmonic in R except at Q and satisfies the 
Laplace’s equation 


VG = SE —x,n-y) (7.86) 


Note that In7’ is harmonic everywhere except at QO’, which is outside the domain 
R. This suggests that we can choose the Green’s function as 


G= x lnr— pln’ + Hind (7.87) 


Given that Q’ is at Gi 8), G in polar coordinates takes the form 


G(p, 0;.0, B) = x In(o* + p” — 2p0 cos (B — 6)) 


4 in(4 +p? — % cos(p—6)) + kind (7.88) 


which is the same as before. 


Remark 


Note that in the Green’s function expression in equation (7.87) or equation (7.88), 
the first term represents the potential due to a unit line charge at the source point, 
whereas the second term represents the potential due to negative unit charge at the 
image point and the third term represents a uniform potential. The sum of these 
potentials makes up the potential field. 

Example 7.7 


Find the solution of the following boundary value problem by the method of images: 
Veu=h inn>0 
u=f onn=0 


Solution 


The image point should be obvious by inspection. Thus, if we construct 


G= 4 InfE—x) + (n—yY] - ge ME -2 + 497] (7.89) 
the condition that G=0 on 7 = 0 is clearly satisfied. Also G satisfies 


V°G = SE —x,n-y) 
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and with we lc=[- F ]y=0> the solution is given by 


0G 
W,3)= / [ G(x,y;& nh(é, n)dédn + ih pods 


_y f®  f®dé 1 se re cee 
=2f otal eases: 


x h(&, n)d&dn 


7.3.6 Method of eigenfunctions 


Green’s function can also be obtained by applying the method of eigenfunctions. 
We consider the boundary value problem 


Veu=h inR 
u=f onc (7.90) 
The Green’s function must satisfy 
VG = S(E—x,n—y) inR 
G=0 on C (7.91) 
and hence the associated eigenvalue problem is 
V-o+irP=0 inR 
¢g¢=0 onc (7.92) 


Let @mn be the eigenfunctions and ,,, be the corresponding eigenvalues. We then 
expand G and 4 in terms of the eigenfunctions dm, 


GEN x.) = Y> YS anna.) OE. 0) (7.93) 
5,03 xY) = D2 Yo ban(x,y)bmn(Es0) (7.94) 
where 
1 


mn 


~ Wb lle 8(§, 05 x, mn(&, n)déEd 
mg II (E05 x,y) bmn, ndédn 
, Pmn(X,Y) 


=a. 7.95 
[bmn I? ae 
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in which ||¢mnll? = [fp Pandédn. Now, substituting equations (7.93) and (7.94) 
into equation (7.91) and using the relation from equation (7.92), 


V-bmn + Amn®mn =0 


we obtain 


= > bx AmnAmn(XsV)Pmnl(E, 1) = > » aaa 


Therefore, we have 


—mn(X,¥) 
=~, 7.96 
Fas Oli ye 
Thus, the Green’s function is given by 
: $mn(X,V)Omn(E, n) 
G(é,n3x,y) = — ss Ss = Foallbaalee (7.97) 
m n 


We shall demonstrate this method by the following example. 

Example 7.8 

Find the Green’s function for the following boundary value problem 
Veu=h inR 


u=0O onC 


Solution 


The eigenfunction can be obtained explicitly by the method of separation of 
variables. 
We assume a solution in the form 


$(&,n) = X(§)¥(n) 

Substitution of this into V>@ +¢=0 in R and ¢=0 on C, yields 
X"+e?X =0 
Y"+(A—o7)¥ =0 


where a is a separation constant. With the homogeneous boundary conditions 


X(0)=X(a)=0 and Y(0)= Y(6)=0,X and Y are found to be 


Xm(&) = Am sin ™* and Y,(n) = B, sin 


a 
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We then have 
2 2 :. 
inn = 17 (4 + a) with a=“ 
Thus, the eigenfunctions are given by 


mn(§,) = sin mas sin a 


Hence 
a pb 
; 9 nt 
lldmnll2 = / sine gin leas 
0 JO a b 
ab 
~ "4h 


so that the Green’s function can be obtained as 


4ab —< sin 2 sin. 5 
G 31%, Sa ae 4 2 
& UT] y) 2 dX dX (m2b2 + an?) 


+ nin 
sin B 


s NT 
sin a 


7.4 Green’s function in three-dimensions 


Since most of the problems encountered in the physical sciences are in three- 
dimension, we can extend the Green’s function to three or more dimensions. Let us 
extend our definition of Green’s function in three-dimensions. 

Consider the Dirichlet problem involving Laplace operator. The Green’s func- 
tion satisfies the following: 


(i) VG=8e-hy—nz—0) in | G58) 
G = 0 on S. 
(ii) G(x, y,25§,, 6) = G(E, 0, 65x, y,2Z) (7.99) 
= . og 
(ili) lim / / ds =1 (7.100) 
e>0 Se on 


where n is the outward normal to the surface 
Se: @—£P +Q—nY +@-SP =e 
Proceeding as in the two-dimensional case, the solution of Dirichlet problem 
V-p=h inR 


¢ =f ons 


(7.101) 
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is u(x, y,z) = / / [ GhdR + / i, fGndS (7.102) 


To obtain the Green’s function, we let the Green’s function to have two parts as 


G(E,, 65,952) = gn, 65X,¥.Z) + gpl&,, 65%, y,Z) 


where Vg, =S(x—éy—n,z—C) inR 
and V’g,=0 onS 


G=0, ie. g,=—g, onS 


Example 7.9 


Obtain the Green’s function for the Laplace’s equation in the spherical domain. 


Solution 


Within the spherical domain with radius a, we consider 
WG = &§ —x,n—y,6—2) 


which means 
V7 gn = O(§ —x,n —y,6—2) 
and 
Vg, =0 
For 
= 2 2 243 
r=(§—xr+@—y)- + —2))? +0 


with (x,y,z) as the origin, we have 


ld dgh 
Vg, = = —(r’—-) =0 
Bh 72 Or (- et) 


Integration then yields 
Lr = A + B for r> 0 


Applying the condition (111), we obtain 


lim i i) GndS = lim / / (gn)-dS = 1 
é>0 Se e>0 Se 
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from which we obtain B = — + and A is arbitrary. If we set A = 0 for convenience 
(this is the boundedness condition at infinity), we have 


To obtain the complete Green’s functions, we need to find the solution for g,. If we 
draw a three-dimensional diagram analogous to the two-dimensional as depicted in 
the last section, we will have a similar relation 


f= (7.103) 


where r’ and ¢ are measured in three-dimensional space. 
Thus, we have 


(2) 


Arr’ 


&p = 
and hence 
| a 


oe 7.104 
i Aor © Arr’ ( ) 


which is harmonic everywhere in r except at the source point, and is zero on the 
surface S. In terms of spherical coordinates: 


E=tTcosysina x=pcosPsing 
n=tsinwsina y=psingsind 
$¢=Tcosa z=pcosd 


G can be written in the form 


| 1 
G= ae - (7.105) 
4n(t? + p?—2ptcosy)? 4n(— + a* — 2tpcosy)? 
where y is the angle between r and r’. 
Now differentiating G, we have 
B 7 a’ + p* 
Ot Jeg Amra(a2 + p2 — 2ap cos y)? 
Thus, the Dirichlet problem for h = 0 is 
Die 8D) 2x pt : dad 
u(x, y,Z) = aa — 9) / Tew ysinadedy ; (7.106) 
An v=0Ja=0 (a? + p? — 2apcos y)2 


where cosy= cosacos@+ sinasinOcos(w—®@). This integral is called the 
three-dimensional Poisson integral formula. 
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7.4.1 Green’s function in 3D for physical problems 


It is known, concerning the distribution of singularities in a flow field, that it is 
possible for certain bodies to be represented by combinations of sources and sinks 
and doublets. The combination of these singularities on the surrounding fluid may 
be used to represent complex body structures. We may think of a particular body as 
being composed of a continuous distribution of singularities: such singularities on 
the body surface will enable us to evaluate the velocity potential ¢ on that surface. 

To deduce the appropriate formula, we consider two solutions of Laplace’s 
equation in a volume V of fluid bounded by a closed surface S. Consider two 
potentials ¢ and y such that @ and y satisfy Laplace’s equation in the following 
manner: 


Vo =0 (7.107) 

and 
Vp = 8¢ — 7) = 5 — Ey — 9,24), (7.108) 
where (x,y,z) is a regular potential of the problem and w(x, y,z;&,7,¢) is the 
source potential which has a singularity at 7 =7o. Here, 5 is a Dirac delta function 


defined as 


0 whenr 479 


d(F — ro) = Sos 
oo whenr=ro 


The source point ro =(&, 7, ¢) is situated at the body surface or inside the body. 
The point 7 = (x,y,z) can be regarded as the field point. There are three cases to 
investigate. 


Case I 


The field point (x,y,z) lies outside the body of surface area S and volume V 
(see Figure 7.5 ). 


e (x,y,Z) 


Figure 7.5: An arbitrary body surface. 
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By applying Green’s theorem, 


II ow - ve elas = If V(dVW) — WVo)aV 


22 / / [ [OV2u + (VONTW) — V6 — (WHTo)]aV 
~0 (7.109) 


Case II 


The field point(x, y,z) lies inside the body of surface area S and volume V (see 
Figure 7.6). In this case 


/ [ Jom - wo] as - i II [Vy — yV2g]dV 
= i; / | @v?wav 


= i "(be n.2)808 — By — m2 — OV 
= $n.) (7.110) 


Now, changing the roles of (x, y,z) and (&, 7, ¢), we obtain from equation (7.110) 
ay 
G(x, y,Z) = I o&, ", S)a 22355 UB f) 


— W(x, y, 25, noe ee, n, oa (7.111) 


Referring to Figure 7.7 note that in (a) the point is interior to S, surrounded by 
a small spherical surface S,; (b) the field point is on the boundary surface S and S; 
is a hemisphere. 


Figure 7.6: Surface integration for Green’s theorem. 
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Figure 7.7: Singular points of surface integration for Green’s theorem (inside and on the 
boundary). 


Case III 


The field point (x,y,z) lies on the body surface S' within the volume /. 
Referring to the work of Newman [11] on this subject, we may write: 


Il ome 2 as = fff P(X,Y,2)5(X — &¥ — 1,2 — pdV = 506.00), 


Changing the roles of (x, y,z) and (&, 7, €), we obtain 


d P 
OX Y,Z) = 2 | [toe Ns OMG y.258 {j= VOY. ZE MOE, n, $)|dS 
(7.112) 


Alternative method of deducing cases II and HI 


Consider the source potential 


=4= 1s) +o ay +(2-977? 


where the field point (x,y,z) is well inside the body S. Then with reference to 
Figure 7.7, Green’s divergence theorem yields 


[he(0%-¥3)-* 


where S, is a sphere of radius r. It follows that 
a a a a) 
[[ (oe as =- [ (oS - vas 
S on S. on on 
1 a1 106 1 01 106 
= dS = oem 
=I (eas =) P all lea: 4 
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Now using the concept of an outward normal, n, from the fluid, 


01 01 1 
a = 52 


énr orreor 


The right-hand side integral becomes 


eal) a al Pal 
An J Js. (0 an \r r on An J Js, r? An J Js. r \an 


1 
ae 
r Se 


An 


1 1 (a 
ale Ihe 


ap ROSY 2) arr?) d - (=) (4zr?) 
Se 


4n 2 4a r \ dn 


) 
= (x,y,z) — ($). r. 


Thus, when r > 0, (2). r—>0. 


Combining these results, we have 


antl a1 lad 


This is valid when the field point (x, y, z) is inside S. The velocity potential (x, y, z) 
at a point inside a boundary surface S, can be written as (see Figure 7.8) 


_ 1 ffl (a I a (1 
oonya= ze ff > (2) as x fon (5)as 


We know that the velocity potential due to a distribution of sources of strength 


m over a surface S is 
m 
—ds, 
sr 


and of a distribution of doublets of moments jz, the axes of which point inward 
along the normals to S, is 
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109) 


Se 


Figure 7.8: Singular point inside the surface integration. 


Figure 7.9: Singular point on the boundary of the surface. 


Thus, the velocity potential @ at a point (x,y,z), as given above, is the same as if 
the motion in the region bounded by the surface S' due to a distribution over S of 
simple sources, of density (Ay) per unit area, together with a distribution of 
doublets, with axes pointing inwards along the normals to the surfaces, of density 
(£) per unit area. When the field point (x, y, z) is on S, as shown in Figure 7.9, the 


surface S, is a hemisphere of surface area 2m. 
When ¢ > 0, ffs. ¢ dS = 27(x, y,z), then 


1 a1 A gla 
oo.2)=—5 ff Cee s 


Summary 


Thus, summarizing all these results, we obtain 
(i) When the point (x, y, z) lies outside S, then 


a1 1dp\ 


(11) When the point (x, y, z) lies inside S, then 


1 a1 1a 
dteyn2)=—7- ff (57 - 2 as. 
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(111) When the point (x,y,z) lies on the boundary S, then 


a 1 01 1 0g 
(Xx, y,2) = Sige a (on = oa 


where ¢ is known as the velocity potential of the problem. 

Note that the last equation is frequently used for obtaining the velocity potential 
due to the motion of a ship’s hull. The normal velocity, % is known on the body, so 
that the last equation is an integral equation for determining the unknown potential; 
this may be done by numerical integration. 

In many practical problems, however, the body may move in a fluid bounded 
by other boundaries, such as the free surface, the fluid bottom, or possibly lateral 
boundaries such as canal walls. 

In this context, we use Green’s function 


Gx, y,256, 0 =F +H(y,580,0> (7.113) 


where 
WH = Sx —& y—0,2-9) (7.114) 


Green’s function, defined above, can be stated as 


0 
II (0 = oe as = 4 —27(x, y,Z) (7.115) 
S 


on an 
—4no(x,y,2) 


for (x, y,z) outside, on, or inside the closed surface S, respectively. 
If a function H can be found with the property that ie = 0 on the boundary 


surfaces of the fluid, then equation (7.106) may be rewritten as 
0 
ap 
II G(x, y,Z3 é, 1), ja 6 ”, o)dS = 21(x, y,Z) (7.116) 
A(x, y,Z) 


for (x,y,z) outside, on, or inside the closed surface S, respectively. Here, 
@ CE, n, €) = O(&, n, C) is defined to be the unknown source density (strength) and 
has to be evaluated by numerical methods from the above integral. Once the source 
density is known, the field potential (x, y, z) can be easily obtained. 


7.4.2 Application: hydrodynamic pressure forces 
One of the main purposes for studying the fluid motion past a body is to predict the 


wave forces and moments acting on the body due to the hydrodynamic pressure of 
the fluid. 
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The wave forces and moments can be calculated using the following formulae: 


F= If, (PidS) (7.117) 
M= i [ P(FXn)dS, (7.118) 


where Sz is the body of the structure and 7 is the unit normal vector, which is 
positive when pointing out of the fluid volume. 
From Bernoulli’s equation, we know that 


2p OR geass 
P= | +30 +e], (7.119) 


where ae is the transient pressure, (Voy the dynamic pressure, and gz the static 
pressure. Then using equation (7.110) with equations (7.108) and (7.109), we obtain 


Pa -o ff E + 1 vo)? +22] ndS (7.120) 
Sp ot 2 

= | 2 ee 

M = -o ff E + ~(V¢) +s2| (FXn)dS (7.121) 
Sp ot 2 


In the following section, we shall deduce Green’s function which is needed 
in the evaluation of the velocity potential from the integral equation (7.107). The 
solution is mainly due to Wehausen and Laitone [17]. 


7.4.3 Derivation of Green’s function 


We will obtain Green’s function solution (singular solution) for the cases of infinite 
depth and of finite depth. Mathematical solutions will be first obtained for the 
infinite depth case, and then extended to the case of finite depth. 


Case I: Infinite depth 
Consider Green’s function of the form 
G(x, y, 2&0, 6,0) = Re{g(x,y,2;&,n, De"), (7.122) 


where Re stands for the real part of the complex function, and ¢ is a complex 
function which can be defined as 


&(x, 9,25 & 0, 5) = g1(0,y,25 0, 6) + igo, y,25 0, ) (7.123) 
Here, gi and go are real functions. Thus, 


G(x, y, 23, n, 6,0) = gi cosot + go sinot (7.124) 
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G satisfies Laplace’s equation except at the point (&, 7, ¢), where 


YG #G &G 
VGS at pet age = ym) (7.125) 


From the above, the equations and conditions to be satisfied by g; and g> are as 
follows: 


V2) = 8(4,y,258,1,0), Var = 6%, y,.7580,0) (7.126) 


The linear surface boundary condition given by 


eG  aG 
ra +8 =0, forz <0, (7.127) 
yields to 
a é a 
eee) ce ae) atz= (7.128) 
oz g oz g 


The bottom boundary conditions for the infinite depth case are 
lm Vg,=0, lim Vg =0. (7.129) 
Z>—-C Z>—-C 
The radiation condition can be stated as 


ae 
lim JR (3 a ité) =i (7.130) 


R>0oo 


which yields 


a a 
lim JR ( ne ke2) =0, lim VR (2 = kz) = 0. (7.131) 


R>0o oR eo 


Here, k is the wavenumber and R is the radial distance in the x—y-plane and is given 
by R? =(x-€ + (y— ny. 

We shall now assume a solution of G, as given in equation (7.115) to be in the 
following form: 


G= (+ + g0) cos ot + g2 sinot 


= ! cosot + go cosot + g» sinot, (7.132) 


r 


where r? = (x —& + (y—n)? +(¢— 6)’, and gi =! +g -0. 
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Denoting the double Fourier transform in x and y of g by g* as 
1 CO ft ; : 
8(x,¥,2587, 6) = — "(0258.9 et mere adh. (7.133) 
8X, 2x Jo g& 
—H 
we then can write 
1 oo prt ; . 
0(%,95258 1,0) = 5(k, 0,25 & n, Che S47" Ddodk, (7.134) 
SOX, 2x Jo 80 
= 
and 
1 co ft , : 
2(x,¥.25 80,0) = $(k, 0,238, n, che oosetysin Vaedk, (7.135) 
821% 2x Jo §2 
cat | 


Note that functions gp and gz happen to be regular functions of x,y,z, and 
satisfy Laplace’s equation. 


Applying the double Fourier transform in x and y of go yields 


1 oo ft a°g* ; ; 
=| if 0 k’ gt elke cosO+y sin 9) yo qp =0, 
2n Jo Ja \ O22 


and consequently, we obtain 


ag* 
er: — k’gt =0. (7.136) 
Solving equation (7.127) we get 
ge = A(k, Oe” + Bk, O)eW™. (7.137) 


Since gq must be bounded as z + —oo, then B= 0, and the solution becomes 


gi = A(k, de” (7.138) 
We know that 
1 1 6° 7 . 
= i i ell etxcoserysme) 76 aK: (7.139) 
Vxer+y24+22 2a Jo Ion 
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Extending this result, we obtain 


1 1 
r J@- 8 +0- nF +E - 


1 CO fh : ; 
= =| / e k\z 6 oik((x E) cos 0-+(y n)sin ®™) 1odk 
—1 


1 OO! LE F : 
oS Ao / i e Fle o—ik(E cos d+ sin 0) 
20 0 —1 


x elk cos 0+y sin 9%) dodk 
1 oe) o1 4 1 ae ; 
sat / i =) eiktreose+ysin agag (7.140) 
20 0 —nr \l ; 


(fy = e FlZ-Sl gp iK(E cos 0+ sin) (7.141) 


r 


where 


Taking the double Fourier transform of the surface boundary condition, equation 
(7.119) yields 


* * 2 2K 
{= (>) e (s+ (<) )=0 at z=0 (7.142) 
oz r g r 


Rearranging the terms yields 


do* 2 2 1 * 
lee («+ =~) (=) at z=0 (7.143) 
g g/\r 


From equation (7.134) and the boundary condition, i.e. equation (7.129), we have 


2 
Ak, 6) = EO IE oh g- ikl cos o-+nsind) (7.144) 
k —o07/g 
Therefore, 
gr = = . + ole, Ke+b) 5 —ik(E cos 6+n sin 0) (7.145) 
05 1B 


Inverting this function gives 


k 
a ~[- i aes k(z+¢) elk &) cos 0+(y n)sin®) dk. (7.146) 
Qn -1 k—o*/g 


236 INTEGRAL EQUATIONS AND THEIR APPLICATIONS 


If we define x = uv, then the potential g; may be written as 
B1%,¥52) = 7 + SOR,Y>2) 
=-+5P ie i K+ YU Keto) 
_,zk—v 
x eik((x—§) cos O-+(y—n) sin ®) 16dk (7.147) 


This may be written as 


oo pm ok(z-+é) 
Be eee ee i: / cee elk) 08 6-+(9—n) sin ®) agg 
ma, r r\ ma 0 —n1 


—vU 
(7.148) 
where 


r= Ve 82 +—nP +E + EP 


Here, PV. stands for the Cauchy principal value. Note that g; satisfies all the given 
boundary conditions except the radiation condition. To satisfy the radiation condi- 
tion, we need the asymptotic expansion of g;. The solution, i.e. equation (7.148) 
may be written in the form 


1 1. 4 a here) 
£i1%,y,z)=-+—+—P | / cos(kRcos@)d0dk, (7.149) 
r r\ Iv 0 ) k-v 


where R= /(x—&?+(y—7n)?. But cos@=A and —sinéd6@=di, which on 
substitution into equation (7.149) yields 


1 okE+D) cog (ERA 
Bi(%,952) = = + “ex f° fs a aa (7.150) 


We know that 


2 cos (ARA) 
ere 


k 
= Fah = Jo(kR), 


and hence 


co pk(z+¢) 


1 1 
giGiyz) = + + 2aRK fo — Jo(kRk 
roory 0 


1 00 
= 2 4Py / AF YU E+ J (kR)dk. (7.151) 
r 0 k SU. 
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To determine the asymptotic form of g1, when R goes to infinity, we will use 
the following Fourier integrals: 


i, Pg READ goed O (5) 
a xX — XO R 


. (7.152) 
PV. / f(x) co Re) ee 6 (=) 
a — XO 


for a <x < 00. We know that when R > oo 


1 1 1 1 
FO ana) 
r R Tr R 


4u oe ae | ek(e+s) 
21(%,y,Z) = ex. | / —— _ .—— .. 
1 0 Jo V1-A2 k-v 


[cos (RAv) cos RA(k — v) — sin (Rav) sin RA(k — v)|dadk + O (}) 
Using the formulas (7.152), this equation can be reduced to 


and 


in (rAv) 
x,V,Z) = —4re¥Et) ig Sh0.+0(5 . 


which subsequently (see Rahman [13]) can be reduced to the following 
very {2g 
gi(x,y,z) = —2rve —_ sin (Ru = =) +0 (7.153) 
mRv 4 


From the radiation conditions, we can at once predict the asymptotic form of 
g2(x,y,2Z), which is 


2 
g2(2,y42) = 2ver*9),| —— cos (Ru = ) +0 (5 ). (7.154) 


Thus, the asymptotic form of G= g; cos ot + g2 sinot is 


/ 2 
—InverEt), | *~— sin (Rv —ot— =) +0 (5 y 
mwRv 


7 (7.155) 


It can be easily verified that g; has the same asymptotic behaviour as 
—2nve"t) Yo(Rv), 


and therefore the function go(x, y, z) will be 


g2 = 2nve"™t) Jy(Rv) (7.156) 


238 INTEGRAL EQUATIONS AND THEIR APPLICATIONS 
which satisfies all the required conditions. Here, Jo(Rvu) and Yo(Rv) are the Bessel 


functions of the first and second kind, respectively. 
Combining all these results, the final real solution form of G is 


1 kt 
GX Y, 238.150) = E +PY [ Pete Jt cos at 


+ 2mve’F*) Jo(uR) sin ot. (7.157) 
The complex form is 
&=21 + igo 


1 Oo: 
= E + PV i; poet say | 
r 0 k ou, 


+ i2nve'?*) Jo(ur) (7.158) 


Case II: Finite depth case 


Consider Green’s function of the form 
G = Re{ge~'"} = 2; cosot + go sinot, (7.159) 


where 
gi=ititgox.y,2) 
and 
= (x8 + (y— P+ E+ 2+ YP 


The function g; satisfies Laplace’s equation 
V*gi = 0, 
and therefore 
V?(t+44g0) =0 
We can easily verify that 


v*(1)=0 and V? (4) =0 
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Therefore, 
V9 =0 (7.160) 


Applying the double Fourier transform 


1% ft 
20(x,¥,Z) = oe / / gi (k, 0, zeke cos +9 8in 9) od 
JO IE 


to Laplace’s equation (7.160), we obtain 


yd * 
= — ket =0, (7.161) 
the solution of which can be written as 
gi = Ae™ + Be“™, (7.162) 


The constants A and B must be evaluated using the bottom boundary conditions 
and the free surface boundary condition. 
The bottom boundary condition is given by 


a 
ONG = est) (7.163) 
Oz 


Thus, 


if we choose 
r= (x -—€P +(—nP + +24 6" 


Thus, the bottom boundary condition to be satisfied by go is 


a 
Pee ENG ae eh (7.164) 
az 


The double Fourier transform of equation (7.164) yields 


dg5 
Oz 


=0 atz=-h (7.165) 
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Using this condition in the solution (7.162), we obtain B = Ae~?"" and hence 


ge = Ae ket) 4 e“kKE+) — C cosh k(z + h) 


(7.166) 


where C = 24e~ a redefined constant. To evaluate C, we have to satisfy the free 


surface condition 
a 
cue =0 atz=0, 
Oz 


that is 


af1 1 Lk. 4 
+—+g0 v +—+g)])=0 atz=0. 
oz \r re ror 
Taking the double Fourier transform of equation (7.167), we obtain 


dg5 1 1\* 
8 — ogg =k +) (7 + =) atz = 0. 
Zz ron 


Using this condition in equation (7.166), we obtain 


jie k+uv ae * = 
ae ry en ee ee 


We know that 


1)* _ (—k|z—¢| ,—ik(€ cos 6+7 sin 0) 
() 1G £ 


and 


(4) = po klz+2h+E] ,—ik(E cos 0-+n sin 6) 


Hence, at z=0 


1)* _ pk& ,—ik(& cos 6+n sin 6) 
(;) re € 


and 


(4) x _ eS ep 2kh g—ikE cos@7n sin 9) 


Therefore, 


(y+ (2) =. Kh okht!) 4g Kh+i)\6 ik(E cos 0+7 sin 0) 


"2 


= Qe hh cosh k(h a pe ME costa sin) 


(7.167) 


(7.168) 


(7.169) 
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Substituting this into equation (7.166) yields 


— 26K + v) cosh k(h a5 g) ek cos 0+ sin 0) (7.170) 
k sinh kh — ucosh kh : 
and consequently 
“ _ Wk zi vye*h cosh k(h + c) cosh k(z + h) oa ik(E cosO-+n sin 0) (7.171) 
: k sinh kh — vcosh kh 
Inverting this expression, we can write the g; solution as 
i ae 2 i ia 2k + vje™ cosh k(h + £) 
ge=-+—-4+— 
r 2m Jo Jeg  Asinhkh — vcoshkh 
x cosh k(z + hye #(@—$) cos 0-+(y—n) sin ) gag (7.172) 
which can subsequently be written as 
1 1 © 2(k + v)e cosh k(h + €) cosh k(z + 6) 
=-+— Jo(kR)dk 
=) += +f k sinh kh — v cosh kh os) 


To satisfy the radiation condition we must first obtain the asymptotic expansion 
(R > oc) for g}. 
Consider the integral 


te he ie 2(k + ve cosh k(h + €) cosh k(z + h) 
aes ae Ae k sinh kh — v cosh kh 
x eiM(O-€) cos 0+(y—n) sin 9) dodk 
Since x —&=Rcosé and y— n= Rsin 64, then 
R=(x—&)cos64+(y—7n)siné 


= @-82 +=». 


Also 


elka-8) cos6+(y—n) sin@) __ elkk cos (8—6) 


a Ela 
and hence f elkReos OS gg — 4 / * cos (KR cos 0)d@ 
—1 0 


1 
-4/ cos (Ard) 5. 
0 1—22 


= 2nJy(kR), 
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where 
2p AR 
so(key = = fa 
aJo V1—22 
Thus, 
2 ft] £% 2k + vje™ cosh k(z + 6) cosh k(h + £) 
re oat |g pee) 
—mo 
1 cosh a) 
x dk |da, 
V1 —22 ( k—mo 
where 


cos (KRA) = cos (ARmo) cos AR(k — mo) — sin (ARmo) sin AR(k — mo). 
Using the Fourier integrals in the form, i.e. equation (7.152) gives 


_ —4(mo + ve" cosh mo(z + £) cosh mo(h + £) 


80 = i (kK sinh kh—v cosh kh) 
IMR—>mo ——___k=mp 


' sin (RAmo) (;) 
x | —__~da+o[—}, 
I V1 — 22 R 


where mo is a root of mph tanh moh = vh. Now, 


.  ksinhkh — vcoshkh 
lim 
k>mo k- mo 


= lim [kh cosh kh + sinh kh — vh sinh kh] 
—>mo 


= mohcosh moh + sinh moh — vh sinh moh 
vh cosh? moh + sinh? moh — vh sinh? moh 
sinh moh 


vh + sinh? moh 
sinh moh 


Therefore, the asymptotic behaviour of go(x, y,z) as R > 00 is 


4(mo + v) cosh mo(z + £) cosh mo(h + £) sinh moh 
vh + sinh? moh 


sin (RAmo) ( *) 
x | — da + O( = 
I Vv1—22 R 


§0 = 
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However, the asymptotic behaviour of the integral term is given by 


' sinh (AR 2 Z 
[ sinh ( mo) 4 a an (Ring = =) +O (=) (7.173) 
; R 


Jl-m o2V aRmo 4 
Thus, 
2n(mo + v)e~”" sinh moh cosh mo(z + £) cosh mo(h + ©) 
§0 = 


vh + sinh? moh 


2 1 
ae ui 174 
x [sin (Rm - +0(3) (7.174) 


Now, using the radiation condition 


a 
VR E Es masa =0, asR>o, (7.175) 


we obtain 


_ 2x(m9 + v)e~”"0" sinh moh cosh mo(z + 6) cosh mo(h + 6) 
cae vh + sinh? moh 


1 Tv 1 
x, | nok cos (Rig - =) +O (=) : 


It can be easily verified that the function 


2n(moh)e~”" sinh moh cosh mo(z + £) cosh mo(h + 6) 
$2 


Jo(moR 7.176 
vh + sinh? moh ndeak) 2k ) 


will satisfy all the required boundary conditions including Laplace’s equation. 
Thus, combining these results, the final form of the velocity potential G may be 
expressed as 


© 2k + v)e cosh k(h + £) 
k sinh kh — vcosh kh 

x cosh k(z + h) Jo(kR)dk] cos ot 

ai 2n(mo + v)e~”" sinh moh cosh mo(h + 6) 


vh + sinh? moh 
x cosh mo(z + h)Jo(mpR) sin ot, (7.177) 


1 1 
G(x, y,2;&,n, ¢,t) = E rp +Rv f 


where 
Pe) 
mo tanh mph = v= —. 
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The above results are due to Wehausen and Laitone [17]. John [7] has derived 
the following Green’s function in terms of the infinite series: 


2 2 
vu — mM 


hy — hv? + v 
x cosh mo(h + ee cos ot — Jo(moR) sin of] 


G(x, y,Z; &, ”, g, t) = 20 cosh mo(z + h) 
+4 ae + h)coshm,z(h + 
2 Ss tee ae my(z + h) cosh mi(h + &) 


x ane cos of, (7.178) 


where mz, k > 0 are the positive real roots of m tan mh + v=0, and Ko(m;R) is the 
modified Bessel function of second kind of zeroth-order. 

7.5 Numerical formulation 

Green’s function provides an elegant mathematical tool to obtain the wave loadings 
on arbitrarily shaped structures. We know that the total complex velocity potential 


(x, y, Z, t), in diffraction theory, may be expressed as the sum of an incident wave 
potential ¢; and a scattered potential ¢s in the following manner: 


D(x, y,z, 1) = Re{o(x,y,z)e '}, (7.179) 


where ® is the real velocity potential, (x,y,z) the complex potential, and o the 
oscillatory frequency of the harmonic motion of the structure. Thus, 


o=¢1+ 6s (7.180) 


The complex potentials should satisfy the following conditions: 


Vo =0 in the fluid interior 
= —vd=0 on the free surface 
a a 
“ =— s on the fixed structures (7.181) 
oe a as = on the sea bottom 
limp+oo VR a(S - its) =0 at far field 


R is the horizontal polar radius. 
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Hydrodynamic pressure from the linearized Bernoulli equation is 


P=—p (¥) = pRe[iog] = pRe[io(gi + $s)] (7.182) 


The force and moment acting on the body may be calculated from the formulae 


F= - | | Pias (7.183) 
Ss 


M=- / yp P(FXn)dS (7.184) 


In evaluating the wave loading on the submerged structures, we first need to find 
the scattered potentials, @s, which may be represented as being due to a continuous 
distribution of point wave sources over the immersed body surface. As indicated 
earlier, a solution for ds at the point (x, y,z) may be expressed as: 


1 
bsey2) = i [ OlE.n, £)G(x.y5258, ns OS (7.185) 


The integral is over all points (&, 7, ¢) lying on the surface of the structure, O(, n, ¢) 
is the source strength distribution function, and dS is the differential area on the 
immersed body surface. Here, G(x, y, 2; &, 7, €) is a complex Green’s function of a 
wave source of unit strength located at the point (&, 7, ¢). 

Such a Green’s function, originally developed by John [7] and subsequently 
extended by Wehausen and Laitone [17], was illustrated in the previous section. 

The complex form of G may be expressed either in integral form or in infinite 
series form. 

The integral form of G is as follows: 


1 1 
G(x, y, 25 &, UB g) = r ok 1 


oo —kh 
+: PV / 2(k + v)e—™ cosh (k(¢ + h)) cosh (A(z + »)) ro(KR)dk mae 
0 


k sinh kh — vcoshkh 
. (mo + ve” sinh moh cosh mo(h + £) cosh mo(z + h) 
vh + sinh? moh 


Jo(moR) (7.186) 


Since 


—moh 


e sinh moh mo — Vv 


vh + sinh? moh . (mz — v2)h+v" 


(7.187) 
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then equation (7.186) may be expressed as 


1 1 
G(x, y,Z; 55 UB g) = y F ry 


© 2k + v)e™ cosh (k(¢ + A)) cosh (k(z + h)) 
Pr kR)dk 
pas if k sinh kh — vcosh kh JOG 
m2 — v2 


j h +h h + hyj R). 7.188 
ye OE in :, a8) 


The second form of Green’s function involves a series representation 
2 2 


Uu—-m 
G 952565 > = 21 —.—___"°\—_ cosh +h 
(x,y,23&, 0, 5) CaaS mo(z + h) 


(me t+ v*) 
x cosh no(h + ¢)[Yo(moR) — iJo(moR)] + 4 2X Gs ra 
x cos mpz(z + h) cos m;(h + 6)Ko(m;R), (7.189) 
for which mz, k > 0 are the positive real roots of 
mtanmh+v=0 (7.190) 


We must find O(€, n, ¢), the source density distribution function. This function 
must satisfy the third condition of equation (7.181), which applies at the body 
surface. The component of fluid velocity normal to the body surface must be equal 
to that of the structure itself, and may be expressed in terms of ds. Thus, following 
the treatment illustrated by Kellog [8], the normal derivative of the potential @s in 
equation (7.185) assumes the following form: 


dG a 
—2nO(x,y,2) + I 0, , C)a W258 , o)dS = a SON gy 2) x Ar 
Ss n on 
(7.191) 


This equation is known as Fredholm’s integral equation of the second kind, which 
applies to the body surface S and must be solved for O(, 77, £). 

A suitable way of solving equation (7.191) for unknown source density Q is the 
matrix method. In this method, the surface of the body is discretized into a large 
number of panels, as shown in Figure 7.10. For each panel the source density is 
assumed to be constant. This replaces equation (7.191) by a set of linear algebraic 
equations with O on each being an unknown. 

These equations may be written as 


N 
SAO Sap ore 22a (7.192) 
j=l 


where N is the number of panels. 
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Boundary 
condition 
applied at 
Facet i 


Source over 
Facet j 


Outward 
Normal, n 


Figure 7.10: Boundary condition at panel i due to source density over panel /. 


The coefficients a; and A; are given, respectively, by 


a 
aj = pa (Xi, Vi» Zi) (7.193) 
on 
1 aG 
Ay = —dy + on Lh By cin Vin 2s Sie Mie SES (7.194) 


where 6, is the Kronecker delta, (5;; = 0 for i 47, 5;; = 1), the point (x;, yj, z;) is the 
centroid of the ith panel of area AS;, and n is measured normal to the surface at 
that point. Assuming the value of ae is constant over the panel and equal to the 
value at the centroid, the expression for Aj; can be approximated as 


AS) aG 
Ay = —bi + Tn Gp Cid 28 Fi NS) 
AS; | 0G dG dG 
ee eee |, 7.195 
+ (Ee et + ere ( ) 


in which n,,m,, and nz are the unit normal vectors defining the panel orientation. 
Note that when i=/, 45; = 1 and the last term in equation (7.195) is equal to 
zero, and therefore may be omitted. 
The column vector a; in equation (7.193) may be evaluated as 


a a 

peo se | (7.196) 
ox Oz 

where 


A ; 
or = e cosh k(z + h)cosh khe' 


oy 
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Thus, 


o coshkh cosh kh Ge) 


ae () ik ce k(z +h) ue sinh k(z + h) | 

Once A; and a; are known, the source distribution Q; may be obtained by a 
complex matrix inversion procedure. 

We then obtain the potential ¢@s around the body surface by using a discrete 
version of equation (7.185) which is 


ds(%in,¥i.2i) = Y_ By Q;, (7.198) 


j=! 


where 


1 
Be G(xi,¥i.213&) 0), dS 
ij oe (Xi, Vis Zi §j nj &) 


AS 
= G(Xi, Vi, 213 &, nj, Gj). (7.199) 
4a 
But when i =/, there exists a singularity in Green’s function; however, we can still 
evaluate Bj if we retain the dominant term in Green’s function as follows: 


1 dS 
By = — / / oe (7.200) 
4n AS; 1 


This may be integrated for a given panel. 

Once the potentials, ds and ¢;, have been determined, we can obtain the pressure 
force P, surface elevation, 7 , forces, F, and moments, M, in a sequence. 

The matrix equation (7.198) may be solved using a standard complex matrix 
inversion subroutine, such as that available in the IMSL library. The numerical pre- 
diction can then be compared with available experimental measurements. Hogben 
et al [6] have published a number of comparisons between computer predictions 
and experimental results. Figure 7.11 shows the comparisons of computed and 
measured forces and moments for both circular and square cylinders reported by 
Hogben and Standing [5]. More comprehensive published results dealing with off- 
shore structures of arbitrary shapes can be found in the works of Van Oortmerssen 
[16], Faltinsen and Michelsen [1], Garrison and Rao [3], Garrison and Chow [4], 
and Mogridge and Jamieson [10]. 

Fenton [2] has applied Green’s function to obtain the scattered wave field and 
forces on a body which is axisymmetric about a vertical axis. Starting with John’s 
[7] equations, he expressed them as a Fourier series in terms of an azimuthal angle 
about the vertical axis of symmetry. He obtained a one-dimensional integral equa- 
tion which was integrated analytically. Fenton [2] then applied his theory to a right 
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Figure 7.11: Comparison of computer prediction with experimental data of Hogben and 
Standing [5] for horizontal wave forces on circular and square columns. 
(a) circular, h’/h=0.7, (b) square, h'/h=0.7, (c) circular, surface-piercing, 
(d) square, surface-piercing. Here, /’ is the height of the cylinder. 


circular cylinder fixed to the ocean bed, in water of depth A; the cylinder was 
0.7h and had a diameter of 0.44. He compared his theoretical computations with 
the experimental results of Hogben and Standing [5], and his results are repro- 
duced in Figure 7.12. Fenton recorded that convergence of the Fourier series for 
Green’s function was extremely rapid, and he was able to achieve an accuracy 
of 0.0001. 


7.6 Remarks on symmetric kernel and a process 
of orthogonalization 
For a symmetric kernel, that is, for a kernel for which 


K(x, t) = K(t,x) (7.201) 


250 INTEGRAL EQUATIONS AND THEIR APPLICATIONS 


0.757 
a O0.50F 
. ja) 
w}) & 
a 
0.257 
(@) i! 1 1 
0 1 2 3 
kD 
b 
0.757 (6) 
~ 0.507 
a ro) 
Ll 
Qa 
0.257 
ro) 
0 1 1 1 
0 1 2 3 
kD 


Figure 7.12: Variation of (a) dimensionless drag force and (b) dimensionless vertical force 
with wavenumber for a truncated circular cylinder of height h’=0.7/ and 
diameter D=0.4h, where h is the water depth. Experimental results from 
Hogben and Standing [5] are with dots, and Fenton’s [2] computer predictions 
are with bold line. 


the associated eigenfunctions yw, coincide with the proper eigenfunctions @,. It 
follows from the orthogonality property that any pair (x), d(x) of eigenfunctions 
of a symmetric kernel, corresponding to two different eigenvalues, A;,,A;, satisfy 
a similar orthogonality condition 


b 
(Gn, bk) = i bn(x)oe(xdx =0 (h#k) (7.202) 


in the basic interval (a, b). Because of this connection between symmetric kernels 
and orthogonal systems of functions, namely 


{bn} = $1 (x), b2(x), G3(X).-- (7.203) 


which satisfies equation (7.202), it is suitable to begin our study of the symmetric 
Fredholm integral equation with a brief survey of orthogonal functions. 
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We shall assume throughout that every function ¢, of our orthogonal systems 


is an L2-function which does not vanish almost everywhere, i.e. 


b 
lloall? = i } (x)dx > 0. (7.204) 


Thus, we can suppose that our functions are not only orthogonalized but also 
normalized, i.e. 


(7.205) 


(bh $x) = {? ag a 


1 (h=k). 
Such a system will be called orthonormal system. The functions of any orthonormal 


system are linearly independent; for, if there exist constants c1, C2, C3,...Cn Which 
are not all zero and are such that 


C1h1(X) + crG2(x) +++ + nbn = 0, (7.206) 


almost everywhere in the basic interval (a,b), then multiplying by ¢,(x)(A= 
1,2,3...,n) and integrating over (a, b), we have 


b 
ch i Pj (x)dx = 0, 


which, by equation (7.204), implies that c, = 0, i.e. cy =c2 = +--+ =c—n=0. It is 
amazing that linear independence is not only necessary for orthogonality, but, in a 
certain sense, also sufficient. This is clear because we can always use the following 
procedure. 


7.7 Process of orthogonalization 


Given any finite or denumerable system of linearly independent L2-functions 
W1(x), W2(x), W3(x),..., it is always possible to find constants /,, such that the 
functions 


Pi(x) = Wir), 
2(x) = hay) + yo(x), 
$3(x) = h31 Wi (x) + A322(x) + W3(x), 
on(x) = AniW (x) + Ayr r(x) Da Ann—1Wn-1() + W(x), 
ig eco ere ere (7.207) 
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are orthogonal in the basic interval (a, b). We prove this by mathematical induction. 
Observe first that the system (7.207) can be readily resolved with respect to the 
functions 1, W2,..., 1.e. it can be put to the equivalent form 


oi(x) = Wi), 
$2(x) = ka bi (x) + W(x), 
$3(x) = k3ib1(x) + k32g2(x) + W3(x), 


= Kyi (x) + Ky2b2(x) Spear Knn—1On—1(X) + WrlX), 
bee nits Pata naycttelete (7.208) 


sS 

a 
tad 

Ym 
| 


We shall suppose that for n — 1 functions the coefficients k,, have already been 
determined i.e. we know k,, for 1<s<r<n—1. We shall now show that the 
coefficients for the nth function 4,5 (s = 1,2,3,..., — 1) can be readily calculated. 
In fact, from the m — 1 conditions 


0= (dns ds) 
= nl(P1, ds) ae ky2(o2, ds) ale eran Knn—\(On-1, ds) + (Vn, ds) 
= kns(bs, bs) + Wns bs) (8 = 1,2,...,n-1) 


and we get 


= (Wn. Ps) 
(ds, ds) 
These coefficients are well defined; (¢,, ;) 4 0 because ¢, is a linear combination 


of the linearly independent functions W1, W2,..., W, and hence cannot be equal to 
zero almost everywhere. We illustrate the theory by an example below. 


hee (7.209) 


Example 7.10 


Determine the orthogonal set of functions {¢,} given that w(x) = 1, Wo) =x, 
W3(x) =x*, a(x) =2° ..., W(x) =x"! defined on the interval (0, 1). 


Solution 


The orthogonal set of functions is defined by equation (7.208) and its coefficients can 
be obtained by using equation (7.209). And hence we obtain using ¢) (x) = w1 (x)= 1 
the coefficient 


_ _ (2.¢)) 1 


(g1,01) 2 
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Thus, ¢2(x) =x — 5. With this value of @2(x) we are in a position to determine the 
coefficients k3; and k32. They are given by 


ihe _ (6) __ 1 
($1, 1) 3 
_ _ (Y3,b2) 
(2,62) 


Thus, the expression for $3(x) can be obtained as $3(x) =x? —x+ ‘ The process 
of orthogonalization can be continued in this manner. It can be easily verified that 
the set of functions ¢1(x), d2(x), and $3(x) are orthogonal over the interval (0, 1). 


Example 7.11 


Show that the boundary value problem y’(x)+Ay(x)=0 with the boundary 
conditions y(0)=0, y(1)=0 has the eigenfunction {y,(x)}=B, sinn?2*x for 
n=1,2,3,...and this set of functions are orthogonal over the interval (0, 1). Verify 
that the kernel associated with this boundary value problem are symmetric. 


Solution 


The general solution of this differential equation for 4>0 is simply y(x)= 
Acos(/Ax) + B sin (\/Ax). Using the boundary conditions its solution can be writ- 
ten as the eigenfunction { y,(x)} = B, sin (nx) forn = 1,2,3..., where the eigen- 
values are given by A, =n*n* forn=1,2,3,.... These solutions are orthogonal set 
of functions over the interval (0, 1). 

The given differential equation with its boundary conditions can be transformed 
into an Fredholm integral equation. This can be accomplished by integrating two 
times with respect to x from 0 to x and using the condition at x = 0 yields 


y(x) + af if y(t)dtdt = xy'(0). 


This can be reduced to the following after using the condition at x = | and replacing 
the double integrals by a single integral 


x 1 
y(x) + if (x — ty(dt = ax | (1 — t)y()dt 


which can be very simply written in the integral form 


1 
yoo) =a f Kero, 
0 
where K(x, t) is called the kernel of the equation and is given by 


(l-x)t O<t<x<l 
(-ft)x O<x<t<l. 


K(x,t)= | 
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It can be easily verified that K(x, t)=K(t,x) indicating that the kernel associated 
with this integral equation is symmetric. 


7.8 The problem of vibrating string: wave equation 


The partial differential equation that governs the vibration of an elastic string is 
given by 
eC ey (7.210) 


The boundary and initial conditions associated with this problem are 


n(0,t) = 0, 

n(1, t) = 0; (7.211) 
n(x, 0) = f(x), 
n(x, 0) = g(x) (7.212) 


where 


f(0) = 0, fC) = 0 
g(0) = 0, g) = 0. 


C is the real positive constant and physically it is the speed of the wavefront. 
For general case, C can be a function of (x, f) also. In that case the string is not 
homogeneous. 

Using the separation of variables method, we try for a solution of the form 
n(x, t) = u(x)d(t). Substitution of this expression for 7 in equation (7.210) gives 


u(x)h" (1) = Cul" (x)G(0) 
which can be separated as 
g(t) _ u(x) 
C2p(t) ux)” 
But the left-hand side is a function of ¢t alone, the right-hand side member is a 


function of x alone; they are equal, hence equal to the same constant, say —A. We 
are thus led to two ordinary differential equations: 


ul (x) + Au(x) = 0 (7.213) 
with the boundary conditions 


u(0) = 0, u(1) = 0, (7.214) 
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and 
o' (t) + C*A(t) = 0 (7.215) 


with the initial conditions 


(x, 0) = u(x)PO) = f(x), mx, 0) = ulx)b(0) = g(x) (7.216) 
For the boundary value problem, i.e. in equations (7.213) and (7.214), all of the 
characteristic constants are positive. Green’s function K(x, t) of this problem can 


be written at once 


(l-x)t O<t<x<l 
(-ft)xy O<x<t<l. 


K(x,t) = | 
The boundary value problem, i.e. equations (7.213) and (7.214) is equivalent to 


1 
u(x) = if K(x, thu(t)dt. 


In this integral the kernel is symmetric. This boundary value problem has an 
infinitude of real positive characteristic constants, forming an increasing sequence: 


O<Ai <d2<--- 
with corresponding normalized fundamental functions 
Un(x) = J2 sin(n7x), 


forn=1,2,3,.... 
We return now to equation (7.216) with A =A,: 


b"(t) + C7An@(t) = 0. (7.217) 
Since A, > 0, the general solution of equation (7.217) is 
O(t) = An COS(C/Ant) + By sin(Cy/Ant). 


Therefore, a solution of equation (7.210) which satisfies equation (7.211) is 


CO 


n(x,t) =} (Ay cos(Cy/Ant) + By sin(Cy/Ant)) un(x) 


n=1 
= ye (A, cos(nzCt) + By sin(nCt))V2 sin(nzx). (7.218) 
n=1 
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Now using the initial conditions at t = 0, we obtain 


f(x) = ¥5 V24) sin(nzx) 


n=1 


g(x) = )° V2nnCB, sin(nzx) 


n=1 


These are sine series for f(x) and g(x). For the development of an arbitrary function 
in trigonometric series we need to know only that the function is continuous and 
has a finite number of maxima and minima. These conditions are not so strong as 
those obtained by means of the theory of integral equations which were demanded 
for the development in series of fundamental functions. The coefficients A, and B, 
can be obtained as 


1 
An = i f (x)\(W2 sin(nax))dx; 
0 


1 
By = a @(x)(V2 sin(nsx))dx. 
nC 0 


The time period 7) = 2 is the fundamental period of vibration of the string. The 
general period 7, = 2 = 4 and the amplitude is ,/A? + B2. Upon the intensity of 


n 
the different harmonics depends the quality of the tone. The tone of period r is called 
the nth harmonic overtone, or simply the nth harmonic. For the nonhomogeneous 


string the period is va 


7.9 Vibrations of a heavy hanging cable 


Let us consider a heavy rope of length, AB = | (see Figure 7.13) suspended at one 
end A. It is given a small initial displacement in a vertical plane through AB’ and 
then each particle is given an initial velocity. The rope is suspended to vibrate in a 
given vertical plane and the displacement is so small that each particle is supposed 
to move horizontally; the cross-section is constant; the density is constant; the 
cross-section is infinitesimal compared to the length. 


A 


Figure 7.13: Vibrations of a heavy hanging cable. 
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Let AB’ be the position for the rope at time ¢ and P any point on AB’. Draw PM 
horizontal and put MP = n, BM =x. 
Then the differential equation of the motion is given by 


a? a (a 
7 _ ¢ ( “) (7.219) 


ar Ox is ox 


where C? is a constant, with the boundary conditions 


n(1,t)=0, (0, t)is finite (7.220) 
(x, 0) = f(x), n(x, 0) = g(x). (7.221) 


By the separation of variables method, we try for a solution of the form 
n(x, t) = ux)p(t). 


Substituting this expression for 7 in equation (7.219), we obtain 


d ({ d 
uoro"n= Cone (v2). 


This can be separated as 


oy — EH) 
C(t) u(x) 


A, constant. 


That is 
¢' (t) + C°A@(t) = 0, 
and 
d du 
e (x5) +iru=0 (7.222) 


and the boundary conditions derived from equation (7.220); 
u(0) finite u(1) =0. (7.223) 


The differential equation (7.222) can be solved using the transformation x = ca and 
the equation reduces to the well-known Bessel equation 


+-—+u=0. (7.224) 


The general solution of this equation is 


u(x) = CyJo(2V Ax) + C2rYo(2VAx), (7.225) 
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where C; and C? are two arbitrary constants. Here, Jo and Yo are the zeroth-order 
Bessel functions of first and second kind, respectively. Since the solution must be 
finite at x = 0, the second solution Yo can be discarded because it becomes infinite 
at x = 0. Therefore, we have 


u(x) = CiJo(2V Ax) 


is the most general solution of equation (7.222), which satisfies the first initial 
condition. We have the further condition u(1) = 0, hence 


Jo(2V 2) = 0. 


The solution of the equation gives us the eigenvalues. We know corresponding to 
each eigenvalue, there is an eigenfunction and the set of eigenfunctions are 


U(x) = CrJo(2V/Anx) 


for n= 1,2,3,.... There are infinitely many eigenfunctions as there are infinitely 
many eigenvalues. These eigenfunctions are defined over the interval (0, 1) and they 
are orthogonal. 

We next construct the Green’s function K(x, t) for the boundary value problem, 
i.e. equations (7.222) and (7.223) satisfying the following conditions: 


(a) K is continuous on (0,1). 
(b) K satisfies the differential equation 4 (x4) = 6(x — t) on (0,1). 
(c) K(0, 1) finite, K(1, t)=0. 
(d) K’(t+0)—K'(t—0)= 5. 


Integrating the differential equation in (b), we obtain 


agInx+ Bo, (0,7) 


Bee ie Inx+ Bi, (t1) 


But K(0, f) is finite, therefore w = 0, and K(1, t)=0, therefore 6; = 0. Hence 
we have 


Ko(x, t) = Bo, (0, t) 


Kaw) = pe In x, (t, 1) 


From condition (a) Bp = a Int. Also from the condition (d), since K’(t — 0) =0 
and K'(t+ 0)= &, we obtain a = 1. Therefore, 


Ko(x, t) =In t, (0, t) 


(7.226) 
Ki(x,t)=Inx, (t,1) 


K(x,t) = | 


We observe that K(x, t) is symmetric. 
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Equivalence with a homogeneous integral equation 


We now form the integral equation that will be equivalent to the differential equation 
(7.222) 


d ( du 
<(: = a) au =o (7.227) 


In differential operator symbol L we can write the above equation with the kernel 
equation as 


Ltu) = — 
L(K) = 0 


Multiplying first of these by —K and the second by wu and adding we have 
uL(K) — KL(u) = Auk. 


This equation can be explicitly written as 
d ‘A / 
—{x(uKk’ — u K)} = AKu. 
dx 


Integrate both members of this expression from x = 0 tox = ¢ — Oand fromx =t+0 
to x = | with respect to x. 


x=t—-0 
x(u(x)K' (x, t) — u'(X)K(x, 1) RH pee =a f K(x, thu(x)dx 
x=0 


ul 
x(u(x)K"(x, t) — u!(x)K (x, Aja, 40 = =af K(x, thu(x)dx 
K=O 
Adding these two equations yields 


x=t—0 


[x(uk" _ #K)| 0 


1 
+ [x(uK" a wK)} = ap K(x, thu(x)dx (7.228) 
0 


The second term of the first expression of equation (7.228) on the left-hand side 
is zero because of the continuity of K. That means K(t — 0) = K(t+ 0)= K(f). But 
the first term yields 


x=t—0 


[x(uk’) P=" y= (t — O)u(t — 0)K"(t — 0) — (¢ + Out + 0)K"(t + 0) 
= tu(t)[K’(t — 0) — K’(t + 0)] 


24 


= —u(t) 
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The second term on the left-hand side of equation (7.228) is zero because 
u(0) = 0, u(1) = 0; and K(0) = 0, K(1) = 0. 
Therefore the integral equation can be written as 


1 
u(t) = -»f K(x, t)u(x)dx (7.229) 


Hence, changing the role of x and ¢, and that the kernel is symmetric, we can write 
the above equation as 


1 
u(x) = -2 f K(x, t)u(t)dt (7.230) 


This is the Fredholm integral equation which is equivalent to the ordinary differential 
equation (7.227). 

Now coming back to the original problem, the eigenvalues will be given by the 
roots of Jo(2/A) = 0, and these roots can be defined from k, = 2./Ay. The first four 
values of k,, are 


ky = 2.405, ky = 5.520, kg = 8.654, kg = 11.792, 


and generally (n - 5) a <k, <nz. Therefore, 


Unlx) = CyJo(2y/Anx) = CiJo(kn VX). 


These fundamental functions u,(x) will become orthogonalized if we choose 


a 
V So Ho KnV/x)dx 


But & Jo kins/x)dx = Waar: Therefore, 


Jo(kn/X) 
Un(x) = —_—— 
Jo(kn) 
(oe) 
Chyt . Cyt 
n(x, t) = 2 (4 cos > +B, sin o) Un(X). 
n= 


This expression for n(x, ¢) satisfies equations (7.219) and (7.220). We now determine 
A, and B,, if possible, in order that equation (7.221) may be satisfied. This gives 
us the two equations 


Yo Antin(x) =f) 
n=1 


CO 


Cky 
ye Bata) = 80) 


n=1 
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Because the series on the left-hand side is composed of the set of orthogonal 
functions, we can evaluate the coefficients A, and B, as follows: 


Jo(kn Vv») 
Jo(kn) i 


ae 2 fp!  Sphaa/e D a: 
By = Ck, Ip hone Ck, Jp 109 en oa T(Kn) 


pr [ F()uiy de = [ oo 


Once these coefficients are determined the problem is completely solved. 


7.10 The motion of a rotating cable 


With reference to Figure 7.14, let FG be an axis around which a plane is rotating with 
constant velocity; a cable AB is attached at a point A of the axis and constrained 
to remain in the rotating plane. The velocity of the rotation is so large that the 
weight of the cable can be neglected. Then the straight line AB perpendicular to 
FG is a relative position of equilibrium for the cable. Displace the cable slightly 
from this position AB, then let it go after imparting to its particles initial velocities 
perpendicular to AB. The cable will then describe small vibrations around the 
position of equilibrium. 

Let APB’ be the position of the cable at the time ¢, P one of its points, PM is 
perpendicular to AB. Put AM =x, MP = n, and suppose AB = 1. Then the function 
n(x, t) must satisfy the partial differential equation 


vn 9 2 9n 
='¢ 1 : 7231 
a re \ x") (7.231) 


where C is a constant. The boundary conditions are 


n(0, t) = 0 
n(1, t) = finite. (7.232) 
The initial conditions are 
(x, 0) = f(x) 
n(x, 0) = g(x). (7.233) 
F P B' 


Figure 7.14: The motion of a rotating cable. 
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Putting 7(x, tf) = u(x)d(t), we obtain two ordinary differential equations 


d du 
med clear oa ee ee ea) 7.234 
mal ye] + , (7.234) 


with boundary conditions u(0) = 0, u(1) = finite. The ¢(f) satisfies 


— +AC*o =0. (7.235) 


The general solution of the equation (7.234) can be written at once if the eigenvalues 
An=n(n+ 1) forn=0, 1,2,3,...as the Legendre’s polynomials P,(x) and O,(x) 


u(x) = AP, (x) + BO; (x) (7.236) 


where A and B are two arbitrary constants. Here, the second solution is obtained 
from the Abel’s identity 


d 
On(x) = Prax) i me (7.237) 


We can at once indicate some of the eigenvalues and the corresponding fundamental 
eigenfunctions from the theory of Legendre’s polynomials: 


n 


d 
{(x? — 1)"}. 


2"n! dx” 


P(x) = 


Using this formula, we can evaluate the different components of the Legendre’s 
polynomials 


Po(x) = 1 
P\(x) =x 

Po(x) = 4x" - 1) 

P3(x) = (5x? — 3x) 

Pa(x) = $(35x4 — 30x? + 3) 
P5(x) = 3(63x° — 70x? + 15x) 


We see that P,(1)=1, and P,(—1)=(-—1)” for all values of n. The Legendre 
polynomial P,,(x) is finite in the closed interval —1 <x <1. 
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Hence Qo(x) and Q(x) can be very easily calculated as 


dx | 1+x 
— — 1 
Qo(*) [oS a t= 


1+x 


d: 
ousy=s f a5 =-1 +80 


Thus, it is easy to see that Q,,(x) is a singular solution at x = +1, and hence B= 0. 
The solution, i.e. equation (7.236) takes the form 


u(x) = AP,,(x). (7.238) 
P,,(x) is a rational integral function of degree n, satisfying the differential equation 


d 


la = rye] + n(n+ lu = 0. 


Furthermore, P2, is an even function and P2,(0) 40; however, P2,—1(x) is 
an odd function and P2,_;(0)=0. Therefore, ,,=2n(2n — 1) is an eigenvalue 
and P2,_1(x) a corresponding fundamental eigenfunction. Therefore, only the odd 
Legendre’s polynomials will satisfy the given boundary condition of the present 
problem. It is worth noting that the Legendre polynomials form an orthogonal set 
of functions defined in the closed interval —1 <x < 1. Therefore, the orthogonality 
property is satisfied, that means 


1 
/ Pon—1(X)Pam—1(x)dx = 0, 
-1 


for m#n. Or more explicitly, this orthogonality property is valid even for the 
interval 0 <x < 1 such that 


1 
/ Pon—1(x)Pam—1(x)dx = 0, 
0 


for m #£n. Thus, the orthonormal set of functions can be constructed as 
Pon-1X) 
on(t) = 2, 
Jo P35, (a)dx 
forn=1,2,3.... But 


1 
1 
fj Pheiorde = 5. 


as shown in the theory of Legendre’s polynomials. Therefore, 
Qn(x) = V4n-— 1P2n—1(x), 


is the orthonormal set of Legendre’s polynomials. 
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Equivalence with integral equation 


We construct the Green’s function as before and obtain 


1 eae | 
sin, O<x<t 
—x 
EO as, Ae 
=In , t<x<l. 
2 1-x 


K(x, T) is symmetric, but has one point of discontinuity and that is forx =¢= 1. 
Proceeding as in the previous problem, we find that the boundary value problem is 
equivalent to the integral equation: 


1 
u(x) = if K(x, Hu(t)dt. 


Now, the final solution of this rotating cable problem can be obtained using 
the initial conditions and then evaluating the unknown constants. The final general 
solution is 


n(x,t) = Y~ [An cos (Cy/Ant) + Bn sin (Cy/Ant)\P2n—1(%). (7.239) 


n=1 


Using the initial conditions, we obtain 


£@) = 0 AnPon—1@) 


n=1 
Cc 
g(x) = a (Cy An)BnP2n—-1(x) 
n=1 
where the coefficients A, and B, are obtained 


1 
An = (4n — vf FS (x)Pan-1(x)dx 


(4n—1) f! 
B, = 
CVan Jo 


Thus, the problem is completely solved. 


&(x)P2n—1(x)dx. 


7.11 Exercises 


1. Show that the solution of 
y” =f(x),y(0) = yA) = 0 is 


1 
— ad 
) [ G(x, nf (nan 
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where 


Hel). Vs Hes 


2. Discuss how you might obtain G(x, 7) if it were not given. 
[Hint: One possibility is to write 


x 1 
ie [ Ge, ny (an + / G(x, nyf(dn 


x 


and substitute into the given equation and boundary conditions to find suitable 
conditions on G in the two regions 0<n<x,x<n<1.] 


3. Apply your method in Exercise 2 to solve 


y’ +y=f(x), y0)=y() =0. 


4. Find the deflection curve of a string of length £ bearing a load per unit length 
W (x) = —x, first by solving the differential equation Zy” = —x with the boundary 
conditions y(0) = y(¢) = 0 and then by using the Green’s function for the string. 


5. Construct the Green’s function for the equation y’ + 2y’+2y=0 with the 
boundary conditions y(0)=0, (5) =0. Is this Green’s function symmetric? 
What is the Green’s function if the differential equation is 


ey" ets 2e**y! 4 2e*y =0? 
Is this Green’s function symmetric? 


Find the Green’s function for each of the following boundary value problems: 
6. y’+y=0; y(0)=0, y'(x)=0. 
7. y’+y'=0; y(0)=0, v(x) =0. 
8. y’=0; y(0)=0, y(1) =0. 
9. y’=0; y(0)=0, y'(1)=0. 
10. y"+y=0; 440,90) =y(1), YO) =y'(1). 
11. y’+i42y=0; 240, if the boundary conditions are 


(a) (0) =y/(b) =0, 
(b) y/(0)=y(b) =, 
(c) y(a)=y'(b)=0, 
(d) y(a)=y'(a), V(b) =0 
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12. 


13; 


14. 


15. 


16. 


17. 


Find all Green’s functions corresponding to the equation x*y" — 2xy’ + 2y =0 
with the boundary conditions y(0)=y(1). Why does this differential sys- 
tem have infinitely many Green’s functions? [Hint: Where is the differential 
equation normal? ] 


Find the Green’s functions for the following problems: 


(a) (L—x*)y”—2xy’=0; 90) =0, y() =0. 
(b) y"+iy=0; yO) =0, (1) =0 


Show that the Green’s function G(t, 7) for the forced harmonic oscillation 
described by the initial value problem 


p+ r’y=Asinat; y(0) = 0, (0) = 0 


is G(t,n) = 7 sin A(t — n). 
Here, A is a given constant. Hence the particular solution can be determined as 


y= a i; sin A(t — n) sin wndn 
Determine the Green’s function for the boundary value problem 
VY =—-f—@); wW-D=y0), ¥(-D=y') 
Determine the Green’s function for the boundary value problem 


ty y= =f @) 
v1) =0, lim [y(x)| < 00, 
x> 


By using the Green’s function method solve the boundary value problem 
y’ +y=—-1;y(0)=y (F) =0. Verify your result by the elementary technique. 
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8 Applications 


8.1 Introduction 


The development of science has led to the formation of many physical laws, which, 
when restated in mathematical form, often appear as differential equations. Engi- 
neering problems can be mathematically described by differential equations, and 
thus differential equations play very important roles in the solution of practical prob- 
lems. For example, Newton’s law, stating that the rate of change of the momentum 
of a particle is equal to the force acting on it, can be translated into mathematical 
language as a differential equation. Similarly, problems arising in electric circuits, 
chemical kinetics, and transfer of heat in a medium can all be represented mathe- 
matically as differential equations. These differential equations can be transformed 
to the equivalent integral equations of Volterra and Fredholm types. There are many 
physical problems that are governed by the integral equations and these equations 
can be easily transformed to the differential equations. This chapter will examine a 
few physical problems that lead to the integral equations. Analytical and numerical 
methods will be illustrated in this chapter. 


8.2 Ocean waves 


A remarkable property of wave trains is the weakness of their mutual interactions. 
From the dynamic point of view, the interaction of waves causes the energy trans- 
fer among different wave components. To determine the approximate solution of 
a nonlinear transfer action function we consider a set of four progressive waves 
travelling with different wave numbers and frequencies and this set, which is called 
a quadruple, could exchange energy if they interact nonlinearly. Three analytical 
methods due to Picard, and Adomian, and one numerical integration method using 
a fourth-order Runge—Kutta scheme are used to compute the nonlinear transfer 
action function. Initial conditions are used from the JONSWAP (Joint North Sea 
Wave Project) spectrum. The results obtained from these four methods are compared 
in graphical forms and we have found excellent agreement among them. 
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8.2.1 Introduction 


The wave—wave interactions of four progressive waves travelling with four different 
wave numbers and frequencies has been studied extensively by many previous 
researchers including Webb [22], Phillips [14], and Hasselmann [5]. This set of 
four waves, called a quadruple, could exchange energy if they interact nonlinearly 
such that resonant conditions are satisfied. 

In the present work, we shall proceed with the approximate solution of non- 
linear transfer action functions that satisfy a set of first-order ordinary differential 
equations using the JONS WAP spectrum as initial conditions. For this situation, we 
consider the energy balance equation by Phillips [2] to show the various physical 
processes that cause the change of energy of a propagating wave group. For the input 
energy due to wind, we take the parameterizations proposed by Hasselmann et al 
in the WAM model (see Refs. [6], [9], and [10]). The empirical formulation of the 
change of energy due to wave interaction with ice floes has been described by 
Isaacson [8], Masson and LeBlond [12] within MIZ (marginal ice zone). For 
nonlinear transfer between the spectral components, we take the parameteriza- 
tions proposed by Hasselmann et al [6] where the energy spectrum is actually 
proportional to the action spectrum and the proportionality constant is given by 
the radian frequency w. Four simple methods are demonstrated in this section to 
compare the nonlinear transfer action function. Three of them are analytic due to 
Picard, Bernoulli, and Adomian, one is numerical integration using a fourth-order 
Runge—Kutta scheme and the results are compared in graphical form. 


8.2.2 Mathematical formulation 


As suggested by Masson and LeBlond [8], the two-dimensional ocean wave spec- 
trum E(f,@;x,f) which is a function of frequency f (cycles/s, Hz) and 0, the 
direction of propagation of wave, time ¢, and position x satisfies the energy balance 
equation within MIZ, i.e. 


(= + Cg: v) E(f,0) = (Sin + Sas\(1-f) + Sut Sic, (B-1) 
where Cg is the group velocity and V the gradient operator. The right-hand side of 
the above equation is a net source function describing the change of energy of a 
propagating wave group. Here, Si, is the input energy due to wind, Sy, is the energy 
dissipation due to white capping, Sy) is the nonlinear transfer between spectral 
components due to wave—wave interactions, Sice is the change in energy due to 
wave interactions with ice floes and fj is the fraction of area of the ocean covered 
by ice. Equation (8.1) can be written as 


dE(f,0) 
dt 


= (Sin + Sas)(1 =f) + Sn + Sice (8.2) 
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where 4 denotes the total differentiation when travelling with group velocity. The 
wind input source function Sj, should be represented by 


Sin = BE(f, 0), (8.3) 


as parameterized in the WAM model of Hasselmann et al [6] and Komen et al 
[9] where 


B = max {0,0.252 (284 cos (@) — 1) @, (8.4) 


and w=2zf angular frequency. fe is the ratio of densities of air and water. 0 is 
the angle between the wind vector and wave propagation direction. Many authors, 
including Komen ef al. [10], have modified the formulation of 6 to simulate the 
coupling feedback between waves and wind. The dissipation source function used 
in WAM model is of the form (see Komen et al [9]) 


A 2 
BS ca Cu (= ) (2) oxv.0) (8.5) 


ap 


wheret &@ = mo@*/g?, and mo is the zeroth moment of the variance spectrum and @ 
is the mean radian frequency, 


I f E(@, 0)dwdo 
Evotal ; 


oO= 


(8.6) 


in which 
Evora = E(f,0)df do (8.7) 


is the total spectral energy. Tuning is achieved by a filtering parameter, Cgs and 
0/Otpm is the overall measure of steepness in the wave field. The empirical formu- 
lation for the change in energy due to wave interaction with ice floes, Sice, has been 
described by Isaacson [8], Masson and LeBlond [12]. With the MIZ, the ice term 


: : . ij 
Sice 1s expressed in terms of a transformation tensor T H 


SU, Oi)ice = E(fe,)Ty (8.8) 


where the space x and time ¢ coordinates are important, and summation is over all 
j angle bands of discretization. The transformation tensor T, 1 is expressed as 


Ty = A°[BID Gy)? AO + 5(6)(1 + la&eD(O)|?) + 567 — By )lacD(*)IP7], (8.9) 
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where 6 is the Dirac delta function and A@ is the angular increment in 6 and 
6; = |6; — 6;|. Other parameters arising in this formulation have been described by 
Masson and LeBlond [12], and will not be repeated here. The formulation of the non- 
linear transfer between spectral components due to wave—wave interactions, Sy), 
is rather complicated. It was demonstrated by Hasselmann et al [6] that the energy 
spectrum E(f, 6) is actually proportional to the action spectrum N(f, 4) such that 
E(f,0)=aN(f,0), where the proportionality constant is the radian frequency a. 
Hence, equation (8.2) can be written in two ways: 
For energy: 


dE 
ae = (Sn + Sas)e(1 —fi) + (Snide + (Sice)e- (8.10) 
For action: 


dN 
ae 5 (Sni + Sas) — fi) + Sri + Sice- (8.11) 


Equation (8.11) is most basic because Sy) is expressed in terms of action. We 
shall proceed with the evaluation of the nonlinear wave—wave interaction S, with 
the use of the following approximate nonlinear simultaneous differential equations. 
Hasselmann et al [6] constructed a nonlinear interaction operator by considering 
only a small number of neighbouring and finite distance interactions. It was found 
that, in fact, the exact nonlinear transfer could be well simulated by just one mirror- 
image pair of intermediate-range interaction configurations. In each configuration, 
two wave numbers were taken as identical kj = kz = k. The wave numbers k3 and ky 
are of different magnitude and lie at an angle to the wave number k, as required 
by resonance conditions. The second configuration is obtained from the first by 
reflecting the wave numbers k3 and ky with respect to the k axis (see Ref. [9], 
p. 226). The scale and direction of the reference wave number are allowed to vary 
continuously in wave number space. For configurations 


1 =02 = 
o3 = o(1+A)= a4 
o4 = o(1-A)=o_, (8.12) 


where A = 0.25, a constant parameter, satisfactory agreement with exact computa- 
tion was found. From the resonance conditions, the angles 63 and 64 of the wave 
numbers k3(k+) and ky(k_) relative to k are found to be 63 = 11.5°, 04 = —33.6°. 

The discrete interaction approximation has its simplest form for deep ocean for 
the rate of change in time of action density in wave number space. The balance 
equation can be written as 


N =) 
—1N,$=2 1 } Co 8f[IN7A(W, + N_) — 2NN4N_IAK, (8.13) 
N_ 1 
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where a, aN and a are the rate of change in action at wave numbers k, k,, and 
k_, respectively, due to the discrete interactions within the infinitesimal interaction 
phase-space element Ak and C is the numerical constant. The net source function 
Sn can be obtained by summing equation (8.12) over all wave numbers, directions, 
and interaction configurations. Equation (8.12) is only valid for deep-water ocean. 
Numerical computations by Hasselmann and Hasselmann of the full Boltzmann 
integral for water of an arbitrary depth have shown that there is an approximate 
relationship between the transfer rate for deep-water and water of finite depth. For 
a frequency direction-spectrum, the transfer for a finite depth ocean is identical to 
the transfer of infinite depth, except for the scaling factor R: 


S,i(finite depth) = R(kh)S,\(infinite depth), (8.14) 


where k is the mean wave number. This scaling relation holds in the range kh > 1, 
where the scaling factor can be expressed as 


R(x) = 14+ 2 (1— 2) exp (=), (8.15) 


with x = 3kh. The WAM model uses this approximation. 


8.3 Nonlinear wave—wave interactions 


This section will be devoted to the solution technique of the nonlinear wave—wave 
interactions. To determine the nonlinear wave—wave interaction S,), we can rewrite 
the equation (8.12) explicitly with their initial conditions in the following form 


dN > 
ie a [N“(Ny + N_) — 2NN,N_] (8.16) 
dN+ 2 
Hae a (Nz + N_) — 2NN1N_] (8.17) 
dN_ > 
a LN (Na. + N_) — 2NN,N_], (8.18) 
where 
a, = —2Cg8f Ak 


ay = Cg fF PAK, 


a3 = Cg ®f PAK. (8.19) 
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The initial conditions are 


N(O,f) = No(f) 
at t=0: N+(0,f) = Nyo(ft) 
N_(0,f) = N-o(f-). (8.20) 


The specific algebraic forms of these initial values will be stated later. 


8.4 Picard’s method of successive approximations 


It can be easily observed that equations (8.16), (8.17), and (8.18) are related to each 
other as follows 


dN. a2 dN 
dt (=) dt G20) 
dN_ a3 \ dN 

— ; Hp) 
dt (2) dt oe 


Thus, if we can determine the solution for N(¢,f), then solution for V(t, f) and 
N_(t,f) can be easily determined by interaction from the equations (8.21) and 
(8.22). However, we shall integrate equations (8.16), (8.17), and (8.18) using 
Picard’s successive approximation method. 


8.4.1 First approximation 
Since the equation is highly nonlinear, it is not an easy matter to integrate it at one 
time. In the first approximation, we shall replace the source terms on the right-hand 


side of the equation by their initial values, which will be integrated at once. For 
instance equation (8.16) can be written as 


dN 
Gp = MING 40 + No) — 2NoN0N-0]. (8.23) 


The right-hand side of equation (8.23) is a constant and can be integrated 
immediately, with respect to time from t =0 to t=t: 


N(tf) = No(f) + aot, (8.24) 


where 


a9 = a [No (N40 + No) — 2NoN40N-o]. (8.25) 
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Similarly, the solutions for equations (8.17) and (8.18) give 


Ni (tf) = Nzo(f-) + a20t (8.26) 
N_(t,f) = N-o(f-) + @300, (8.27) 
where 
a9 = of2[No(Ny0 + N-0) — 2NoN+0N-0] (8.28) 
039 = a3[No (N40 + No) — 2NoN+oN-o]- (8.29) 


Equations (8.24), (8.26), and (8.27) are the first approximate solution. 
8.4.2 Second approximation 
To determine the second approximate solutions we have to update the source func- 


tions by the first approximate solutions and then integrate. For this we need to 
calculate the expression {N*(N, + N_) — 2N,N_}, and this gives 


N?(Ny + N_) — 2NN,N_ = [No(N49 + N_o) — 2NoN40N_0] 
+ [No (e290 + 230) + 2a10No(N+0 + N-o) 
— 2{No(a30N+0 + @20N_0) + a10N+0N_o} It 
+ [2e10(e29 + @30)No + @79(N4+0 + No) 
—2{a29@39No + o10(@30N 40 + o20N_0)} It 


+ [afo(a20 + @30) — 2aipa29a30]¢°. (8.30) 


Hence, the differential equation (8.16) can be written as 
dN 
ae = a [N?(N + N_) —2NN,N_] 
=aytat+at +a3t, (8.31) 


where 


ay = a1[No (N40 + N-0) — 2NoN+0N-0] = 10 
ay = a1[No(a20 + 30) + 2a10No(N +0 + N-0) 

— 2{No(a30N 40 + &20N—0) + &10N+0N_-o}] (8.32) 
az = 4 [20119(a129 + @39)No + OF 9(N40 + N_o) 

— 2{a29030No0 + o&10(a30N40 + @20N_0)}] 


a3 = aj [079(a20 + 230) — 2019029030]. 
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Integrating equation (8.31) with respect to ¢ from ¢ = 0 to t= ¢, we obtain 
NOS) = No(f) + aot tars tary +34. (8.33) 
It is worth noting that at t= 0, N(0,f) = No(f) and 


dN 


Fe _. = 40 = HAIN N40 + No) — 2NoNs0No] = et. (8.34) 
t=0 


The integrals for V(t, f) and N_(t,f) are simply 


Nx) = Naot) + (2) faot+aStas+az] (835) 


NEGFENGEYS (2) [ot +05 +ao +0 | (8.36) 


Equations (8.33), (8.34), and (8.35) are the second approximate solutions. These 
are nonlinear. 


8.4.3 Third approximation 


In this approximation, we shall update the differential equations (8.16), (8.17), and 
(8.18) by new values of N, N;, and N_ obtained in equations (8.33), (8.35), and 
(8.36). The differential equation (8.37) becomes 


dN 
ae a [N?7(N, + N_) — 2NN,N_] 


= a {Nj (N40 + No) — 2NoN40N-o} 
N2(a2 +a 
+ | Molen ro) + 2No(N40 + N-o) 
1 


N 
ae ("sow ao (=) (a3N40 + uaN0)) |. 
1 


2No(e2 + 
ae | erty + (Nao + N_o) 


ay 


2 
ay a) 


4 [a+ - “asl 0], 
a Oj 


F (2a i Ni003 + io | RL 
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or we can write the above equation as 


dN 
GF, = wlBo + B14 + oA? + B34], (8.37) 


where 
Bo = No(N+0 + N-0) — 2NoN40N-0 
Bi = 2No(N40 + N-0) + No (a2 + 23) 
a [NsoN-o of (2) (a3N40 + a2N_o)| 


2No(a2 + @3) 


po = (Ni0 + N_o9) a a (8.38) 
, {ea i a3N49 + a2N_o | 
ay QQ] 
a2 + a3 201203 
ps = OTS _ “ee 
eal Oy 


eC eb a 
A = aot + a5 +425 + 437- 


Integrating equation (8.37) with respect to time ¢, from ¢ = 0 to t= ¢, we get 


N(t,f) = No(f) + 1 | or + i Adt + Bo / A’ dt + B3 i Ha), (8.39) 
0 0 0 


we show the calculation as follows 


t t 2 B 4 
Adt = t = = — |dt 
i [ (« tartans tac) 


2 3 4 Pp 


ee aor ec ey oT 


t F t 2 B 4 
A’dt = t = = —] dt 
[ (« tap tas tac) 


_ aan aga\t4 (; 2aoa2 


3 4 20 15 


2 
ayja3 a\az 6 a a3 ay 7 
—— }t oa —= I]t 
toe) +(4244) 
249 


a2a3 ‘8 a3 


48 144 


“—_———~ 
~ 
nn 
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t , t 2 2B 4 3 
A’dt = t = = —) dt 
i [ (« tap tas tac) 


4 2, By 2 2 
3f 3asa\t aga aja2 
0 ( 1 0 7° 


= a4 + 19 8 6 
3 
aq Beis agaja2 \ 4 
+ + t 
(i+% 7 
set fal aga 8 
+ + t (8.40) 
24 
Hi, aga2a3 ee aja3 ’ 
48 
ay 3aa3 Ae a 10 
160 270 


3aia3 | a3) 1), 4243 12 
t t 
+( 352 i 132 > 192 


Similarly, we can write the integrals for N,(t,f) and N_(t,f) in the 
following form 


Ni(t,f) = Neo) +o1 ot + pi | Adt + pr | A’dt+ ps | fat] (8.41) 


t t t 

N_(t,f) = N_o(f_)+er or + / Adt + Bo / A’ dt + B3 : fat), (8.42) 
0 0 0 

Equations (8.39), (8.41), and (8.42) are the third approximate solutions and 


are highly nonlinear in t, a polynomial of degree thirteen. The parameters defined 
above are functions of No, No, and N_o, 1.e. they are a function of frequency /. 


8.5 Adomian decomposition method 


We have the following relationship from equations (8.16), (8.17), and (8.18) as 


dN 4. a \ dN 
= A 
dt ( ) dt A) 


BN es (2) av (8.44) 
a] 


dt dt 
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To determine the solution for NV, integrating equations (8.43) and (8.44) with respect 
to time from t=0 to t=1, Le. 


7 dN. a2 t dN 
dt = dt 8.45 
2 dt (=) [ dt ( ) 
* dN_ a3 ‘dN 
dt = dt, 8.46 
9 at (2) 9 at ( ) 
we obtain 
a2 
Ne =—-N-C) (8.47) 
a) 
a3 
N_ = —N—-C) (8.48) 
a) 
where 
a2 
Ci = —No — Nio (8.49) 
a) 
a3 
C2 = —No —N_o. (8.50) 
a) 


Substituting equations (8.47) and (8.48) into equation (8.16), we get 


dN 

a= AN? (t,f) + BN7(t,f) + CN(tS), (8.51) 
where 
20203 
A= (a2 +03) — ——— (8.52) 
eal 

B= 2a3C, + 2a2C2 — a1 C3, C3 = Ci + C2 (8.53) 
C = —2a,C|C2. (8.54) 


Integrating equation (8.51) with respect to time from t = 0 tot = ¢, Le. 


‘dN _ t 3 t 4 t 
i Gana | N (fdr +B | N parse f N(t,fydt (8.55) 


=> N(t,f) -—N(0,f) =A [ N3(t,f)dt +B [ j N°(t,f)dt + C i} ‘Nt f dt 


=> N(t,f) = NOS) 
3 2 
+A [ N3(t,f)dt + B i Net, f)dt + C [ N(t,f)dt. (8.56) 
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The above equation is in canonical form, where N(0,/) is known. 
Let us expand the N(¢,/f) in the following manner 


[o.@) 
N(t.f) = )\ Nn =No+Ni+No+N34-°°. (8.57) 
n=0 
Substituting equation (8.57) into equation (8.56) we get 


No +N + N2+N3+---= NOP) 
t 
+ [4 f (No +N +.N2+N3 +--+ Pat 
0 


+B [y+ M +N +N bo Pat 
+ [Wo tM +N tM + il 

= N(0,f)+A [ ‘Neat + [ ' BN2N, + 3N7No 
+N3)dt + i} (3NGNz + 3N3No + 6NoN1N2 


t 
+3N7N2 + 3N3N1 + .N3)dt + / (3NGN3 
0 


+ 6NoN\N3 + 6NoN2N3 + 3NoN3 + 3N7N3 
+ 6N1N2N3 + 3NiN3 + 3N3N3 + 3N2N5 


t 
+ wpart-] +a [ Ngdt 
0 


ib t 
+ / (2NoN + N?)dt + / (2NoN2 + 2Ni No 
0 0 
is 


+ N3)dt + / (2NoN3 + 2N1N3 + 2N>N3 
0 


£ t 
4 npar+-] +e] f Noat +f Mdt 
0 0 


t t 
+ f mare [ msars---], 
0 0 (8.58) 


Comparing the terms of the left- and right-hand series sequentially, we have 
No = N(0,f) = ao. (8.59) 
From the above known term we can find Nj as 
t t t 
N =4f Ngdr +B [ Npar+c f Nodt 
0 0 0 


= (AN§ + BNg + CNo)t 
=ajt where a; =AN§ +BNo + CN. (8.60) 
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Similarly, 
t 
Ny =A / (3N6.N1 + 3N7No + Np )at 
0 
t t 
+B i (2NoM + N?)dt + C i. Nidt 
0 0 
t 
= 4 Bapait + 3ajaot? + aff? )dt 
t t 
+B | (Qagort + af t?)dt + e}. a tdt 
3 : 1 : 
=A ~asayt + aragt? + —a3tt 
2 4 
1 1 
+B aur + se | +C Fal 
1 1 
= | 5a f+ [Aaja + = Bai | B 
2 l 2 
+ xeon + Baga, + Paarl t 
= 04+ 6480 


1 3 
& => 44m 


1 
&= Aaa + 3 Bor 
Be 3 1 
&= Amo + Baga, + yom 


t 
N3=A i; (3NoN2 + 3N3No + 6NoNN2 
0 
t 
+3N7N> + 3N3N, + N3)dt + B if (2NoN2 
0 
t 
+2N\N2 + N3)dt + C / Nodt 
0 


a4 f [sai + oP +80) + 30066 + oat + BPP 
0 
x Gaga (Et + Gt + &0) + 307? (Et + Hf + &0) 
+3a (G+ OP +6? +Ee+ oe +6°)| 
+B | | 2oo(ée4 + fot? + 830?) + 2oqt(& 4 + e + 0’) 
0 


+ (E14 + &03 + gr) lat +C i, (E1t4 + &03 + &30?)dt. 
0 
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(8.61) 


(8.62) 
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Expanding all the terms and arranging like terms we get 


N3 = ZAgpt? + [Ag Eel? + BAe eS + 283)! 
+ { pare + pp A(6E1 E23 + &3)} 11° 
+ {FAo&t + 34a EE. + SAE + Es) 
+ ZBE} PP + [FAa&& + ¢Aa (2618 + &) 
+ 2AE ES + TBEVE} 8 + { FAor(2é 1&3 + &) 
+3Aaté + $Ao&&3 + 4483 

(8.63) 

+ 5B(2&1&3 + &)} 7 + {Aaoéoé3 + Aor é 
+ zA(orié> + 0118) + 4 B(oriki + Er&3)} 2° 
+ {2A (adé1 + a&3 + af &3) + SAacaryé 
+ 2B(aoéi + 0&2) + $(BE + C&)}P 
+ {3 Aap é + 3Aaa1& + 5 Blak 


+ a8) + Fé} 4+ {Aadés + FBaoés + 4 C8} 0. 


Thus, the approximate solution for NV will be the sum of the above four terms 
and is highly nonlinear in ¢ 


N=No+tN,+N2.4+QN3. (8.64) 


8.6 Fourth-order Runge—Kutta method 


In this section, we shall try to determine the solutions of equations (8.16), (8.17), 
and (8.18) with their initial conditions [equation (8.20)]. The numerical scheme 
that is required to solve the initial value problem will be discussed very briefly. 
For a given set of initial conditions, we will try to solve these highly nonlinear 
first-order ordinary differential equations. The scheme is as follows: Rewriting 
equations (8.16), (8.17), and (8.18) in the functional form, we have 


dN 
S =SUGN NN) (8.65) 
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dN, 


aa = g(t,N,Ni,N_) (8.66) 
aN = h(t,N,N+,N_), (8.67) 
dt 
where 
f= a [N7(N4. + N_) — 2NN,N_] (8.68) 
g= a[N7(N4. + N_) — 2NN,N_] (8.69) 
h= a3[N7(Ny. + N_) —2NN,N_]. (8.70) 


The fourth-order Runge—Kutta integration scheme implies the solution of the 
(j + 1)th time step as 


Nit = NI! + t (ki + 2ky + 2k3 + ky) (8.71) 
MTT = Ni 4 1 +2b+2h +h) (8.72) 
Nit} — Ni + elm + 2m + 2m3 + ma), (8.73) 


where 
= (An f(t, N,N+,,N_) 
l, = (Atjg(t, N, N+, N_) (8.74) 
my = (At)h(t, N, Nz, N_) 


ky = (Ang (+4 !N+4,N,+4,N+ a) 
lh = (Adg (1+ S4.N + S,Ny + $,N_ + 3) (8.75) 
m= (Anh (t+ 4 !N+4,Ny+4,N-+ a) 
= (Anf (++ AtN + 2,Ny+2,N_+ p) 
hs = (Ag (+4 Mt N+ 2,N, + 2,N_ 4+ p) (8.76) 
= (Anh (t+ S1N+2,N,+4,N_+ m) 
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kg = (Atif (t+ At, N + kg, Ny +13, N_ +s) 
ly = (At)f (+ ALN + k3,Ny+1,N_ +3) ¢. (8.77) 
mg = (At)f (t+ At, N +h3,Ny +,N_- +3) 


Equations (8.71) to (8.73) specify the action transfer in the air—sea momentum 
exchange. Once the values of NV, Ne and N_ at the (j + 1)th time step have been 
determined, the time derivative (ay i) can be obtained from the equation 


dN j+i : 
(+) = a [N?(Ny + N_) — 2NN,N_]/*1, (8.78) 


We shall carry out this numerical integration for the range from f=0 to 
t=2000s. 


8.7 Results and discussion 


We shall discuss our results in graphical form and compare the graphs obtained from 
the numerical method with the analytical one. The initial conditions used in these 
calculations are as follows: At t= 0, we use the JONSWAP spectrum as the initial 
condition. The expression for this spectrum is given below (see Rahman [15, 17]) 


a ex _ ty 
wy = ag S 00 |Z ai Lal tle) 


where a= 0.01, y=3.3, t=0.08, and f, =0.3. Here, ff is called the peak fre- 
quency of the JONSWAP spectrum. Similarly, the initial conditions for V, N_ are 
the following: 


Ny (fy) = N(1 +49) (8.80) 


N_(f_) = N( — AY). (8.81) 
The corresponding spreading of the directional spectrum (f,, 0) was found to depend 
primarily on 


N(f,0) = 5N(f)sech? BO — Of), (8.82) 


where @ is the mean direction 


13 
2.61 (4) for 0.56 < f < 0.95 


Ip —1.3 Jo 
P=) 458 (4) for 0.95 <f < 1.6 (Se?) 


1.24 otherwise. 
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The parameters involved in this problem for the one-dimensional deep ocean case 
are given by 

ay = —2Cg 8f Ak 

an = Cg BF MAK, 

a3 = Ce 8 Ak_ 


C =3~x 107 
g =98m/s*, 
in which 
2 
A 
Meat 
g 
FL FAVA 
‘hi ca +AyAaf 
g 
271 — APA 
Age IEA 


& 


The frequency range is taken as f =0.0Hz to f =2Hz with step size of 
Af =0.001. The graphical results of the four methods by taking all the param- 
eters stated above are presented in Figure 8.1. Figures 8.2 and 8.3 show the 
plots between y=2 and y =4, respectively, keeping other parameters constant. 
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Figure 8.1: Nonlinear transfer action function V(/) versus the frequency f using all the 
parameters stated above. 
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Figure 8.2: Nonlinear transfer action function N(f) versus the frequency f using y=2 
keeping other parameters constant. 
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Figure 8.3: Nonlinear transfer action function N(/f) versus the frequency f using y=4 
keeping other parameters constant. 
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Figure 8.4: Nonlinear transfer action function N(f) versus the frequency f using 
C =3 x 10? keeping other parameters constant. 


The plots in Figure 8.4 are obtained at C=3 x 10°, where for each case time is 
taken as 2000 s. All the results show excellent agreement. To determine the net total 
action transfer, Miotal, we use the following formula: 


20 lee) 
Neotal = f N(f,0) df do. (8.84) 
6=0 Jf=0 


But in a practical situation, the limit of the infinite integral takes the finite 
values 


2n 2 
oe / N(f.6) df a8. (8.85) 
6=0 Jf=0 


The upper limit of the f-integral is assumed to be 2 Hz, which seems to be a realistic 
cutoff frequency instead of infinity, with the understanding that the contribution to 
the integral from 2 to infinity is insignificant. The N(/) at a certain time for different 
frequencies is highly nonlinear. Thus, to plot Mota, in the time scale, we first obtain 
the values at different time scale and then graph these values against time. From the 
analytical solution for N(/) we can find the values for Miotai using either Gaussian 
quadrature or the ; Simpson’s rule of integration. This analysis is valid only for 
deep-water ocean. 
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8.8 Green’s function method for waves 


The application of Green’s function in calculation of flow characteristics around a 
submerged sphere in regular waves is presented in this section. We assume that the 
fluid is homogeneous, inviscid, and incompressible, and the fluid motion is irro- 
tational and small. Two methods based on the boundary integral equation method 
(BIEM) are applied to solve the associated problems. The first is the flat panel 
method (FPM) using triangular flat patches to model the body and the second is 
using the modified form of the Green’s function in order to make it nonsingular and 
amenable to apply directly the Gaussian quadrature formulas. 


8.8.1 Introduction 


A combination of two independent classical problems should be considered in 
order to find the hydrodynamic characteristics of motion of a body in time har- 
monic waves. One is the radiation problem where the body undergoes prescribed 
oscillatory motions in otherwise calm fluid, and the other is the diffraction problem 
where the body is held fixed in the incident wave field and determines the influence 
of it over the incident wave. These boundary value problems can be formulated 
as two different types of integral equations. The so-called direct boundary integral 
formulation function as a superposition of a single-layer and double-layer poten- 
tials. Another is referred to as the indirect boundary integral formulation, which 
represents an unknown function with the aid of a source distribution of Green’s 
function with fictitious singularities of adjustable strength, Yang [25]. 

One of the most widely used BIEM is that of Hess and Smith [7], in which 
the indirect method is used to solve the problem of potential flow without the 
free surface effect. Hess and Smith [7] subdivided the body surface into n quadri- 
lateral flat panels over which the source strength distribution was assumed to be 
uniform. Webster [23] developed a method that can be regarded as an extension 
of Hess and Smith’s method by using triangular patches over which the source 
strength distribution is chosen to vary linearly across the patch and the panels are 
submerged somewhat below the actual surface of the body. A modification of the 
Hess and Smith [7] method that is devised by Landweber and Macagno [11]. The 
method mainly differs in the treatment of the singularity of the kernel of the integral 
equations and applying the Gaussian quadrature to obtain numerical solutions. 

The application of Green’s function in calculating the flow characteristics around 
a submerged sphere in regular waves is presented in this section. It is assumed that 
the fluid is homogeneous, inviscid, and incompressible and the flow is irrotational. 
Such a boundary value problem can be recast as integral equations via Green’s the- 
orem. Therefore, the associated problems with the motion of submerged or floating 
bodies in regular waves can be solved with BIEM. There are two approaches in 
solving such a problem with BIEM: the Green function method (GFM) and the 
Rankine source method (RSM). In the RSM, the fundamental solution is applied 
and the whole flow boundaries (the body surface, the free surface, and the bottom 
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Direction of prop: 


Figure 8.5: Sketch of the problem geometry and coordinates definition. 


surface) are discretized and the boundary conditions are imposed to find the solu- 
tion. It has the advantages of: the influence matrix can be evaluated easily and it 
can be extended to a nonlinear free surface conditions. In the GFM, a function is 
found by considering all the boundary conditions except the body surface boundary 
condition and then by imposing the body boundary condition to the discretize body 
surface, the associated integral equations are solved numerically to find the velocity 
potentials and the flow characteristics. The advantages of GFM in comparison with 
the RSM are that the integral equations should only be solved around the surface 
of the body and no restriction applied to the free surface to implement the radiation 
condition. 

The direct boundary integral formulation along with the GFM is applied to find 
the hydrodynamic characteristics of the motion of a sphere in time harmonic waves 
by two different methods. In the first method, the original form of the free-surface 
Green’s function is used to find the solutions by modelling the body as a faceted 
form of triangular patches. In the second method, the nonsingular form of the free 
surface Green’s function along with the Gauss—Legendre quadrature formula are 
applied to find the solutions for the associated problems. 


8.8.2 Mathematical formulation 


Two sets of coordinate systems were considered (see Figure 8.5). One is a right- 
handed coordinate system fixed in the fluid with oz opposing the direction of gravity 
and oxy lying in the undisturbed free surface. The other set is the spherical coordinate 
system (r, 0, w) with the origin at the centre of sphere. The total velocity potential 
may be written as 


(x,y,z, f) = R[O(x, y, ze], (8.86) 
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where ¢ is the time-independent velocity potential. It can be decomposed in the 
general case as 


6 


$(x,y,2) = D> jbj(x,y,2) + A(Gr + $0), (8.87) 


j=! 


where 7; is the amplitude for each of the six degrees of freedom of the body 
and ¢; is the time-independent velocity potential corresponding to each mode of 
oscillation of the body of unit amplitude. Due to the geometrical symmetry of 
the sphere, there are only three modes of oscillations responding to disturbance 
from any given direction. These three modes of motion are surge, heave, and pitch 
(j = 1,3,5) considering the incident wave propagates along the x-axis. @; is the 
spatial incoming wave velocity potential with unit amplitude and @p is the spatial 
wave diffraction velocity potential of unit amplitude. Based on the assumption of 
linearized theory, the complex spatial part of the velocity potentials, @, must satisfy 


V¢=0 for r>n, z<0 (8.88) 
Ree 5 atz=0, (8.89) 
Oz 

d¢/8z =0 for z—> —00 (8.90) 
VR{ =~ 1K} o=0 for R>o (8.91) 
“i =—ion j =1,3,5 (8.92) 

a 
(=) (¢1 + $d) = 9, (8.93) 

n 


where K = w/g is called the wavenumber, R = \/x? + y2, n the outward unit nor- 
mal vector of the body surface to the fluid , mj = sin@cosw, n3= cos, and 
ns = 0. Equations (8.92) and (8.93) are the kinematic boundary conditions on the 
body surface of the sphere for the radiation and diffraction problems, respectively. 

The other boundary conditions on the body are the equations of motion of the 
body. It is supposed that the sphere is hydrostatically stable. This means that the 
centre of mass of the sphere should be under its centre of volume. The forces and 
moments acting on the body are the gravity force and the reaction of the fluid. The 
forces and moments of the fluid on the body can be determined from the following 


formulas: 
F n 
Le l-/ Leff (8.94) 
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The dynamic pressure P can be determined by applying the linearized Bernoulli’s 
equation. It may be written as 


—iowt a® 
Plx,yo2s0) = NIP ys ze] = — pS, (8.95) 
where p is the fluid density and the spatial pressure, p, can be related to the spatial 
velocity potential with p = iow. We can express the equation of motion of a body 
in waves by using indicial notations as 


Ss 


where mj; are the mass matrix coefficients, a; the linear or angular displacements of 
the body, a; = R[nj(x, y,z)e'@"], and cj the restoring force coefficient. Considering 
equation (8.87), the ®, may be written as: 


6 
/(x,y,2,0) = 4 —iw | D> njbjx.y.z) + A(br + bd) | ew". (8.97) 
j=l 
Taking into account equation (8.92), the integral in equation (8.96) for a 
component of radiation velocity potential ©; becomes 


lj =o] fom dS = px In eo ff a 96% 4 as}. (8.98) 


The component of force and moments for radiation problem can be written in the 
form of 


6 
Feat) ye ps (8.99) 
j=l 


where fj; is a complex force coefficient, 


Og; 
tg = wo ag — iw@By = ion | ee ds. (8.100) 


aj; is the added mass coefficient and 6; the damping coefficient. For the sphere, 
all the complex force coefficients are vanished due to the geometrical symmetry 
except for the surge and heave motions. 

The exciting forces and moments on a body can be obtained by integration of 
the hydrodynamic pressure associated with the incident and diffraction velocity 
potentials over its surface. If we consider ®jp = ®; + Pp, and substitute it in the 
last term of equation (8.96), the exciting forces and moments are obtained, 


Pei ; i es 
fs = [ion f for + dons , i z as} - (8.101) 
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Considering that F.; = K[fje7@"] and equation (8.92), the complex exciting force 
fei can be calculated by 


00; 
fei = of { eism dS. (8.102) 
Ss n 


Taking into account equations (8.96), (8.99), and (8.101), the equations of motion 
for a submerged sphere in a time harmonic wave are 


—o*(M + a11)m — iwBiini — ©’ MZens = fex for surge motion 
—@?(M + 033)n3 + i@B33n3 = fez for heave motion (8.103) 
—wMZgn — wo Mk? ns + MegZens = 0 for pitch motion , 


where 71, 73, and 5 are the surge, heave, and pitch amplitudes, M is the mass 
of the sphere, Z, is the position of the centre of gravity with respect to the centre 
of the sphere, a1; and a33 are added mass coefficients for surge and heave, 611 
and £33 are the damping coefficients, f2, and f2, are the complex exciting forces 
and k is the radius of gyration. The linear motions along the x direction (surge) and 
rotational motion about y-axis (pitch) are coupled with each other but they are not 
coupled with the linear motion along z-axis (heave) of the sphere. 


8.8.3 Integral equations 


The radiation and diffraction problems are subjected to the Laplace equation in 
the fluid domain, linearized free-surface boundary condition, bottom condition 
indicates that there is no flux through the bottom of the fluid, radiation condition at 
infinity, and the Neumann condition at the mean position of the body. The potential 
for a unit source at q(é, 7, ¢) defines the Green function G. The Green function with 
its first and second derivatives is continuous everywhere except at the point g. It 
can be interpreted as the response of a system at a field point p(x, y, z) due to a delta 
function input at the source point g(&, 7, ¢). This solution can be applied with the 
Green second theorem to derive the integral equation for the velocity potentials on 
the surface of the body, 


860.9) 5. _ aoa) 
27(p) + / [ $(q) an(g) dS = ae G(p, q) an(q) ds. (8.104) 


The free surface Green function that satisfies all boundary conditions except the 
body boundary conditions is defined, Wehausen and Laitone [24], as 


he 4 eo ai] 
G=_+—+2KP.V. i ek @+5) Jy(kR)dk 
r’ 0 k = K 


r 


— 2nikeX@+) Jo(KR), (8.105) 
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where 


r= /@—sP+—mP +@-F 


=f +0- +E +0P 


R= Ve—2P + — 0. (8.106) 


In the radiation problem, the velocity potential for each mode of motion of the body 
can be obtained by solving the integral, equation (8.104) and imposing the body 
surface boundary condition, i.e. equation (8.92). 

In the diffraction problem, the scattering velocity potential, dp, can be cal- 
culated with the integral equation (8.104), and then adding the incident velocity 
potential to find the diffraction velocity potential, ¢;p. The integral equation for dp 
can be written 


OG(P.9) 4 dbp(q) 
onbp(p) + i i $00 oe aS = if i) GP.9) pa aS. (8107) 


If the second Green’s theorem applied to the ¢; on the interior of the surface Sz, 
the integral equation is in the form of 


IG(P,9) 1g 01(9) 
—2n)(p) + ie [oo an) dS = / if G(p, q) nla) dS. (8.108) 


Combining equations (8.107) and (8.108) and considering the body surface 
condition for the diffraction problem, equation (8.93), it follows that 


Andip(p) + / [ sq) D) 4S = Andy(p). (8.109) 


(p, 
dn(q) 


Flat panel method 


The integral equations (8.104) and (8.109) are discretized by subdividing the surface 
of the sphere, Sz, into N triangular panels, S;,. It is assumed that the distribution of 
the velocity potential and its normal derivative are constant on each panel and equal 
to their values at the panel centroid. The discretized formula for each component 
of the radiation velocity potentials is 


+d ff Say ff cas, eto 
1 = J Sp ang | mi ang Ss b> : 
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and for the diffraction velocity potential is 
= aG 
4rip, + S- bin, cf ——dsp = 41gj,. (8.111) 
= Sb Ong 


The results are systems of V complex linear algebraic equations with N unknowns. 
It is necessary to deal with a global coordinate system O; — x,y,z, fixed in the 
body and a set of local coordinate systems, O — xyz for each triangular patch. It is 
convenient to assume that the triangular panel lies in the X, y coordinate plane. The 
system of linear algebraic equations may be presented in matrix form as 


[A] {x} = {B}, (8.112) 


where [A] is the coefficient matrix formed by the integration of the derivative 
of Green’s function along the surface of each panel. {B} is a vector formed by 
multiplication of the integration of the Green’s function along the surface of each 
panel and the body surface boundary condition for the radiation problem. For the 
diffraction problem its elements are B; = 47r@y,. {x} is the unknown vector of velocity 
potentials around the body. The main tasks are 


a) finding the elements [A] and {8}, 
b) solving the system of complex linear algebraic equations. 


The Green’s function consists of Rankine singularities, its image, and wave parts 
due to the free surface condition and the radiation condition. The parts of Aj; and 
By concerned with the Rankine singularity and its image may be computed by 
transferring the surface integral to the line integral using Green’s lemma. These 
parts of the A; and By due to the wave are calculated for the centroid of the panel 
and assumed to be constant on each panel. For the accurate evaluation of the wave 
part of the Green’s function and its gradient, see Refs. [3], [13], [15] and [21]. 


Nonsingular method 


The Green’s function may be written in the form of G(p, gq) = ; + H(p, q), where the 
term : is the singular part and H(p, q) is the harmonic part of it. The type of singu- 
larity of the : and its derivative are of the weak singularity. This type of singularity 
can be removed by adding and subtracting a proper function from the integrand 
so that the kernel becomes nonsingular. The method proposed by Landweber and 
Macagno [11] for the calculation of the potential flow about ship forms are pre- 
sented as such an idea. The treatment of singularity in such a way will result in a 
regularized formulation of BIEM. These nonsingular forms of integral equations 
can be solved numerically by applying the standard quadrature formulas directly 
without the conventional boundary element approximation. It can be written by 
introducing the Gauss’s flux theorem that 


a {1 
ae — (<) dSq = —2n, (8.113) 
Sp ONg \r 
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and defined such a source distribution, o(q¢), that make the body equipotential of 
potential de. 


[ oas = ge. (8.114) 
SB r 


Considering equations (8.113) and (8.114), the integral equations yield the 
form of 


0/1 oH 
sro) + | f (6a) - ots (+) asy+f ff 6) —— a D dS, 


_ i i ae eed 1 ds 
~ Sp L ONg Oy o(p) |r si 


0;(q) ge 9;(P) 
+ i i. He.9) a dS, ae (8.115) 


a (1 
‘non + ff tov - dong (=) 45 
B q 


9H(P.9) 1g 
SH / i ow ang dS, = 4o7(p). (8.116) 


The source distribution, o(q) can be calculated through the iterative formula 


of = eae 
e at] [ (% ae ) han (7 )) 4s. vo 


and since @¢¢ is constant in the interior of an equipotential surface, its value may 
conveniently be computed by locating point p at the origin. For more explanation 
of the method, see Ref. [9], 


oq 
cos / i Gaye tees (8.118) 


The solution of the radiation and the diffraction velocity potentials with this method 
are obtained by discretizing the integral equations (8.115) and (8.116) and the 
relations (8.117) and (8.118) by applying the Gaussian quadrature. The source 
distribution, o(q), to make the body equipotential and @, may be calculated through 
the discretized formulas 


N 
+) @_ 1 (TiN TiN 
0; = 0; Tipe ( agar ok a Ht) a Sj; 


IU 3 3 
j=l j#i ij ij 


N 
i 
be = ox typ +77) 7 Asay, (8.119) 
j=l 
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where As; is a scale factor with respect to the integration parameters, w; the 
weighting function for the Gauss—Legendre formula, and N the number of Gaus- 
sian quadrature points. The discretized equations for the radiation and diffraction 
problems are linear systems with V unknowns of velocity potentials. They can be 
represented in the matrix form as equation (8.112). The coefficient matrix and also 
the body surface boundary conditions are dependent on the geometry of the body. 
If the exact expression for the geometry can be used in the numerical computation 
the accuracy of the results will be highly improved. This is one of the most import- 
ant features, using the exact geometry, of the nonsingular method in treating the 
integral equations. The elements of the coefficient matrix, [A], are 


N r;-n; 0H,;; 
Aj = 40+ z 3 z Asj@j + Gy, sie 
j=l iti 9 1h 


ry-ny | oti 
ij ij 


The elements of {B} for the diffraction problem are B; = 47@,,. For the radiation 
problem, 


C) 
(B} = [C] {=| (8.121) 
on 
where the elements of the matrix [C] are 
N 
; | 
Ci = Hj Asjo; Pe 3S 2 Asjoj 
ae ee aa 
1 
Ci — (— +H) Asjqj;. (8.122) 
ij 


8.8.4 Results and discussion 


: -1 
The results of calculation for nondimensional added mass, wi = aj (3 pari) 


and nondimensional damping coefficient, Aj = aij G ponr; ee for the surge and 
heave motions of a sphere are shown in Figures 8.6 to 8.9 as a function of Kr 
for A = 1.5. The solid lines are the analytical solutions derived by the method of 
multipole expansion by Rahman [17]. 

The calculations by FPM were performed by subdividing the surface of the 
sphere into 512, 1024, and 3200 triangular panels. The figures show that it is nec- 
essary to have a large number of elements to find accurate solutions. This is a 
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Figure 8.6: Surge added mass calculated with different methods in h/r; = 1.5. 
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Figure 8.7: Heave added mass calculated with different methods in h/r; = 1.5. 


drawback of the FPM. The solutions with the nonsingular method were computed 
by distributing of 16 x 32 Gauss—Legendre quadrature points at the surface of the 
sphere. The comparison of the results with this method and with the analytical 
results obtained by Rahman [16] show that the differences between them are at the 
fourth decimal point. This shows that the nonsingular method with much less dis- 
cretization gives better results that the FPM. This is due to using the exact geometry 
in the calculation of the hydrodynamic characteristics of the flow. 
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Figure 8.9: Heave damping coefficients calculated with different methods in h/r, = 1.5. 


The relative error for the added mass in surge and heave motion are calculated 
and shown in Figures 8.10 and 8.11. The relative error is defined as 


. numerical result — analytical result 
Relative error = - ss | (8.123) 
analytical result 


These figures also demonstrate the accuracy of the nonsingular method. 
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Figure 8.11: Relative error for heave added mass in h/r; = 1.5. 
8.9 Seismic response of dams 


In this section, we investigate an analytical solution of the seismic response of 
dams in one-dimension. In a real-life situation, the seismic problem is of three- 
dimensional nature. However, for an idealized situation, we can approximate the 
problem to study in one-dimension. The results obtained in this section should be 
treated as preliminary to obtain the prior information of the real problem. 


8.9.1 Introduction 


In order to analyze the safety and stability of an earth dam during an earthquake, 
we need to know the response of the dam to earthquake ground motion so that the 
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inertia forces that will be generated in the dam by the earthquake can be derived. 

Once the inertia forces are known, the safety and the stability of the structure can 

be determined. A geometrical configuration of a dam is sketched in Figure 8.12. 
The inertia forces generated during an earthquake will depend on 


i) The geometry of the dam 
iit) The material properties 
ili) The earthquake time history 


The reality of the problem is that an earth dam is a three-dimensional structure, 
usually multizoned with variable properties in each zone. The material properties are 
nonlinear inelastic and the earthquake time history is a time-varying phenomenon. 
The problem is, therefore, very complex and a proper solution requires the use of a 
finite element program, which can deal with nonlinear inelastic material properties. 
The earthquake is the travelling-wave phenomenon, which arrives at the base of the 
dam through the foundation rock. Since the foundation is not rigid, part of the 
energy, which vibrates the dam, is lost through the foundation causing radiation 
damping. The analytical solution to such a problem is not at all possible. However, it 
is often necessary to have approximate solutions that can be used to understand the 
behaviour of the dam during earthquakes. In order to make the problem amenable to 
analytical solution, some approximations are made to create a mathematical model. 
Such a model in this case is known as the shear beam model (SB) of earth dams. 
There are several such solutions that differ in their approximations to the problem. 


8.9.2 Mathematical formulation 


The first set of approximations refers to the geometry of the dam. 


Assumptions: 


e The length of the dam is large compared to height. In this case, the presence of 
the abutments will not be felt except near the ends (L > 4H). This removes the 
third dimension and deals with the dam cross-section only. 

e Slopes of the dam are fairly flat and the section is symmetrical about the z-axis. 

e Amount of oscillations due to bending is small. The shear strain and shear stress 
along a horizontal line is the same everywhere and is equal to the average at 
the corresponding level. Therefore, subjected to horizontal loading in shear, the 
response is assumed to be in shear only. 

e The wedge is rigidly connected to the base. The rigidity of the foundation material 
is much greater than that of the dam. 

e The base is acted upon by an arbitrary disturbance given by the displacement 
function a(t) in the horizontal direction only. With the above assumptions, only 
the z dimension and the shear stress is pertinent. Therefore, it is called one- 
dimension shear-beam analysis. 
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e As regards the material properties, the material in the wedge is assumed to be 
viscoelastic. 


For homogeneous material properties with constant shear modulus, the solution 
is readily available, see Refs. [1], [2], [19], and [20]. For nonhomogeneous shear 
modulus for the material, when the modulus varies with the level, an analytical 
solution is given by Dakoulas and Gazetas [4]. However, the solution as given in 
the paper appears to have some drawbacks. The error may simply be in printing the 
equation in the paper or it may be a genuine error. The solution for the radiation 
damping is not clearly explained in their paper. Our aim in this section is to solve 
the equations using a different technique from that used by Dakoulas and Gazetas 
and check their solution. 

Dakoulas and Gazetas used the nonhomogeneous model for material properties 
in which the shear modulus is a function of the level z. This gives: 


G(z) = Gp(z/H)”, (8.124) 
where 


G» = shear modulus at the base of the dam, and 


m = a parameter of the model. 


It is generally assumed that m = 0.5 but experimental data suggests that m can vary 
considerably. It is to be noted that in a dam the depth of material at a given level 
varies and the above equation generally relates to a constant overburden pressure 
corresponding to the level z as in a soil layer. Dakoulas and Gazetas provide a 
detailed examination and verification of the model. 

In a viscoelastic material, the shear stress t relates to the shear strain and the 
strain rate by the following: 


t= Gz) E& ne | (8.125) 


In this expression, the displacement u(z, t) is measured relative to the base at z= H. 
Therefore, referring to Figure 8.12, the shear force Q at the depth z is 


O = 2Bzt. 


Hence, considering an elemental slice of width dz, the net force acting on the 
element is dQ and therefore the net force must equal the inertia force on the element. 
Thus, considering the equilibrium of the element 


2Bedzp(ii +a) = {2827 Eo + ns) sia ja) (;: i "z)) | ‘ 


or pu +a) = 2 at (= + nse) |+ |G) (= + nz) | . (8.126) 
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\. Gz= G,(z/H)” 


\- i - + G,—| 
Figure 8.12: Dam cross-section and distribution of shear modulus with depth. 


In the above equation, i+ a represents the absolute acceleration, where a is the 
base acceleration. In earthquake engineering, the acceleration is the basic data and 
not the displacements. Using equation (8.126) and noting that Gz,/p=C : where 
C; is the shear wave velocity at the base level, we obtain 


2. 2° . 
oy pofZ\" (ou , oe m+1)\ (du du 
org <p ia) le = ns) + ( Zz oz = Ta 2 een 


The boundary conditions are v=0 at z=H, the dam is rigidly connected 
to the base, and t=0 at z=/A, the top surface is stress free. This condition is 
derived from the shear beam model of the dam. The initial conditions are at rest, 
Le.u=u=O0att=0 forallh<z<H. 


8.9.3 Solution 


This initial boundary value problem can easily be solved by using the Laplace trans- 
form method. The definition of the Laplace transform is available in any standard 
engineering textbook. And here we cite the definition for ready reference only (see 
Rahman [18]) 


L{u(z, t)} = Fr u(z, the “dt = U(z,s), 


and its inverse is given by 


1 ytioo 
u(z,t) = al u(z, s)e"'ds. 
201 y—ioo 
Applying the Laplace transform to equation (8.127), we obtain 


m 2a Wi 
a+a= Ci + ns) (=) at ("=)F| (8.128) 


az2 Z az 


AppLications 303 


where s is the Laplace parameter and 
u=L(u) and a= L(d), 


in which £() represents Laplace operation on (). 
Changing the dependent variable 7 to U where 


U = 2G 
Eymn/2 
and k= ees, 
CoV 1+ ns 


leads to 


zn/2-2 Ei aU aoe (= 4. pe) u| = ak? 
4 se 


az? dz 


The complementary function is obtained from the solution of 


2 2 
peu du (3 +P") U =o, 


az? dz 
Changing the independent variable z to 4 where 


we = 2k/(2 — m)zi-™”? 


leads to 
aU dU 
2 2 2 
— — — U =0, 
Mp Tr (uo + q°) 
where 
q=m/(2—™m), 


and therefore 
w= kL +q)z-™, 


The solution is, therefore, 
U = Al,(u) + BKg(W). 


The particular integral is 


and therefore the complete solution is 


B= 2" [Alg(H) + BKy(H)] ~ 5 


(8.129) 


(8.130) 


(8.131) 


(8.132) 


(8.133) 


(8.134) 


(8.135) 


(8.136) 


(8.137) 


(8.138) 


(8.139) 


(8.140) 
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t= Co(1+ns) a 
— iS = 
2 we oz 
= Ch + ns)pllz "(Al (4) + BKj(u))IKC + gy — m/2) 
mM _j_ 
ee 1m/2(AT4() + BKg(iL))}- (8.141) 
Note that: 
Ti() = Ips) + 4 (w) and Ky(1e) = —Kysi(H) + £Ky(u). (8-142) 
Applying the two boundary conditions, i.e. at z=h, t= 0 gives 
Algsi (ith) ~ BKgai(un) = 0 (8.143) 
and at z= H,u=0 gives 


HO" (Aly 1) + BK) = 5. (8.144) 


Therefore, solving for A and B from equations (8.143) and (8.144) and replacing 
in equation (8.140), the solution becomes 


L= 


a ( Z ‘ai [Ko+1 (en lg(H) + Lg+1 (en) Kq()] 


i). (8.145) 
2 INA) [Rosi (eilgen) + gi (eK (He 


where n=k(1 + g)h'~"/? and wy =k(1 + qg)H'!~”?. The solution wu will be 
obtained from the Laplace inversion of equation (8.145). Equation (8.145) can be 
written as 


ii = GF (z,5). (8.146) 
From equation (8.129), 
L'@ = a(t). 
If 
LO(F) =f(z,0), (8.147) 


then using the convolution integral, 


u= / a(t) f{(t — 1), z}dt. (8.148) 
0 
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The problem is to solve equation (8.147) to obtain f(z, ft). 


1 ( Z ye" [Kor i1(undlg(e) + Lg41(enKq(H)] 1 
7 


F= 
: [Kq+1 (Madge) + Lg+1 (en) Kq(HH)] 


(8.149) 


Ss 


The inverse of the transform can be obtained by using the residue calculus 


f(z, = L7'{F(z,5)} 
1 ytioo 


= — F(z,s)e"ds 
Qui y—ioo 


> Residues at the poles of F(z, s)e". 


It can be easily noted that s = 0 is a double pole. The other poles can be determined 
from the roots of the following equation 


Kai (eng) + Lqg4+1(en)Kq(eH) = 9. (8.150) 


First, we determined the residue at the double pole s=0, which is found to be 
Ro =t. Next the residues corresponding to the single poles 


—_ Don) | el@nt ) 
a PO)” 
O(n) 


R= ew 8.151 
and oF Dar ). ( ) 


Therefore, the total residues are 


Q(@n) 
OnP(on) 


= oe (= ) (8.152) 


Ry, +R, = 


[i(e i(e i@yt ent 


Detailed calculations of the residues can be found in the work of Rahman [22]. 
The solution for f(z, ¢) can be written as 


fC) =A Cee 


n=1 


(8.153) 


where 
QO(@n) = Sas MY ilan 1) _ VGe tw tal ") 
Pn) = anh? Ja(aal—? VY ,(a) - Y,(aa'~™/?)J,(a)} 
— alg 1(@¥q (an) — Yop i(@gpi(aai")}, (8.154) 
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and the characteristic equation is 
Jqpi(an ™?)Y, (a) — Jg(a)¥q4i(aa' ™*) = 0, (8.155) 


in which €=2/H, a= Oo (| +q), and A=h/H. Once we know the time history 
of the earthquake, we can obtain the complete solution by the convolution integral 
equation (8.148). 


8.10 Transverse oscillations of a bar 


The transverse oscillations in a bar is a technically important problem. This prob- 
lem can be studied under very general conditions by considering the influence 
function G(x, ft). This influence function is usually called the Green’s function. 
Mathematically, we define it as a kernel of the problem. 

Let us suppose that, in its state of rest, the axis of the bar coincides with 
the segment (0, 2) of the x-axis and that the deflection parallel to the z-axis of a 
point of x at time f¢ is z(x, t) (see Figure 8.13). This is governed by the following 
integro-differential equation 


é az 
2(x,t) = [ G(x,) loon = wns | dn, (0<x< 4), (8.156) 


where p(7)d7n is the load acting on the portion (7, 7 + dn) of the bar in the direction 
of Oz, and ,4(7)dn the mass of the portion. 
In particular, in the important case of harmonic vibrations 


2(x, t) = Z(x)e (8.157) 


of an unloaded bar (p(7) = 0), we obtain 


£ 
ae [ G(x, nln) Z(dn, (8.158) 


which is the homogeneous integral equation. Equation (8.158) shows that our vibra- 
tion problem belongs properly to the theory of Fredholm integral equations. In some 
cases it is possible to obtain quite precise results, even by means of the more ele- 
mentary theory of Volterra integral equations. For instance, this happens in the 


Figure 8.13: Transverse oscillations of a bar. 
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case of uniform bar u(x) = 4 = constant clamped at the end x = 0 and free at the 
end x = £. Its transverse oscillations are governed by the partial differential equation 


az paz 
eat 7 ie 0 (8.159) 


where j = E/ is the constant bending rigidity of the bar, together with 


az 
2(0,t) = rma th=0 


az aez 


as conditions on the ends. If use is made of the previous statement, i.e. equation 
(8.157), we obtain for the transverse harmonic vibrations of frequency 


eee (8.161) 


the ordinary differential equation 


d‘*Z 


sa ~ HZ =0 with k= 4n7v 2h (8.162) 
x J 
together with the end conditions 
Z(0) = Z'(0) = 0 
Z"(0) = Zl) = 0. (8.163) 


Neglecting momentarily the second condition of equation (8.163) at x = 2, equation 
(8.162) together with the condition of equation (8.163) at x = 0, can be transformed 
into a Volterra integral equation of the second kind by integrating successively. In 
this way, if we put Z’(0) = cz, Z’” (0) =c3 we obtain the equation 


3 
b(x) = k4 [S es . gyde + 4 (a5 +s ) (8.164) 


Hence we obtain an equation with special kernel. Now to evaluate the function 


(x), we use the Laplace transform method. Thus, taking the Laplace transform of 
both side of equation (8.164) and after a little reduction yields 


1 
L{b(x)} = kA {e = + 63 (s=2)] 


_ — x4 cs =a 1 4 C3 1 1 
2k —k? stk? 2k? | s2?—k2 = s2 +k? 
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The Laplace inverse of the above transform yields 


Ke k 
P(x) = — (cosh kx — cos kx) + > (sinh kx — sin kx) 
= a (cosh kx — cos kx) + B (sinh kx — sin kx) (8.165) 
where a and £ are the two redefined constants. It is interesting to note that solving the 
fourth-order differential equation (8.162) we obtain the same solution, i.e. equation 


(8.165). Now satisfying the other two conditions at x = 2, we obtain two equations 
to determine the constants a and f. And they are 


a (coshké + cosk¢) + B (sinhké + sinkl) = 0 
a (sinh ké — sink€) + B (coshké + cosk£) = 0 


Thus, ifthe determinant of the coefficients is different from zero, the unique solution 
of this system is w = 6 = 0, and the corresponding solution of the given equation is 
the trivial one 


P(x) = Z(x) = 0; 
but if the determinant vanishes, then there are also nontrivial solutions to our 


problem. This shows that the only possible harmonic vibrations of our bar are those 
which correspond to the positive roots of the transcendental equation 


sinh? (k£) — sin? (k£) = [cosh (k) + cos (ke), 
that is, after a little reduction, 
cosh&cos§+1=0 (8.166) 


where 
E= ke (8.167) 
This transcendental equation can be solved graphically (see Figure 8.14) by means 


of the intersection of the two curves 


= Ane, 
n = cosé and yn cosh 


From the graphical solution, we find explicitly the successive positive roots 
&, & ... of equation (8.166) as 


£, = 1.875106, & = 4.6941,.... 
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a ee 


n = -1/cosh €— 


Figure 8.14: Graphical solution of equation (8.166). 


By means of equation (8.167) and the second equation of equation (8.162), we 
obtain the corresponding natural frequencies of our bar 


1 /(/i\8 
eee | ee = 1,2,3,... 8.168 
Un = 5 ({)% (n ) (8.168) 


Contrary to what happens in the case of a vibrating string, these frequencies are not 
successive multiples of the first and are inversely proportional to the square of £, 
instead of £ itself. In spite of the thoroughness of the previous results, its interest 
from the point of view of the theory of integral equations is not great because the 
key formula, i.e. equation (8.165) for @(x) (or the equivalent one for Z(x)) can 
also be obtained directly (and more rapidly) from the linear equation with constant 
coefficients, i.e. equation (8.162). 

From the point of view of the theory of integral equations, it is more interesting 
that from the integral equation (8.164) itself we can deduce a good approximation 
for the first eigenvalue 


Aula * 12.362 
a <a 


because the same device can be used even if the integral equation is not explicitly 
solvable. 


8.11 Flow of heat in a metal bar 


In this section, we shall consider a classical problem of heat flow in a bar to 
demonstrate the application of integral equations. The unsteady flow of heat in 
one-dimensional medium is well-known. The governing partial differential equation 
with its boundary and initial conditions are given below. 


ar eT 
of tae qT, (8.169) 
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the boundary conditions are 
T(0,t) = T(,1) 
oT oT 
=~ 0,0) = — (1) (8.170) 
ox ox 


and the initial condition is 
T(x, 0) = f(x). (8.171) 


where 7(x,¢) is the temperature at any time and at any position of the bar, a 
the thermal diffusivity, g the heat loss through the bar, x =0 the left-hand side 
of the bar and x = ¢ the right-hand side of the bar, and ¢ the length of the bar. ¢ is 
the time. 

This problem can be solved by using the separation of variable method. There 
are two ways to select the separation constant, and this constant will later on turn 
out to be the eigenvalue of the problem with the eigenfunction as the solution. Our 
aim is to find a kernel of the ordinary differential equation which will represent the 
Green’s function or simply the influence function of the problem. 


Solution of the problem 


Let us consider the product solution in the following manner (see Rahman [15, 16]) 
T(x, t) = u(x)(t) (8.172) 
Using this product solution into the equations, we obtain from equation (8.169) 


GAY: OY iB Ss (8.173) 
ag(t) u(x) 


where 4 =h?, and A isa separation constant. The two ordinary differential equations 
can be written as 


d*u 


aot (A —h’)u =0 (8.174) 
d 
° + aarp =0 (8.175) 


The separation constant (A > 0) is assumed to be positive to obtain an exponentially 
decaying time solution for @(t). The boundary conditions are 


u(0) = u(é);_u'(0) = w'(2) (8.176) 
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There are three cases to investigate: 


Case I 


Let us consider 4 — h? = v* = 0, that means A = A”. Here, v is a real number. Thus, 


v is a positive real number. 


The general solutions of equations (8.174) and (8.175) are given by 


u(x) = A+ Bx 
g(t) = Cet (8.177) 


The boundary conditions, i.e. equation (8.176) yields that 
u(x) =A (8.178) 
Thus, the temperature solution is 
To(x) = ACe 2" t = Age, (8.179) 
where Ao is a redefined constant. 


Case II 


Let us consider A —h? = v? > 0. The general solutions of equation (8.174) and 
(8.175) are given by 


u(x) = Acos vx + B sin vx 


p(t) = Ce™ (8.180) 


The boundary conditions, i.e. equation (8.176) give the following two equations for 
the determination of A and B. 


A(1 — cos vé) — Bsin vé = 0 
Asin vé + BI — cos vl) = 0 (8.181) 


These two equations are compatible for values of A, B both not zero, if and only if 


l—cosvé -—sinvé 


sin vl 1 — cos vé _ 


That is, if 2(1 — cos v€) = 0, which implies that 
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For these values of v, equation (8.180) is satisfied by all values of A and B. For 
other values of v, the only solution is the trivial one u(x) = 0. The eigenvalues are 
then 


An? 7? 
Meat po 2H 123.0. 
Hence eigenfunction solutions are 
x . 2nwx 
Un(X) = Ap COS + By, sin 


The (ft) solution is 
Pt) = Col + PI 


Hence the temperature solution is 


22. 


2 2 ~o( f+ 4 
T, (x,t) = | An cos a + By sin =| ce aE ge al GE 28) 


2nm. 2nq. — 4n2n2 
= Arcos > + By sin < *] E aio Gin: 
(8.182) 


Here, the constant C is merged with A, and B,. The complete solution up to this 
point can be written as 


Te) — > Tee) 


n=0 
oe) 
2 2 = 42x 
-)- E cos = + By sin a le ae Te 4: Ds 25; 
n=0 
(8.183) 
Case III 
Let us consider A — h* = —v? <0. The general solutions of equations (8.174) and 
(8.175) are given by 
u(x) = Acosh vx + B sinh vx 
p(t) = Ce (8.184) 


The boundary conditions, i.e. equation (8.176) give the following two equations for 
the determination of A and B. 


A(1 — cosh vé) + Bsinh vé = 0 
—A sinh vé + B(1 — cosh vé) = 0 (8.185) 
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These two equations are compatible for values of A, B both not zero, if and only if 


1 — cosh vé sinh vé = 
— sinh vé 1—coshvé| — 


That is, if cosh v€(1 — cosh v€)=0, which implies that either cosh vé=0 or 
cosh vé = 1. For real v the first condition cannot be satisfied, and the second con- 
dition can be satisfied only when v= 0. However, v = 0 is considered already in 
case (I). Thus, only possibility is that both 4 and B must vanish implying that 
the solution is a trivial one u(x)=0. The eigenvalues of the problem are then 
An =h? + pL n=0,1,2,... with normalized eigenfunctions 


1 2 2nmx /2 . 2nnx 
»4/ — COS 54/5 sin sity 
Jt Ve L £ £ 


: £L < . 
and since , cos 4% sin ant dye = 0, the complete normalized orthogonal 


system is 
1 2 2nmx |2 . 2nwx 
»4/ = COS »4/ > sin pitts 
Jt Ve £ L L 


with the eigenvalues A, =A? + ae, n=0,1,2,.... 
Thus, the complete solution of the problem is to satisfy the initial condition 
T(x, 0) =f (x). Therefore, using this condition, we obtain 


CO 


2nmx _ 2nmwx 
fa= >. (4. cos —— + By sin = ) (8.186) 


n=0 


which is a Fourier series with Fourier coefficients 4, and B,,. These coefficients are 
determined as follows: 


a =? f' Gee, 
n= oes 2 Nc 
De 2 
By=5 [ f(x) sin — dx 
1 a4 
4y= 7 Sf (x)dx. 
£ Jo 


Equivalence with the integral equation 


The ordinary differential equation is 


u(x) + (A — h?)u = 0 
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and so the Green’s function must satisfy the equation 
Ky, — IK = —85(x — n). 
The boundary conditions for the Green’s function are 


K(0) = K(£); 
K,(0) = Ky(€); 
K(n — 0) = K(j + 0); 
Ky(y — 0) — Kx( + 0) = 1. 


The solution is written as 


A cosh (A Bsinh (A 
Kee cosh (hx) + a (hx), O<x<7n (8.187) 
Ccosh (hx) + Dsinh(hx), n<x< 


Applying the first two boundary conditions we obtain 


h (h h) + Dsinh (h. Lh 
Ke OO ee CSE asiaey 
C cosh (hx) + D sinh (hx), n<x<e 


Using the continuity condition at x=7 (the third boundary condition), the 
constants C and D can be determined as 


C = y (sinh (nh) — sinh (yh + £h)) 
D= y (cosh (nh + £h) — cosh (nh)) 


Substituting the values of C and D in equation (8.188) and after simplifications we 
obtain the Green’s function as 


K(x,n) y (sinh (nh — hx — th) — sinh(nh —hx)), O<x<7n 

x, oa . . 
= ) » (sinh (ch — nh — €h) — sinh(ch— nh), n<x<é 

Next using the jump discontinuity condition (the fourth boundary condition) we 

find that the value of y is simply 


1 


Y= Dn — cosh (€h)) 
Hence inserting the value of y in the above equation and after some reduction, we 


can construct the Green’s function as follows: 


e 
cosh h(n—x—3) 
2hsinh 4” 
£ 
cosh h(x—n— 5) 
2h sinh ue ? 


K(x,n) = (8.189) 
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and the boundary value problem is equivalent to the integral equation 


£ 
u(x) = if K(x, n)u(n)dn. (8.190) 


It is worth mentioning here that this integral equation (8.190) will be very hard 
to solve. It is advisable, therefore, that the boundary value problem in differential 
equation form will be much easier to obtain the solution of this complicated heat 
transfer problem. 


8.12 Exercises 


1. Find the function u(x) such that, for x > 0 
x 
u(x) = sinx — i u(x — t)t cos tdt. 
0 


2. Solve the integro-differential equation 


du _ 


x 
— = sf u(x — t) cosh tdt 
dx 0 


for x > 0, given that u(0) = 1. 


3. Find the two solutions of the equation 


i f(x — df (dt =x 


and show that they hold for x < 0 as well as x > 0. 


4. Let f(x) have a continuous differentiable coefficients when —a <x <z. Then 
the equation 


m/2 
f@= . / u(x sin 0)d6 
TSO 


has one solution with a continuous differential coefficient when —2 <x <z, 
namely 


n/2 
u(x) = f(0) + i, f'(xsin 0)dé. 


5. Show that, if f(x) is continuous, the solution of 


(1 a iz) u(x) = f(x) +2 / f(t) cos (2xt)dt, 
4 0 


assuming the legitimacy of a certain change of order of integration. 
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6. 


10. 


11. 


Show that even periodic solutions (with period 27) of the differential equation 


du 


aoe (a? + k* cos” x)u(x) = 0 


satisfy the integral equation 


rs 
u(x) = af elk cosx cos Du(t)dt. 


I 


. Show that the Weber—Hermite functions 


1 


1.2 d” Pane 
Wal) = (— Ite (c 2» ) 
satisfy 


u(x) = a / * ebttu(at 


for the characteristic value of 1. 


. Show that, if || < 1, the characteristic functions of the equation 


oe r [ 1-h (at 
WO) 5 US b= Shes aye 


are 1, cos mz, sin mzr, the corresponding numbers being 1, i im where m takes 


all positive integral values. 


. Show that the characteristic functions of 


w= f° {Eo ty a rf eat 


—1 
are 
u(x) = cos mx, sin mx, 
where A = m* and m is any integer. 


Show that 
u(x) = / t‘u(t)dt 
0 


has the discontinuous solution u(x) = kx*—!. 


Show that a solution of the integral equation with a symmetric kernel 


b 
F(x) =f K(x, thu(t)dt 
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u(x) = a Ayr" Un(x) 
n=1 


provided that this series converges uniformly, where 1), u(x) are the eigenvalues 
and eigenfunctions of K(x, ft) and )°°° , dnun(x) is the expansion of f(x). 
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Appendix A Miscellaneous results 


Some Fourier series 


Let f(x) = In2(1 — cosx) a periodic function defined in 0<x<2z such that 
f(x+2z)=f (x). Then f(x) can be expanded in terms of cos and sin functions 
as a Fourier series given by 


f(x) = sao + Yan cos (nx) + by sin(nx)}, (0 <x < 2z). 


n=1 
The Fourier coefficients a, and b, can be obtained as 


20 
an = : F(x) cos (nx)dx 
IT J0 
20 
FS (x) sin (nx)dx 


> 
BY 

Il 

| 


It can be easily verified that b, = + : ” f (x) sin (nx)dx = 0 since f (2m — x) =f (x) 


in (0 <x <2z). The coefficient a, can be calculated as follows: 


20 


Z J (x) cos (nx)dx 
w Jo 


an 


1 20 
= / In 2(1 — cosx) cos (mx)dx 
T JO 


=? [1 (2sin =) Ja 
= : n sin 5 cos (nx)dx 


a 
4 es 

=— / In (2 sin x) cos (2nx)dx 
TSO 


2 [7 cosxsin (2nx) 
- dx 
nx Jo sin x 


(A.1) 
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The last result is obtained using integration by parts. 
Now let 
™ sin (2n — | 
C, = sin (2n aes 
0 


sin x 


then it can be easily noted that 
vs 
Ch41 — Ch = | cos (2nx)dx = 0. 
0 


Since C) = 7, we therefore have C,, = z and from equation (A. 1) 


(Ci41 + Cn) _ 2 
not a 


ayn = 


We also require 


1 20 4 au 
ay = -| In 2(1 — cos x)dx = aa In (2 sinx)dx. 
Jo Tu JO 


Therefore, 
8 m/2 
ay = — ih In (2 sin x)dx 
IH J0 
8 m/2 
=— i In (2 cos x)dx 
IT J0 
Adding these two expressions we have 
8 m/2 
2ay = — / In (2 sin 2x)dx 
w JO 


4 as 
=— / In (2 sin x)dx 
w Jo 


and reference to equation (A.2) now show that ap = 0. 
We have proved that 


1 °°. cos (nx) 
= In 2(1 — cosx) = ss 7. (0 <x < 2m). 


n=1 


It follows that 


3 cos{n(x + 1} 


n 


In {2 sin set o} = 


n=1 


(O<x,t<a,x+t4#0,x+t 427) 


(A.2) 


(A.3) 
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and that 


sll  cos{n(x — )} 
In {2sin 30 | = S 7 > 


n=1 


(0<t<x<nm) (A.4) 


Adding equations (A.3) and (A.4), we find that 


(ee) 


2 
In{2( cost — cosx)} = — > (=) cos(mx)cos(nt), (O<t<x<az) 


n=1 


and, by symmetry, 
[o,@) 


In{2| cosx — cost|} = — » 


n=1 


2 

(<) cos(mx)cos(nt), (O<x<t<7). 
n 

Subtraction of equation (A.4) from equation (A.3) similarly gives 


sin 5(x +t) 


il 
sin 5(x — f) 


= a (=) sin(nx)sin(nt), (O<t<x<7). 
n 


n=1 


It is worth noting that In{2|cosx+ cost|}=— °°, (2) (—1)” cos (nx) 
cos (ut), (0<x,t<2,x+t#z) and hence that 


cosx + cost 
cosx — cost 


eS sa 
— — cos{(2n — 1)x} cos{(2n — 1)t} 
ye 2n—1 


(O<x,t<7,xAt,x+tAn). 


A further Fourier series is easily established. First note that 


CO 
: 1 : 
In(1 — ae”) = — ) -a"e"™, (0<a<1,0<x <2z) 
n 


n=1 
and take real parts to give 
(2 
In (1 — 2acosx +a’) = -)~- (=) a" cos(nx) (0<a<1,0<x < 27). 
n 
n=1 


The gamma and beta functions 
The gamma function is defined by 


T(x) = [ . e'rldt («> 0) 
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and the beta function is defined by 


B(x, y) = [ PO = di & 0,9 = 0): 
It is easily shown that (1) = 1 and an integration by parts gives the recurrence 
relation 
Tat+l=xT(x) (> 0), 
from which it follows that 
Tan+1)=a!. 
The gamma and beta functions are connected by the relationship 


POO) 


Be.) = BOX) = Teg 


(x > 0,y > 0). (A.5) 


This formula, and others following, are derived in many texts on analysis or calculus. 
The reflection formula for gamma functions is 


l@)Pd — x) = mcosec(zx) (0 <x <1) (A.6) 
and from equation (A.5) we see that 
B(x, 1 —x) = acosec(rx) (0 <x <1). 


The relationship 


T(2x) = Sehr yr (x + 5) (x > 0) 


is called the duplication formula. From this and also from equation (A.5), 
we see that r(5) =./n. Other values of I" are l (3) =3.6256... and 
V (3) =V2n/T (4) =1.2254.... 

A further function which is sometimes useful in evaluating integrals is wy 
(digamma) function: 


d I’ 
ve) = £ mre = a 


(x > 0) (A.7) 


The other definition is 


u(x) = [ “(= mis | a (x > 0). (A.8) 
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A Cauchy principal value integral 


Let 


oo yy-l 
c= f i du (O0<y<l1) 


—uUu 
where the integral is to be interpreted as a Cauchy principal value. Now setting 
u=e* we have 


Therefore, the integrals can be simplified as 


ee ae sinh { (5 - y) s} 


and in particular 


Note from equations (A.6) and (A.7) that for 0<x<1, psi(1—x)-—W(x)= 
- # In{l(x)'(. — x)} = 2 cot (zx) and therefore, using equation (A.8) 


oo (e>* = ey ss 


root (ax) = f ee 
6 = 
ageseuy 
0 


1). 
sinh (5) t (O<x<l1) 


We conclude that C,, = z cot (zy). 
The integral in equation (A.9) can be evaluated in other ways, using contour 
integration, for example. 


Some important integrals 


Paes 
dx=arcsin-+C, x* <a’ 
a 


1 
1. [ 
[aa 


1 
2. | sate arecosh = C= Inet VPA +, a <x 
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In |x + Va? —x?/+C 


1 
3° | pte are sinh = += 
a? — x2 a 


1 I 
4. | >—ydr= >In 


1 I 
5, /= dx = >In 


x—-—a 
xXx+a 


1 x 
+C=-—-arctanh-+C, a 
a a 


x-a 
x+a 


ae 


1 
EGa- week HC a 
a a 


(a+ bx)"*! [a+ bx a 
6. bx)" dx = C, a 
[xr x)" dx 2 ae ae + n#X 
1 Vat bx — : 
a ee vain Teen ifa>0 
xJa-t bx Sagatetan / SEE +C ifa<0 
lites Jatbx  —-b(2n—3) 1 F 
x= x 
xtJa+ bx a(n—1)x"-!— Qa(n—1) J x" Ja + bx 
9 i x d 2x"/a+ bx / d 
, X= x 
Vat bx b2n+1)  ban+1) J JSa+bx 
= e (a+bx)/* — b(2n—5) Vat bx |. 
: c= 
a(n—1)x"-!— 2a(n— 1) xno! 
2 
11. [verea=3 @ +3? + Saresinh — + C 
a 
4 
12. fev a2 +x? dx =a? +20 Wa? +x? Saresinh = + C 
a 
2 
3. | VaR ara Se x? + Saresin= +C, vr <a 
a 
1 1 1 
14. Jaane + C= -arecos|“| +C, a <x’ 
15. la Eee aC 
rc tan 
(a2 aa one may ares a 
m/2 
i sin” x dx 
16. 0 
m/2 
= cos” x dx 
0 
* 135-07), z, ifn is an even integer > 2 
= 24.6--(n—1) 


3h 2 


if n 1s an odd integer > 3 


17. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


sin” ax cos” ax dx 
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sin’! axcos™-!ax m—-1lf., ee 
= sin” axcos” “axdx, mA#A—n 
a(m +n) m+n 
sin”! axcos"*! (ax) n—1 


a(m +n) 


IX 


et 
| fe cos bx d= 5 
av + 


, = a 


b2 


-1 


m+n 


Ax 
: i2 sin bx dx = apa sin be ~ beos bx) + Cc 
a 


p (acos bx + b sin bx) + C 


2 [b— 
tan | rn (4 $)]+6 be >c? 


c+bsinax+ Vc? — b2 cos ax 


b+csinax av c2 — b2 


In ; 
b+csinax 


dx 
b+ccosax 


i, 1 , c+bcosax+ Vc? — b? sin ax 
= n 
b+ccosax gq /c2—f2 b+ccosax 


n—2 
sec 
/ sec” ax dx = 


axtanax n—2 


a(n — 1) 


n—1 


if sec”* ax dx, n#1 


n—2 t a): 
[ose ax dx = SD) = —— [cso ax at, n#l 
{2-1 
[oo ie [cot ax dr, n#1 
a(n — 1) 
sec” ax 
sec” ax tan ax dx = +C, n#0 
na 
esc”ax 
[ose ax cot ax dx = — C, n#0 
na 
ax 
[oma = +C, b>0, b#1 
Inb 
x" he 
7 NDA dy = = n—1 pax b41 
iE x lab af b“dx, b>0, # 


/ sin”~* ax cos” ax dx, n#—m 


CLR ee 


2. /b— 
= 5 scan | ie as =| +C, b> 
a —c 


OS Oe scare 
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31. [narde=xinar— x+C 
xr tl ntl 
32. fe In ax dx = yma @eie n#l 
Inax 
33. / de = 5(Inax) +C 
sa. f ae = In [nar] +C 
ines h -1 
35. [ sion’ ee cident eee [ sion? axe, n#0 
na n 
x” n n—-1 
36. | x" sinh ax dx = — cosh ax—— | x”~* cosh ax dx 
a a 
h”—! ax sinh -1 
37. [cost axdr= endian [ cost? ax ds, n£0 
na n 
ek elk eo ox 
38. fe sinh bx dx = © ml RS ee +C, @£b? 
et eo ex , . 
h bx dx = 
39. fe cosh bx dx 5 S+S]ee a #b 
t nh’! 
40. [sant ade =—S Sf tanh aval, n#l 
(n— la 


coth”—! ax 


41. [cont ax dx = 


+ / coth”* axdx, n#é1 


Walli’s formula 


[(m — 1) — 3) ---2 or I] [(n — 1)(n —3)---2or 1] 
(m-+n\(m +n—2)---2or1 . 


m/2 
/ sin” 6 cos” 6d@ = 
0 


5, if m and n are both even 


where a= ; 
1, otherwise. 


Appendix B_ Table of Laplace transforms 


Laplace transforms F(s) = Cf (t) = fo ef (Odt 


Table B.1: General properties of Laplace transforms. 


F(s) a) 

1. | aF\(s) + bF2(s) afi(t) + bf) 

2. | F(as)(a> 0) 1f(t/a) 

3. | F(s/a) af (at) 

4. | F(s—a) ev f(t) 

5. | F(s+a) oF) 

6. | F(as—b) 1 ePt/4¢ (t/a) 

7. | #[F(s — ia) — F(s +ia)] f(t) sin at 

8. | 5[F(s —ia) + F(s +ia)] f(t) cosat 

9. | $LF(s—a)—F(s+a)] f(t) sinh at 
10. | 5[F(s—a)+F(s+a)] f(t) cosh at 
11. | e-*F(s) ie 20) es 
12, deme (2) b> 0 eee: 
13. | sF(s) —f(0) f'() 
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(Continued) 
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Table B.1: (Continued) 


F(s) S() 
14. | s*F(s) — sf(0) —f’(0) f(t) 
15. | s"f(s)—s"- £0) AG) 
= s”*"(0) a f"—Y(0) 

16. | F’(s) ty) 
17. | Fs) (-1°f (0) 
18. | F(s) (—1)"f(O) 

F(s) 
ig [ fade 

F t ia 
7 [oof reoae 

a t (t— zr! 
Si Gi) f (t)dt 
21. | F(s)G(s) Io fg —ddt=f*g 
22. [°° Fo)do ae 
23. | [%..- [°° F(o)do" 7 2 
x+ioo 

24. - F\(0)Fx(s — a)do filt) ft) 

TUL Jx—ioo 

k mets 
25. ae SO=fC+k) 

F(/s) sey ee? 
26, | Fo oar [ e CME (ad 
27.| 4F (4) Io Jo2V/ ttf (ade 
28. | sat¥ (5) rl? [5° 22D, (2) ty (Dd 
29. a fo Jo(2,/t(t — 1) f(t) dt 

ee ees 2 
30. a T e f (t)dt f(t) 

F(Ins) Be EY) 
31. Sine [ Tas 

P n if at 
32. a4 Fe S74 (P(ak)/O'(ak))e* 


* P(s) = polynomial of degree less than 7, 
O(s) = (s — aj )(S — a2)...(S — An), 41, 42,... 


, Ay are all distinct. 
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Table B.2: Special Laplace transforms. 
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F(s) f(t) 
33. | 1 a(t) 
1 
34. | - 1, u(t) 
S 
1 
35. 2 t 
1 pio 
36.| —, n=1,2,3,... : = 
sn (n—1)! 
1 pr-l 
37. | — 0 — 
st? a T(n) 
1 
38. et 
sS—a 
1 
39. -e t/a 
l+as a 
1 pr-l 
40. , n=1,2,3, ——e", (Ol=1 
(s—a)" (n—1)! 
1 ie 
41. ev 
(s—a)" T(n) 
a ' 
42. Za sin at 
S 
43. 242 cos at 
44 a e” sin at 
"| (s—b)? +a 
s—b ii 
45. e” cos at 
(s— by? +a? 
46. 2_@ sinh at 
47. 2 - ” cosh at 
a bt .: 
48. Cae e” sinh at 
—b 
49. : e”' cosh at 
(s— by — a2 
1 1 
50. —(e“ —1) 
S(s — a) a 
1 
Si, || le 
s(1 + as) 
1 ett — et 
52. | ——————.,_ a#b 
(s —a)(s — b) a—b 


(Continued) 
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Table B.2: (Continued) 


F(s) f(t) 
1 —t/a __ ,—t/b 
CS a I ee ene ae 
(1 +as)(1 +s) a—b 
54 : | bt gj t 
; —e~™ sin w 
s2 + 2bs + (b? +o”) o 
55. Ss bet — ae" 
(s—a)(s — b) b-—a 
56 1 sin at — at cos at 
: (s2 + a’)? 2a3 
S t sin at 
57. | ——— 
(s? + a2)? 2a 
s? sin at + at cos at 
2 (s? + a2)? 2a 
s at . 
59. @+ape +a cos at — > sin at 
sa 
60. @+ep tcosat 
61 1 at cosh at — sinh at 
"| (s?- a)? 2a 
62 S t sinh at 
“| (s2?- a? 2a 
s sinh at + at cosh at 
oe (s? — a2)? 2a 
2 at , 
64. (ep cosh at+ oy sinh at 
2 2 
sta 
65. @+ayp tcosh at 
1 (3 — a*#?) sin at — 3at cos at 
66. | ———— = 
(s? + a2)3 8a> 
Ss t sin at — at? cos at 
oF (? +a’) 8a3 
68 s* (1 +a???) sin at — at cos at 
- (s2 + a’) 8a3 
2 3t sin at + at? cosat 
ee (ss? +a’) 8a 
6 st (3 — a*#?) sin at + Sat cos at 
"| (s? +a?) 8a 


(Continued) 
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Table B.2: (Continued) 
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F(s) fO 
1 a (8 — a*t*) cos at — Tat sin at 
"| (s? +a?) 8 
n 3s? — a t* sinat 
| (s? +a) 2a 
73. Bas Bes 1p cos at 
(+a) 2 
74 8 —a’s # sinat 
| (s? +.a?)4 24a 
1 (3 +.a°??) sinh at — 3at cosh at 
Ps (s2 — a?) 8a> 
16 Ss at’ cosh at — t sinh at 
| (s? — a?) 8a3 
7 s* at cosh at + (a?t? — 1) sinhat 
"| (s2 —a2)3 8a3 
78 s 3¢ sinh at + at* coshat 
"| (s2 — a?)3 8a 
En st (3 +.a°?7) sinh at + Sat cosh at 
"| (s2 —a2)3 8a 
80 s (8 +.a°t?) cosh at + Tat sinh at 
| (s? — a?) 8 
3s? +a? t* sinh at 
ae (s2 — a2)3 2a 
s* + 2a’ 
82. a) TAR cos? at 
s* — 2a’ 
83. a4) cosh? at 
84. ae sin? at 
s(s* + 4a?) 
85. ete, sinh? at 
s(s* — 4a?) 
at /2 
86. a S 2 sin ae cos ve - owe 
87. — it 0 Saat + 73 sin v3at = ema 
se+a 2 2 
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Table B.2: (Continued) 


F(s) f(t) 
2 
Ss 1 /3at 
Ne, = J o-at t/2 Ace 
88. ee 5 f 4 2e"/* cos 5 
1 eat/2 /3at J3 
So J G3at/2 _ = ai 
89. 3g 32 er? cos 5 3 sin 5 at 
KY eHtl2 _ Vat J/3at sat/2 
90. a3 a {vas 5 cos — + e3at/ 
2 
Ss 1 _at/2 V3at 
91. Sa 3 [or at/ cos | 
92 : : (sin at cosh at t sinh at) 
.| = —~(sin at cosh at — cosat sinha 
s4 + 4a‘ 4a3 
93, S sin at sinh at 
s4+4a4 2a2 
2 Tes. < : 
94. Fa 4at 5, 6 Sin at cosh at + cos at sinh at) 
— 
95. Fag cos at cosh at 
1 Ll, 7 . 
96. a_44 93 6sim at — sinat) 
97 Eemehiad t) 
-| ao Fai cosh at — cosa 
os, | Cunha aeeinaly 
ise comer FF sinh at+ sina 
2 1 
99. Ao 5 (cosh at + cos at) 
100 : ! 
j S Jat 
1 
101. | —~ 2./t/1 
SA/S 
102. S+a 1+ 2at 
s/s Jat 
1 eu 
103. 
S+a JV 1t 
‘6A elt — eat 
A S—-a— Ss 
2t./ mt 
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F(s) f(t) 
4s 1 et — ena 
“| J/stat+J/s+b 2(b — a)\WV x83 
106 1 er f at 
| sJf/s+a Ja 
‘is 1 e“erf Jat 
“| vs(s =a) Ja 
1 1 2 
108. | ——_ et } __ — pe terl fo(b/t 
ee a {fe(bvt)} 
1 
1095) == — Jo(at) 
Jia 
1 
110. Jozi Ip(at) 
111. ( ee n> a" J, (at) 
s“+a 
afl od —. p72) 
112, | & - ye hiss a" I,(at) 
s“—a 
ells — V/s? +2) 
le gaa Jy(aVP—b), t>b 
(| Vs? 42 0, t<b 
1 4"n! 
115. | —~ pol? 
s@./s (2n)!,/1 
1 t J\ (at) 
116. | ————; = 
6 (s? + a2)3/2 a 
S 
2 
Ss 
118. (2+ e272 Jo(at) — at J\ (at) 
1 t I\(at) 
119. (2 ape = 2p i 
S 
2 
Ss 
121. (2 —a@ plz Io(at) + at I\(at) 


(Continued) 
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Table B.2: (Continued) 


F(s) f(t) 
I 
122. — —(Int+y), y=Euler’s constant, 
= 0.5772156 
I 
13a) Int 
s 
124 i= (In 4s + y) a 
. | —,/—-dn 4s — 
s i Jt 
] 2 2 
125, | (ns) (npyy— = 
S 
126 ! i aan d 
‘| ins ora 
2 ] 2 
o70|2 a Ey In? ¢ 
6s Ky 
ie 1)-T 1)1 
138, ee a Des | Ine 
git 
ioe a ee 1-—e 
. | In 
S t 
6 s—a et ett 
. | In 
s—b t 
l 2 2. 2, ee) 
131. see) clat)= | COST 
S at © 
J [oe] —T 
1997) eee E\(at) = / edt 
s ie oe 
a3 || Se, eta 2(cos at — cos bt) 
; s? + b t 
134. | e-@ 3(t —a) 
e& 
135, u(t — a) 
AY 
ea’ /4s 
136. z Jo(av't) 
in at 
137. | tan~! (*) a 
S t 
t 1 ates 
(3g, | ee) S,(at)= / eee gt 
Ss 0 T 
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F(s) f(t) 
eA/s en 2vat 
139. er fc(./a/s) —— 
vs vat 
2a a2 
140. | e°/4@ er fe(s/2a) Hers 
J 
s? /4a? 2 
141. ae Peee) er f (at) 
or e“er fe,/as 1 
Js Jat +4) 
1 
143. | e“E;(as) ae 
ak I on at/As cos ax/t 
JTS mr/t 
‘as a atts sinaJ/t 
“| 2./783/2 1 
1/s h2,/t 
146. i ae 
S t 
147. Smee 
s/s TT 
—a,/s ¢ —a? /4t 
148. |e 2 Jape’ 
1—e 4s a ) 
149. er f | —— 
5 (xh 
e avs a 
149a. er fc| —— 
s 2 Ge 
(50, | 2 Le emi 
| vs Jat 
151 eee, eblbt+ der fo ( b/ i+ =) 
| vs(/s +5) 2Vt 
eas 1 a 1 » a 
152. —___ er fc eb t+ abe, e(ovi+ =) 
Gi) rie (5) b : ai 
eas 2/t _» a 
152a. | ——— — 6 TI = Gorge (<<) 
sa/s J K 2/t 


(Continued) 
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Table B.2: (Continued) 


F(s) f(t) 
owas + bse 0 O0<t< Jax 
y} 
Pe — e7 (bx/2/ 4) e—JVaxs b = xe (b/2a)t 
a 
2_ 4 
qh ( u 5  Vir=a) 
a 
> t=/ax 
t2 — ax? ve 
154 1 Ja sinh ¥ 2at sin 
. | sin - 
Js mt 
155 l1 Ja cosh J 2at sin 
. | —=sin - 
sv/s s Jan 
156 1 a cosh J 2at cos / 2at 
; cos — 
S/S S Vat 
157 1 a sinh J 2at cos V 2at 
: cos — 
S/S S Jan 
—as—b at _ 
158. | tan7! = - sin bt 
a 
159: | wat D iecoebt 
. | tan puoe@4e 7 sing cos 
160. VF gs erfe(5) et 
sinh sx x (- - nex nit 
161. - —~4+—=yrr, 
s sinh sa a ~ re sn a i a 
sinh sx 4 (-1)”" (Qn—1)nx . (2n—1)zt 
162. | ——— seal 
scosh sa 4 dina 2n—1 ae 2a i 2a 
cosh sx t 2% (-1)" nx . nit 
Boe s sinh sa a a3 1 dena n ee a or a 
cosh sx 4 (-— ie pelee — 1)mx (2n — 1)xt 
164. | ———— 14+4-y°% 
s cosh sa x iT dina 2n— iti 2a ene 2a 
sinh sx Lee (- zi nx . nit 
ke s? sinh sa a +5 oe 1 m ea 
sinh sx 8a (-—1)” (2n—1)x (2n—1)zt 
166. | ———— eae Dien 
Oo | aieghied UE og ie a 
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F(s) f() 
cosh sx Bogs 00 (- _ nIx nit 
ee s* sinh sa 2a +5 oe uae “ius a 
cosh sx 8a ae (Qn—l)ax | (2n—1)xt 
168. | =———_ oe 
52 coshsa Wa atop ip oo Tous On ee 
1 16a? (-1)" 
Rpgh sg Oe Ose coo TA 
169, | £oshsx ge Oe ye Del (2n—1)3 
"| s? cosh sa Qn—l)nx  (2n—1)at 
x cos cos 
2a 2a 
sinh x./s Qn 22, 2, AIEX 
170. sinha,/s ae Ny (—1)"ne wmtla sin — 
va, | coshaw 2D (HP Han Der Orr! 
"| coshads re (2n — 1)x 
ee ae | 
172 sinh x./s 2 We, (H 1 ten en Pae/Ae « 1 nT 1)mx 
a/s cosh a,/s ore 2a 
cosh x,/s 1 2 D9 39 NITX 
173. | ————~ eS (1 ye-* * 1 cos — 
o/s sinh a,/s aoa Lina (— Dre 
sinh x./s ae (- a 2024,2 , AIIX 
174, | ———— fe ere sin 
s sinh a./s aon dint a 
cosh x./s 4 (- i 5p eee (2n — 1)2x 
175. | ————— Po 7k e-Qn-l)n*t/4a Ket Agi 
ui s cosh a,/s - bi don Lon 1 ar 2a 
sinh x./s xt (- 7 Dy p02 nIx 
176. Pxnhade - +4 yp ere Vein 
1 16a? 
(9 cosh x./s a ae eg 
: s2 cosh av/s (— 1)" e-(2n=1)Pn?t/4@° fe (2n— I)nx 
* Qn - Qn—1p~ 2a 
1 
178. | — tanh (>) Triangular wave function 
as 
il as ; 
179. | — tanh (5) Square wave function 
S 
180. | = “ c 5 coth($) Rectified sine wave function 
as as 
181. as Half-rectified sine wave function 


(Continued) 


338 INTEGRAL EQUATIONS AND THEIR APPLICATIONS 


Table B.2: (Continued) 


F(s) f@ 
1 1 
182. | — — ———_ Saw tooth wave function 
as? s(1 — e4) 
e 4 
183. Heaviside’s unit function u(t — a) 
Ss 
e(] _ e~®) ; 
184, } ——————— Pulse function 
s 
1 : 
185. s(1 —e-*5) Step function 
es 4 es F 
186. s(l—e- f®H=n wn<t<n+1,n=0,1,2,... 
l-es 
187. | —————~ f®H=r",n<t<nt+1,n=0,1,2,... 
s(1 —re7S) 
a(l+e~“) sin(mt/a) O<t<a 
188. | —.~——— th= past 
a*s? + 1? fO 0 t>a 
Table B.3: Special functions. 
189. | Gamma function] ['(n)= Jy? uw" 'e “du, n>0 
(mm) 
90; | sete Rincton "l| Bona ea ay 
T'(m+n) 
n x2 
SWO= RG 2(2n +2 
191. | Bessel function aah) ee 2} 
* 2AQn+DQn+4) } 
x” x? 
192. | Modified Bessel | J,(x) =i-"J, (ix) = | 1+ +.:- } 
Aunetion 2"T(n+ 1) 2(2n + 2) 
193. | Error functi ee [ 0d 
. | Error function | er =—|e u 
Vx Jo 
2 OO 8 
194. | Complementary | er fc(t) = 1 — er f(t) = — 7, edu 
error function va Si 
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Co e 
195. | Exponential integral Ei(t)= i du 
t u 
ae 
196. | Sine integral Si(t) = i as “du 
0 u 
CO 
197. | Cosine integral Ci(t) = / oon Oh 
t u 
t 
198. | Fresnel sine integral S(H)= / sin udu 
0 
t 
199. | Fresnel cosine integral C(t) = i cos udu 
0 
e’ d" 
200. | Laguerre polynomials L,(t)= ——(t"e"), n=0,1,2,... 


n! at” 
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Appendix C Specialized Laplace inverses 


Laplace transforms F(s) = Cf (1) = fo ef (Odt 


Note that we write gq = ./s/o, a and x are always real and positive, k and h 


are unrestricted. 


Table C.1: Advanced Laplace transforms. 


F(s) ff) 
1. | eo ® eee 
2a?) 
. e [(= errant 
q mt 
gx 
3. ra er fc . 
s 2,/(at) 
en at 2 x 
4. 2 — \e-* /4at — xer fe —_— 
sq ( uw ) : 2,/ (at) 
ona x2 x t 2 2 
n : {'+ die . ( ) e7* /4at 
F 2a 2,/(at) Oe 
6.fem stn, | aniiterfe— 
MeO 13. 2J/at 
7 ewe (2 Je =x? /4at _ peehx+aht y, er fc} —— +h,/(at) 
qt h mt sai 
8. oe qelttath” oy fe Kant h,/(at) 
qq+h) 2y/(a 


(Continued) 
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Table C.1: (Continued) 


F(s) f(t) 
er 1 x 1 2 x 
9, | ——— er fc elixtath” x er fo} ——_ +. h. (at 
s(q+h) h I 2/(at) Ah fe {5 /(at) ( 1 
10. ek 2 (Seer ei gh x 
sq(q+h) AV \ x h? 2/(at) 
1 2 x 
4+ —ehxtah” oy fo +h./(at 
J tt orf ; Ss ne | 
er a 2 
11. hx-+ath (co 
eG@+h | cH oF «ya 2/@ y 
ans ae, Lana 7 i'er fc ai 
near 2,/ (at) 
Oe ot) 214 2 teeth 
as (q+hy 2h ( = Je wot + (1 + hx + 2h ate + 
x 
x er fe } —— +h,/(at 
f |; 5 1a 1 
13. e 1 oe x 2 (S) env 
s(q+h/? h2 2/(at) AV \ a 
1 
Saath ahem 2Watyeltatr” 
x 
x er fe | —— +h/(at 
f ; <5 1a 1 
er 1 x 
14. = git | ox JMk/2) oy fe | — Skt 
sS-—a 2 | fe 2,/ (at) 
+ VEO gy C a + 4/ kt 
fel Kat) 
15. | e-t: t ear sate, ca 
sf mV \ 2t/a 4 \ 8at 
1 1 2 x 
16. | —K: ——e™* /8tK, 
ge = | age (ize) 
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Table C.1: (Continued) 


F(s) f@ 
17. | bask, | pee eee, (FE), v2.0 
x>x! 
1,(gx)Ky(qx'), 
x <x! 
1 2 
Xx" /4at 
18. | Ko(qgx) ae 
19. | tex Io[2V (xt)] 
s 
56:8 = et 
‘| (say 2 2/(ke) 
x eV EM or fo En - a] 
x x 
en (k/a) ki 
+ (1+ 5 = er fc E a + /( J 
ee 1 cee (2) | ox Jo Lamy 75 
21. iD rhe (5) f er fc aC) (kt) 
— VED oF fo ad + a] | 
2,/(at) 
er 1 a? x 
22. kt =x Ja) _ 
& Dat h) a | jee arse E ia J 
a? x 
eon (k/a) Gn 
a ee orf a @ 
_ hot hx-+-hat - 
oak ofe| + nV 
23.) ¢Ins —In(Ct), InC=y=0.5772... 
Ly x” x? /4t 
24. | s2°K,(x,/s) ar is 
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Answers to some selected exercises 


Chapter 1 


l(a). Nonhomogeneous linear Fredholm integral equation. 
1(b). Nonhomogeneous nonlinear Volterra integral equation. 
l(c). Nonhomogeneous linear Fredholm integral equation. 
1(d)._ Nonhomogeneous nonlinear Volterra integral equation. 


2(a). Nonlinear Volterra integro-differential equation. 


2(b). Nonlinear Volterra integro-differential equation. 

2(c). Linear Fredholm integro-differential equation. 

3(a). ulx)=44+ fy w(Hdt. 

3(b). w(x)=14+4 fp w?(dt, u(0)=2. 

3(c). ul(x)=142 fh n?(Odt, u(0)=0. 

S(a). u(x) —u(x)= cosx, u(0)=—1,u/(0)=1. 

5(b). ul" (x) — 4u(x) = 24x, u(0) =0, w'(0) = 0, w’(0) = 2. 
S(c). ul’(x)— u(x) =0, (0) =u’ (0) = 0, w’(0) = 2, w’”(0) = 0. 
6(a). u(x)=—11—6x— fy (5+ 6(x —f))u(tdt. 

6(b). u(x) = sinx — iN (x — t)u(t)dt. 

6(c). u(x) =—3x —4 fy (x —Nu(tdt. 

6(d). u(x) =2e*—1—x— fp (x—Nu(tdt. 

T(a). u(x)= sinx + de K(x, t)u(t)dt, where the kernel K(x, f) is defined by 


4t(1—x) O<t<x 


K@,t) = 
OE aeiaany gee ee 
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7(b). 

K(x, t) = | 
7(c). 

K(x,t) = | 

7(d). 
Chapter 2 
l(a). u(x) =1+4 2x. 
1(b). u(x) =e". 
l(c). u(x) =2 coshx — 1. 
I(d). u(x) = sec? x. 
I(e). u(x) =x?. 
2(a). u(x) = 2x + 3x?. 
2(b). u(x)=e™*. 
2(c). u(x) = cosx — sinx. 
2(d). u(x)= sinx. 
3(a). u(x)=e™. 
3(b). u(x) = 2x. 
3(c). u(x)= sinhx. 
3(d). u(x) = sec? x. 
4. u(x) = cosx. 
5. u(x) = # ef + se, 
6. u(x) = 5x sinx — cosx 
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u(x) =14+ fe K(x, t)u(t)dt, where the kernel K(x, t) is defined by 


2xt(1—x) O<t<x 
xt —1) x<t<1. 


u(x) = (2x — 1) + fy) K(x, Ou(t)dt, where the kernel K(x, 1) is defined by 


t(l1—x) O<t<x 
xi-t) x<t<l. 


u(x) = (x — 1)+ te K(x, thu(t)dt, where the kernel K(x, t) is defined by 


K(x,t) t O<t<x 
XxX — 
, x x<t<l. 


sin x. 
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8. Hints: Take the Laplace transform of both sides and determine the inversion 
of the resulting transform. Here, the constants are related to: 4+ v=c; 
ar+b av+b 
Av=—d;a= ;p= : 
rA-—v v-AzA 
9. u(x) =e. 
Chapter 3 
1. ux)=x. 
2. u(x)= sec? x+ é tan 1 
: — [=i ; 
3. u(x) = sec* x tanx — tan? 1 
2(1 +A) 
4. u(x)= cosx+ 3(A?n? — 4A). 
2 
e-—l 
5. =e*+Ax | ———— ]. 
u(x) + (5) 
6. u(x)=A, a constant. 
7. u(x)=0. 
sin x . . 
8. u(x)=A rat where A is an arbitrary constant. 
oT at ae Oe tant 
. u(x) =A—., where A is a constant. 
1000 
10. u(x) does not have a solution. 
A(10 + (6 + A)x) 
11. =  — 
WOE 9 pag 92 
A(x(6 — A) — 4) 
12. u(x) =x+ ~aeaz 
reer a dm ( 2m —An*+8A 2X7 sin x 
. u(x)=x ee eae 
2 [|2-3Ant+A2n? 2—3an+)2n2 
15. u(x)= sinx. 
16. u(x) = sec? x. 
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17. 
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u(x) = 


1+x2° 
18. wu(x)= Cx, where C is an arbitrary constant. 
19. u(x)=C, where C is an arbitrary constant. 
20. u(x)=C secx, where C is an arbitrary constant. 
21. u(x)=C secx, where C is an arbitrary constant. 
22. u(x)= 5c sin! x, where C is an arbitrary constant. 
23. u(x)=Ccosx, where C is an arbitrary constant. 
24. uy(x)= 2C( sinx+ cosx), and u2(x)= 2c( sinx — cosx), where C is an 

arbitrary constant. 
Chapter 4 
l(a). u(x) =x". 
1(b). u(x) = tanx. 
l(c). u(x) =e*. 
1+ J/1-—2A 1 1 
2(a). u(x)= % ,A <x. Here, A=0 is a singular point, and A = 5 isa 
bifurcation point and at this point u(x) = 2. 
242/1-2X 
2(b). u(x) = —————_.,,A < 1. Here, }=0 is a singular point, and A= 1 is a 
bifurcation point and this point u(x) = 2. 
2(c). u(x)= sinx. 
2(d). u(x)=x,x- 1. 
3(a). u(x)=1. 
3(b). u(x) iMag 
. Ux)y= fp eee 
4 8 

3(c). u(x) = sinhx. 
3(d). u(x) = secx. 
We D’Alembert’s wave solution is given by 


1 1 1 
t= 
USD= 5 eam een? 


|+ : [ tan (x + ct) — tan (x — ct)]. 
2c 
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Chapter 5 


l(a). u(x) =2./x+ 7a 


1(b). u(x) = ae (: + =). 


l(c). u(x) = 


l(d). u(x)= Te 
2(a). u(x) =/x. 
2(b). u(x)= =. 


2(c). u(x) = ~ (1 —e™ er fe(./mx)). 
2(d). u(x) =x. 


2(e). u(x)=1. 


Chapter 6 


— 
x 
tad 
ay 
ll 
Qs 
cad 

N 
Ae 


u(x) = sinx. 
u(x) = sec? x. 
u(x) = xe". 
u(x) = sinx. 
u(x) = sinx. 
u(x) =x cos x. 


u(x) = sinx — cosx. 


Ce ND vw RF WN 


u(x) = 1— sinhx. 

10. u(x)= 5(cosx + sinx + e*). 
11. u(x)=1-4 sinx. 

12. u(x) = 4(e* — 3e* — 2 cosx). 
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Chapter 7 
sin (yn — 1) sinx 
SS DSO: jee 25 
sin (1) 
3. G(x,n)= : ; 
sin 7 sin (x — 1) 
——— _ n<x<l 
sin (1) 


The solution will be 
V(x) = if G(x, n)f(n) dn where G(x, 7) is given above. 


4. Given that Ty"(x)=—f(x), where f(x)=x. The boundary conditions are 
y(0) = y(£) = 0. Using Green’s function method, the solution of this boundary 


value problem can be obtained as y(x) = ie G(x, n)f(n)dn provided G(x, 7) 
satisfies the following differential equation with its four boundary conditions: 


TGy, = —d(x — n) 
G(0,n) = 0 
G(t,n) = 0 
G(n+,n) = G(n-, n) 
T(Gy|n+ — Grly—-) = —1. 


The solution of the given ODE satisfying the boundary conditions is simply 
y(x) = 1/6Tx(¢* — x*). The Green function is obtained as 


G(x, n) 1 Jx(@—n), O<x<7n x<ns 
xn= = 
eee a né—x), nxx<l =0<nK< 


Thus, the solution by Green’s function method is 
e 
yx) = [ G(x, nf (mdn 


1 x L 
=a | [ me-sman+ [xe —minan} 


apx(l? — x’). 


It is obvious these two solutions are identical. 


—e’™*cosnsinx O<x<n 


—el™*sinncosx n<x<F 


5. (i) Ga,n)= | 
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Not symmetric. 


3 -—e""*cosnsinx O<x<n 
@ Ge.m= | ae : 
—e Sinn CcOSxX NSxXS 5 
Green’s function now symmetric. 
cosysinx O<x<yn 
G(x,) = | ; 
sinncosx n<x<7z. 
™1—e* <x< 
Gin= e"( ee. O<x<n 
e(l-e") n<x<m. 
l-nx O<x<7 
Ge,n= {07 
(l—x)n nsx. 
GH 
cin= | 
Hn xX>N 
cosA(n —x— 4 
aise 2) O<x<7n 
CGNs 2A sin 5 
ae cos A(x —n— 5 
oe nex<l. 
2A sin 5 
sin Ax cos A(b — n) jee 
S57 
= A cos Ab 
GB) SOs n= sin An cos A(b — x) oe 
x 
A cos Ab eo 
2n—1 
wee 
b 
cos Ax sin A(b — ) 0 
A cos Ab eed 
(b) Ga,m= 
cos An sin A(b — x) a 
A cos Ab = 
2n—1 
ney cca 
b 
cos A(a — x) cos A(b — n) Zee 
x 
Asin A(a— 5) Sick 
(c) Gx, n)= 


cos A(a — n) cos A(b — x) es 
Asin A(a— b) pre 
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{A cos A(a — x) — sinA(a— x)} sinA(b — 7) 


a 
A[ sin A(b— a) — AcosA(b— ~ 
(d) Gx, n)= {A cos He . - ae Fae sin Nb —x) 


A[ sin A(b — a) — A. cos A(b — a)] 


13. (a) G(x, n)= 


sin A(n — 1) sin Ax 


ek SxS 
sin 
(6) Gam = Peet ae 
sin peu (x— 1) Ses), 
AsinA ian’ 
Ax +B 
15. Ga,n)= 
©) eee 


Note: Cannot determine the constants with the given conditions. 


3 
OS 4x5 Ore te O<x<é 
16. G(x, 6)= 
3 
Pe tx Ore tE E<x<l 


17. Green’s function is 


sinxcosé x<& 


G(x, )= | 


cosxsinE x>& 


So that the solution becomes 


x n/2 
yes) = f G(x, Ef @dé + i G(x, Ef (dé 


x m/2 
-| cosxsing dé + [ sinx cos é dé 
0 % 


y(x) = —1+ sinx + cosx 
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Chapter 8 
l. ux)= (x+ A sin (3x). 


2. u(x)= i + 3 cosh 2x. 


- J/6x, x>0 
ce AC eed x <0. 


4. Given that f(x)= 2 "7 u(x sin @)d0. It can be easily seen that (0) = (0). 


In addition we see that f’(x)= 2 is sin Oul (xsin6)dé. Then we have 
f'O= 2y/ (0). Hence rewriting in a systematic way 
2 m/2 
f= =| u'(x sin @) sin 6d 
T J0 
u(0) = f(0) 


w(0) = F'(0). 


Let us write x sin 7 for x, and we have on multiplying by x and integrating 


n/2 
x / f'(xsin n)dny 
0 


x m/2 


m/2 
{f u’(x sin n sin @) sin oao} dn. 
HT Jn=0 (Jo 


=U: 


Change the order of integration in the repeated integrals on the right-hand side 
and take new variable ¢ in place of 7, defined by the equation 


sind = sin@ sin n. 


Then the above integral equation takes the following form: 


n/2 
e} f'(xsin n)dn 
0 


_ 2x ote Hono eos 678 ag 
g 


aw Je=0 =0 cos 7) 


=e ed 
6 g 


Tw J0=0 =0 sin? 6 — sin? @ 
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Changing the order of integration again, we obtain with the special observation 
that0<6<7/2;0<¢@<0<7/2, 


m/2 
xf f' (xsinn)dn 
0 


T Je=0 | J0=¢ sin* @ — sin? @ 


Qx rr? De u'(x sin ¢) sin 6 cos dé | 
ares dd. 
p 


Now it is easy to see that 


ie sin 0d0 fos (=) 
= —sin 
d= /cos? @ — cos? 0 cos b 


Hence our solution reduces to 


m/2 m/2 
a f («sin n)dyn = if u(x sin d) cos bdo 
0 0 


m/2 
=x 7 u(x sin @)d(sin d) 
0 


= u(x sin ola!” 


= u(x) — u(0) = ux) — (0). 


Thus, we must have 


n/2 
u(x) = f(0) + xf f'(xsin 0)d0; 


and it can be verified by substituting that this function is actually a solution. 
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